THE TYPICAL ELASTICITY OF A QUADRATIC ORDER
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ABSTRACT. For an atomic domain D, the elasticity p(D) of D is defined as sup{r/s:m - -m, =
p1---ps, where each m;, p; is irreducible}; the elasticity provides a concrete measure of the failure
of unique factorization in D. Fix a quadratic number field K with discriminant A g, and for each
positive integer f, let Oy = Z + fOk denote the order of conductor f in K. Results of Halter-Koch
imply that Oy has finite elasticity precisely when f is split-free, meaning not divisible by any
rational prime p with (Ag/p) = 1. When K is imaginary, we show that for almost all split-free f,

p(O4) = f/(log f)¥ o8 loglog f+5Crro(1),

for a constant Cx depending on K. When K is real, we prove under the assumption of the
Generalized Riemann Hypothesis that

p(Of) = (log f) =+
for almost all split-free f. Underlying these estimates are new statistical theorems about class
groups of orders in quadratic fields, whose proofs borrow ideas from investigations of Erdds, Hooley,
Li, Pomerance, Schmutz, and others into the multiplicative groups (Z/mZ)*. One novelty of the
argument is the development of a weighted version of the Turdan—Kubilius inequality to handle a
variety of sums over split-free integers.

1. INTRODUCTION

Let K be a number field. It was realized in the 19th century that the ring of integers Ok of K may
fail to be a unique factorization domain. In such cases, Dedekind showed that unique factorization
is restored by looking at ideals of O rather than elements. From this ideal-theoretic perspective,
the failure of elementwise unique factorization is due to the principal ideals failing to “fill out”
the space of all ideals, with the deficit captured concretely by the class group Cl(Ok) of K. The
finiteness of the class group can be interpreted as stating that O is always “a finite distance away”
from possessing unique factorization.

The term “distance” is used informally here, but it is reasonable to wonder whether it can be made
precise. Is there a nonnegative real number we can assign to a domain D measuring the failure of
unique factorization? If D = Ok, one natural candidate is the class number hx of K. But there is
an alternative and in some ways more appealing candidate for such a measure, foreshadowed in
work of Carlitz [2] and discussed explicitly by Valenza [30],! Steffan [28], and Narkiewicz [19]. Let
D be an atomic domain, meaning an integral domain in which each nonzero nonunit possesses a
factorization into irreducible elements. Following Valenza, the elasticity p(D) of D is defined by

p(D) = sup {i DTy T =1 Ps, all m,p; irreducible} )
s

That is, we consider all coincidences between a product of r irreducibles and a product of s
irreducibles, and we take the supremum of the ratios £. For example, p(D) = 1 if and only if the
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length of a factorization into irreducibles (length meaning the number of factors in the product)
is uniquely determined by the element being factored. In this case, D is called a half-factorial
domain or HFD.

A beautiful theorem of Valenza, Steffan, and Narkiewicz (op. cit.) explicitly determines the elasticity
of p(Ok) for every number field K. Let G be a finite abelian group, written multiplicatively
with identity element 1. Call a finite sequence gy, ..., g, of elements of G a 1-product sequence if
g1 gn = 1. Say g1, ..., gn is 1-product-free if no nonempty subsequence of g1, ..., g, is a 1-product
sequence. The Davenport constant Dav GG of G is the largest integer D for which there is a 1-product
sequence ¢, ...,¢p with no nonempty, proper 1-product subsequence. It is straightforward to
show that Dav G is finite (in fact, that Dav G < #G) and that (Dav G) — 1 is the length of the
longest 1-product-free sequence of elements of G. (See, for instance, [8, Lemma 1.4.9].) Valenza,
Narkiewicz, and Steffan’s elegant result asserts that

p(Ox) = max {1, % Dav ch)} |

A particularly attractive corollary is that O is half-factorial precisely when hyx < 2. This special
case of the Valenza-Steffan-Narkiewicz theorem was already shown by Carlitz in 1960 [2].

It is of great interest to understand the extent to which unique factorization in O fails as K
varies across a family of number fields. For the collection of quadratic fields K, such questions
can be seen as implicit in Gauss’s Disquisitiones (couched in the language of binary quadratic
forms). Two hundred years post- Disquisitiones, such problems continue to elude us. To mention
one concrete instantiation of our ignorance, though it is universally believed that there are infinitely
many real quadratic fields of class number 1, we cannot yet disprove that the class numbers of real
quadratic fields tend to infinity with the discriminant.

In this paper we consider a natural-seeming orthogonal family of problems. Specifically, we fix a
quadratic field K with discriminant A and examine the factorization behavior as we range over
all orders inside K. Here an order in K is a subring of Oy strictly containing Z.? Orders in a
quadratic field are parametrized by the positive integers in a natural way: For each f € N, there is
a unique order Oy with index [Of : Of] = f, namely Of = Z + fOk; that is,

Of ={a € Ok :a=a(mod fOf) for some a € Z}.

Furthermore, every order O is one of the Oy, with the maximal order Ox = O;. The integer f is
referred to as the conductor of Oy.

In the late 1970s, Zaks [33, 34] observed that Z[v/—3] — the order of conductor 2 in Q(v/—3) —
is a half-factorial domain. Later, Halter-Koch [11] and Coykendall [4] wrote down necessary and
sufficient algebraic conditions for an order in a quadratic field to be half-factorial. In the same
paper [4] of Coykendall, it was shown that Z[v/—3] is the only half-factorial nonmaximal order in
an imaginary quadratic field. The situation for real quadratic fields is more complicated. In [4] it
is conjectured that (a) if one varies both the real quadratic field K and the conductor f, then Oy
is a half-factorial domain infinitely often, and (b) (stronger) fixing K = Q(+/2) and varying only f,
one still finds infinitely many half-factorial orders.

2For not-necessarily-quadratic number fields K, one needs a more complicated definition: An order in K is a
subring of O containing a Q-basis for K.
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In [22], Pollack proved form (a) of Coykendall’s conjecture. The stronger form (b) is shown
subject to the assumption of the Generalized Riemann Hypothesis (GRH).? Both arguments rely
on analogues of methods initially introduced to study Artin’s primitive conjecture. Some results of
[22] are extended in [23]. For instance, it is proved in [23] — still assuming GRH — that every
element of &£ := {1, %, 2, g, 3, %, ... YU {co} is the elasticity of infinitely many orders of Q(y/2). As
follows from Lemma 2.2 below, an order in a quadratic field always has an elasticity belonging to
£, so that Z[v/2] is extremal in a natural sense.

The orders constructed in [22] and [23] are quite special. For instance, each of their conductors is
composed of at most two distinct primes. In this paper we investigate elasticities corresponding to
general conductors f.

Some care is needed to decide what “general” should mean. As already mentioned, the elasticity of
a quadratic order may be infinite. In [12, Corollary 4], Halter-Koch shows that if O is an order
in a number field K, then p(O) < oo precisely when every nonzero prime ideal of O lies below a
unique prime ideal of Ok. Placed in the setting of quadratic fields K, Halter-Koch’s theorem says
that p(Of) < oo precisely when f is split-free, meaning not divisible by any prime p that splits
(completely) in K (cf. the proof of [23, Theorem 1.1]).

The Selberg—Delange method [29, Theorems I1.5.2, 11.5.4], [15, Theorem 13.2] (or a mean value
theorem of the type discussed in [18]) shows that the split-free numbers have a counting function
asymptotic to a certain constant multiple of x/+/log z. In particular, the split-free numbers f make
up a set of density zero. Thus, if one fixes a quadratic field K, then p(Of) = oo for asymptotically
100% of conductors f. This suggests that the proper object of study is not the arithmetic function
p(Oy), but the corresponding function restricted to split-free f. Our main theorems address the
almost-everywhere behavior of this restricted function.

First, we deal with imaginary quadratic orders. Let
D:={—4,+8}U {(—1)%]9: p>2is prime} : (1)

Every discriminant of a quadratic field has a unique expression as a product of elements of D.

Theorem 1.1. If K is a fixed imaginary quadratic field with discriminant A, then for almost all
split-free f,
p(Of) = f/(log f)%log3 f+5Cr+0((logy f)3/ logs f)’ (2)

where log,, denotes the kth iterate of the natural logarithm, and

(p—1) p(1A])?

Cr :Z log p . sgn(A)lD(A)|A|logRad(|A\).

p>2

“Almost all”, here and below, means that the estimate holds for all but o(x/+/log ) split-free
numbers f < z, as  — co. (When an O appears in the estimate, as is the case here, we are
asserting all of this happens for some choice of implied constant.) In what follows, in place of
“almost all”, we sometimes use the term “typically” or the phrases “almost always” or “for a typical
f7. It is to be understood that f is restricted to split-free numbers.

3T hroughout the paper, GRH refers to the Riemann Hypothesis for Dedekind zeta functions.
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For real quadratic orders, we are again able to determine the typical elasticity to within a factor of
(log £)°M), but this time we need to assume GRH. The answer is quite a bit smaller than in the
imaginary case.

Theorem 1.2 (conditional on GRH). If K is a fized real quadratic field, then for almost all
split-free f,
p(Oy) = (log f)x 00/ 1ss ),

In addition to the typical size of p(Oy), it would seem natural to also investigate its maximal and
minimal orders (restricted to split-free f) as well as its average order. Some of these problems seem
attackable by combining ideas of Erdés—Pomerance-Schmutz [5] with the technology developed in
the present paper. We hope to revisit these questions on a future occasion.

We now turn to discussing the main ideas needed to establish Theorems 1.1 and 1.2. In §2, these
results are shown to follow from two key propositions, whose proofs occupy §§3-7.

2. THEOREMS 1 AND 2: THE BIG PICTURE

For each positive integer f, let Ix(f) denote the group of fractional ideals of K generated by
integral ideals comaximal with fOx. We let Pk z(f) denote the subgroup of Ik (f) generated by
principal ideals aOg, where a = a (mod fOk) for some rational integer a with ged(a, f) = 1.
Then the class group C1(Oy) of the order Oy is defined to be the quotient I (f)/Pkz(f). When
f =1, we will write I instead of I (1) and Pk instead of Pk z(1). Then Ix (resp. Pk) is the
group of all fractional (resp. principal fractional) ideals, and the quotient Iy /P is the usual class

group Cl(Of) of the number field K.

2.1. Elasticity in terms of Davenport constants. Theorems 1.1 and 1.2 are consequences of
statistical theorems we establish for the associated class groups. Our starting point is the following
lemma, which relates the elasticty p(Oy) to the Davenport constant Dav C1(Oy).

Lemma 2.1. For each split-free f,

%Dav Cl(Oy) < p(Of) < max {% Dav Cl(Oy) + ;Q(f), 1} :

It will emerge from our later arguments that for any fixed quadratic field K, the quantity Q(f) is
typically of a smaller order than Dav C1(Oy). Hence, p(Oy) =~ 1 Dav C1(Oy) most of the time.

The proof of Lemma 2.1 requires some preparation. Lemma 2.2 first appeared as [23, Lemma 2.2].
Proposition 2.3 is a classical result of Weber [32]; a modern reference is Corollary 2.11.16 on p. 159
of [8]. For the statement of the next result, recall that Q(f) denotes the number of prime divisors
of f, counted with multiplicity. For example, £2(30) = Q(—-27) = 3.

Lemma 2.2. For each natural number f,

1
p(Of) = 5 sup{Q(Nmg/q ) : m an irreducible element of Oy}.

Proposition 2.3. Let f € N. Every class in Cl(Oy) is represented by infinitely many prime ideals
Of OK.
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Our argument for Lemma 2.1 also depends on the following simple but useful observation: Suppose
a, € Oy and that « divides § in the ring Ok. Choose a € Z with a@ = a (mod fOk), and
suppose that ged(a, f) = 1. (This coprimality condition is equivalent to the comaximality of aOg
and fOk.) Then « divides 8 in Oy. To see this, say that 5 = b (mod fOk). Write 5 = ary, where
v € Ok. Then b = ay (mod fOk). Multiplying both sides by an integer a that inverts a mod f
shows that v = ba (mod fOf), so that v € Oy.

Proof of Lemma 2.1. For notational convenience, let D = Dav Cl1(Oy).

We begin with the lower bound half of Lemma 2.1. Using Proposition 2.3, choose prime ideals
Py, P, ..., Pp, comaximal with fOk, such that the product P;--- Pp represents the identity
in Cl(Of) and no nonempty, proper subproduct of Pi,..., Pp represents the identity. Write
Py ---Pp =10k, where m € Oy. Then 7 is irreducible in Of. Otherwise, m = a8 for «,  nonunits
in Oy and, after rearranging the P;, we have aOg = P, --- P; for some 1 < d < D. But then
P --- P, represents the identity in Cl(Oy), contrary to the choice of D. Invoking Lemma 2.1,

D
1 1 1
p(O5) 2 SQ(Nmgqm) = 50 (E Nm(H)) > 5D

For the upper bound, we let m be an arbitrary irreducible element of O and proceed to bound
Q(Nm ). Write

g h
roc=T[RI[@ ®)
i=1  j=1

where the P; are prime ideals of Ok comaximal with fOx and Qq,...,Q, are prime ideals
containing fOk.

Suppose to start with that some P; has degree 2. Then P; = p;Ok for an inert prime p; not dividing
f. Since p; divides 7 in Ok, the observation preceding the proof shows that p; divides 7 in Oy.
Hence, 7 is a unit multiple of p;, we have Nmyq(m) = p?, and

%Q(NmK/Q " ()

For the rest of the proof, we suppose that each P; has degree 1. We proceed to bound g and the
exponents eq, ..., e, appearing in (3).

We must have g < D: If g > D, select a subsequence of Py, ..., Pp multiplying to aOg for some
a € Oy. Then «a divides m in Ok and aOk and fOg are comaximal. Hence, o divides 7 in Oy.
Since 7 is irreducible, 7 is a unit multiple of «, contradicting that Z is contained in P,.

Now let @ be one of the );, and let e be the corresponding e;. Let ¢ be the rational prime lying
below (). Since f is split-free, ) is the unique prime of Ok lying above q.

We consider first the case that ¢ is inert, so that ¢Ox = Q. If e > v,(f) + 1, we argue that the

equation
s

W:q-g. (5)

exhibits a nontrivial factorization of m over Oy, contradicting the irreducibility of w. Both right-
hand factors in (5) are nonunits in O, so it suffices to show that 7€ Of. Write f = ¢"f’,

where v = v,(f) and ¢ { f. Since 7 € Oy, there is a rational integer u with 7 = v (mod fOk).
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Then g7 =7 = u (mod f’). Hence, if ¢ € Z inverts ¢ mod f, we have T=uq (mod f'Ok). It
follows that g € Op. If e > v+ 1, we also have % =0 (mod ¢"Ok), so that % € Ogv. Therefore,
% S Of/ ﬁ(’)qv = Of.

If ¢ is ramified, then ¢Ox = Q2. In this case, an entirely analogous argument to that of the last
paragraph shows that (5) contradicts the irreducibility of 7 if e > 2(v,(f) + 1).

Collecting our bounds,

Q(NW)ZZQ(NIHR‘)JF Do QNm@)+ Y. - QNmQ;)

1<j<h 1<j<h
Qj inert Q; ramified
<g+ Y 2,0+ Y (20,()+1D)
1<j<h 1<j<h
Qj inert Q; ramified
DOy +3 Y 0]
1<j<h

= Dav O; + 3Q(f).

(Here and below, v, is the usual g-adic valuation.) Hence,

1 1 3
5§ Nmgq7) < 5 Dav(Oy) + S 8(f)- (6)
Lemma 2.1 follows from (4), (6), and Lemma 2.2. O

2.2. The principal subgroup PrinCl(Oy) as a proxy for Cl(Oy). For our purposes, rather
than directly analyze Cl(Oy) it is more convenient to work with the group

PrinCl(Oy) := (O /fOk)™ /(images of integers prime to f, units of Ok).

We can, and will, identify PrinCl(Oy) with the subgroup (I (f)N Px)/Pxz(f) of Ix(f)/Prz(f) =
Cl(Oy), with the identification prescribed by the exact sequence

(Z/fZ)* x Ok - (Ok/fOK) — (Ik(f) N Pg)/Pxz(f) — 1;

here p((a mod fZ,n)) := an mod fOk and ¢(a mod fOk) := [aOk|. We think of PrinCl(Oy) as
the “principal subgroup” of the class group of Oy.

PrinCl(Oy) fits into the exact sequence

1 — (Ix(f) N Pg)/Pxz(f) — Ix(f)/Pxz(f) — Ix/Px — 1.

112 Il Il
PrinCl(Oy) Cl(Oy) Cl(Ok)

(The maps here are the obvious ones. To show exactness at the last position, one needs that every
ideal class in Ok has a representative comaximal with fOp; this is immediate from Proposition
2.3, although easier arguments are also possible.) Hence, PrinCl(Oy) has index hy := #Cl(Ok)
when viewed as a subgroup of Cl(Oy). Now we are always working with a fixed quadratic field K.
The following easy lemma will guarantee that, at the level of precision we are aiming for, there is
no harm in working with PrinCl(Oy) in place of C1(Oy).
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Lemma 2.4. Let G be a finite abelian group, and let H be a subgroup of G. Then
max{Dav(H),Dav(G/H)} < Dav(G) < Dav(H) Dav(G/H). (7)

As a consequence of Lemma 2.4,
Dav PrinCl(O;) < Dav Cl(Oy) < hi Dav PrinCl(Oy). (8)

Proof of Lemma 2.4. The first inequality in (7) is clear, as a 1-product-free sequence in H or in
G/H corresponds to a 1-product-free sequence in G of the same length. Turning to the second
inequality, we argue that a sequence gi, ..., gpav(H) Dav(c/H) in G is never 1-product-free. Split the
sequence into Dav(H ) blocks of Dav(G/H) terms. Each block contains a nonempty subsequence
multiplying to the identity in G/H — that is, a subsequence whose product belongs to H. List these
products as hi, ..., hpay(m). Then some subsequence of hy, ..., hpayr) multiplies to 1. Rewriting
each h; as a product of terms from a certain block of the g; yields a 1-product subsequence of

915 - - -, Dav(H) Dav(G/H)- ]
2.3. The pre-class group and two key propositions. We will study PrinCl(Oy) by viewing it
as a quotient of a yet-simpler object, termed the pre-class group, defined by

PreCl(Oy) = (Ok/fOk)™ /(images of integers prime to f).

Comparing the definitions of PrinCl(Oy) and PreCl(Oy), we see that the former is obtained from
the latter upon quotienting by the images of units of Og. Our arguments ultimately depend on
the groups PreCl(Oy) being close cousins of the more familiar multiplicative groups (Z/mZ)*.

To set up the analogy, we begin by computing the order of PreCl(Oy) for split-free f. By the
Chinese Remainder Theorem, PreCl(Oy) = [] x|, PreCl(O). If p is inert, then

(#O0k/(POK)*)* _ Nm((pOx)*) — Nm((pOx)"™)

_ ok k1
#PreCl(Op) = (L))" p——— =p " +p .
If p is ramified, with pOy = P?, then
O P2k: X N PQk —N P2k—1
LI T P
Hence, #PreCl(Oy) = ¢(f), where ¢ is the multiplicative function whose values at prime powers

are given by ¥(p*) = p*(1 — ]%(%)). This is of course reminiscent of Euler’s classical formula

p(m) = Hpkapk(l — }D) for the order of (Z/mZ)*.

An important invariant of the group (Z/mZ)* is its exponent, denoted A(m). While typically
referred to as Carmichael’s lambda-function, the study of A(m) goes back to Gauss. In fact, already
in the Disquisitiones, one can read the result that A(m) is the least common multiple of the numbers
o(p*) for the prime powers p* || m, with the caveat that if p = 2 and k > 3 one should replace
©(2F) with Zp(2%).

To prove Theorems 1.1 and 1.2, we will need to understand how the exponents of Cl(Oy) are
distributed. We begin by establishing a (partial) analogue of Gauss’s formula. We get this going
with the observation that Exp PreCl(Oy) = lem{Exp PreClO, : p* || f}. The next lemma, due
essentially to Halter-Koch, determines almost all of the exponents Exp PreCl(O,).

Lemma 2.5. Ifp > 3, and p is inert or ramified in K, then PreCl(O,) is cyclic.
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Proof. Write K = Q(v/D), where D is a squarefree integer.

Suppose first that p is inert in K. By results of Halter-Koch, summarized in the table on p. 77
of [10], (O /p*Ox)* is generated by (the images of) w, 1+ p, and 1 + pv/D, of respective orders
p? — 1, pF~1 and p*~1. Here w (denoted w, in [10]) is an element of O comaximal with pOy
whose precise definition does not concern us here (see [10, p. 75]). Since PreCl(O,) is a quotient

of (Ok/p*Ok)* in which 1 + p becomes trivial, PreCl(O,«) is generated by w and 1 + pV'D, of
respective orders dividing p? — 1 and p*~'. But p? — 1 and p*~! are relatively prime. Hence,
w(1 + pv/D) generates PreClL(O,).

The ramified case is similar. Here (O /p*Of)* is generated by three elements w, 1 + p, and
1 ++/D (same table in [10]). In this case, w can be chosen as a rational integer that generates

(Z/pZ)*. So both w and 1 + p become trivial in the quotient defining PreCl(O,« ), implying that
PreCl(O,) is generated by the image of 1 + VD. O

From Lemma 2.5 and the preceding remarks, if we define L(f) := lem{¢(p*) : p* || f} and
L'(f) :==lem{e(p*) : p* || f, p > 3}, then
L'(f) | Exp PreCl(Oy) | L(f) (9)

for all split-free numbers f. The typical behavior of Exp PreCl(Oy) for split-free f is now determined
by our next result, which is the analogue of a theorem proved for Carmichael’s A-function by Erdos,
Pomerance, and Schmutz [5, Theorem 2].

Proposition 2.6. For almost all split-free f,
L(f) = f/(log f)2o8s F+2Cx+0((ogy /)*/logs )

The same estimate holds with L'(f) replacing L(f).
As we explain in the next subsection, our Theorem 1.1 (typical elasticity for imaginary quadratic

orders) can be quickly deduced from Proposition 2.6. To prove Theorem 1.2 (concerning real
quadratic orders) we must work a bit harder.

Recall that when K is a real quadratic field, we are using € to denote the fundamental unit of K,
normalized so that ¢ > 1. Then PrinCl(O;) = PreCl(Oy)/(image of €). We let ¢(f) denote the
order of € viewed inside PreCl(Oy), so that

_ #PreCl(Oy)
1= #PrinCl(Oy)

Concretely, ¢(f) can be described as the least positive integer ¢ for which £ € O;.

The next proposition collects various estimates needed in our proof of Theorem 1.2.

Proposition 2.7 (conditional on GRH). Let K be a real quadratic field. For almost all split-free
f

(a) RadExp PrinCl(Oy) = (log f)%+0(1/10g4 £
(b) Exp PrinCl(O;) = (RadExp PrinC1(Oy)) - (log f)©1/1oe /),
(c) L(f)/L(f) = (log f)O1/Toga f).
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As with Proposition 2.6, the estimates of Proposition 2.7 take their inspiration from research into
the multiplicative groups (Z/mZ)*. Specifically, we adapt ideas introduced by Pollack in [21] to

0g2

show that E )) typically has about — distinct prime factors. We also draw heavily on methods

introduced by Li and Pomerance [16] Who do a statistical comparison of A(m) with ¢,(m), the
order of a (a fixed integer) in (Z/mZ)*.

2.4. Proofs of Theorems 1.1 and 1.2, modulo Propositions 2.6 and 2.7. We now describe
how to complete the proofs of Theorems 1.1 and 1.2, taking for granted Propositions 2.6 and
2.7. In addition to the tools already introduced, we rely on known results relating the Davenport
constant and the exponent.

Proposition 2.8. For every finite abelian group G,

< Dav@G <1410 #G
ExpG — gEXpG'

The lower bound in Proposition 2.8 is trivial: If g has order Exp G, then g, g,...,g (repeated
(Exp G) — 1 times) is 1-product-free. The nontrivial and elegant upper bound is due to Van Emde
Boas and Kruyswijk [31]. A simplified proof can be found in [1].

Now let K be an imaginary quadratic field. The image H (say) of Oy in PreCl(Oy) has size at
most #Oj < 6. Identifying PrinCl(Oy) with PreCl(O;)/H, Lemma 2.4 implies that

Dav PreCl(Oy)
Dav(H)

It is well-known and simple-to-show that the Davenport constant of a group is bounded by the size
of the group. Hence, Dav H < 6, and Dav PrinCl(Oy) is within a factor of 6 of Dav PreCl(Oy).

< Dav PrinCl(Oy) < Dav PreCl(Oy).

Applying Proposition 2.8,

| < Dav PreCl(Oy) v(f)
~ Exp PreCl(Oy) Exp PreCl(Oy)

Notice that ¢(f) < f ][, (1 + %) < floglog (3f), for all split-free f. Furthermore, from (9) and
Proposition 2.6, we typically have

EXp PreCl((’)f) f/(log f) 10g3 f+ Ck+O((log, £)3/logs f)) (11)

Hence, 9(f)/ Exp PreCl(Oy) is typically at most (log )13/ and 1+ log(v(f)/ Exp PreCl(O;)) <
log, flogs f. Referring back to (10),

Dav PreCl(Oy) = (Exp PreClL(Oy)) exp(O(logs f)),
typically. Plugging in the estimate (11),
Dav PreCl(Oy) = f/(log f)? 3 1083 f+35Cr+O((logy f)?/ logs f))

for almost all split-free f. Our discussion in the last paragraph permits replacing PreCl with
PrinCl, and (8) allows us to replace PrinCl with Cl. Theorem 1.1 then follows from Lemma 2.1, in

. L lo
view of the trivial upper bound Q(f) < 2% g .

<1+log (10)

Turning to Theorem 1.2, suppose that K is real quadratic. By Proposition 2.7(a,b),
Exp PrinCl(O¢) = (log f)%+0(1/10g4 ) (12)
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for almost all split-free f. Furthermore,

#PrinCl(Oy)
Exp PrinCl(Oy)

U)ol L)
an ~ LH

typically. For the final inequality we used Proposition 2.6 and Proposition 2.7(c). Invoking
Proposition 2.8,

< #PrinCl(O;) = < (log f)'**es,

Dav PrinCl(Oy) = (Exp PrinCl(Oy)) exp(O(logs f)),
almost always. Substituting in the estimate of (12), we see that typically

Dav PrinCl(Oy) = (log f)%+0(1/10g4 s

Owing to (8), the same estimnate holds with PrinCl replaced by Cl. Theorem 1.2 now follows
from Lemma 2.1, since the count of all positive integers f < z with Q(f) > 10loglog f (say) is
< z/logx = 0(S,(x)). (This last estimate follows from well-known results on the distribution of
numbers with many prime factors; see for instance [9, Exercise 08] or [17, Lemma 13]. To apply
the estimates as stated there, treat separately the cases when f < \/x and /x < f < z.)

What lies ahead. The rest of the paper is organized as follows. In §3, we establish a variant of
the Turan—Kubilius inequality result for additive functions appearing with multiplicative weights.
In §4 we prove the key Proposition 2.6. There our weighted Turan—Kubilius inequality, with
weight function lgpit-free, plays an important role. Section 5 is something of a waypoint. There we

show that Rad % is typically of size =~ (log f)/2. It will turn out that Rad %EQ is a reasonable

approximation to Exp PreCl(Oy) (typically, and assuming GRH). To connect those two quantities
requires us to relate L(f) and ¢(f), for typical f. In §6 we set up the algebraic framework needed
to carry out this comparison. In §7 we present the details; this work, supplemented by various
‘anatomical’” arguments, allows us to complete the proof of the key Proposition 2.7.

3. A WEIGHTED TURAN-KUBILIUS INEQUALITY

An important tool for studying the normal order of an additive function is the Turan—Kubilius
inequality. Let f: N — C be an additive function. It is often reasonable to think of the mean value
of f as a good candidate for its normal order. Since the mean value of f over [1,z] is

-t ]) -aeo (LS )

n<z pE<z n<z pk<z pE<z
pFln

where

w2 (13).

in many situations we may think of A;(z) as an approximation to the mean value of f over [1,z].
The Turdn-Kubilius inequality furnishes an upper bound for the mean square of f(n) — A¢(z),
which may be thought of as the “variance” of f over [1, z]. In its simplest form, the Turan—Kubilius
inequality asserts that

—Z|f (@) < By(w),

n<x
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where

pF<z
An immediate corollary of this inequality is that if By(z) = o(|Af(x)|?) as & — oo, then for every

fixed € > 0, we have |f(n) — Af(z)| < e|Af(x)| for all but o(x) values of n € NN[1,z]. Moreover, if
one can show that Ag(n) is close to As(z) on average, then A;(n) serves as a normal order of f(n).

For our applications, we will need a version of the Turan—Kubilius inequality in which all the
means involved are taken over the set of split-free positive integers. From a probabilistic point
of view, we think of n € NN [1,z] as a discrete random variable with probability distribution
given by P(n = m) = lgplit-free (M) / Y ey Lsplit-tree (k) for all m € NN [1, z], rather than as a discrete
random variable with uniform distribution given by P(n = m) = 1/|x| for all m € NN [1, x]. More
generally, one may replace lgpit-free Dy an arbitrary nonnegative multiplicative function «. In this
direction, we prove the following weighted version of the Turan—Kubilius inequality inspired by
Remark 3.11.1 in Fan’s PhD thesis on weighted Erdés—Kac theorems [7].

Theorem 3.1. Let f: N = C be an additive function, and let o: N = Rs( be a multiplicative
function with partial sums

n<x

Suppose that there exist co,6 >0, 0 > 0 and k € R, such that

nzgw a(n) = cqr’(log 3x)" <Fa(a)_1 +0 (@)) (13)

(n,a)=1

uniformly for all x > 1 and all squarefree a € NN [1,2°] with at most two prime factors, where

F,(a) = HZ a(fg) < 0.

pla k>0 p
Furthermore, suppose that
k
Z a(fa) logpk < logx (14)
pF<z P
for all x > 2. Then we have
Sa(x)™ Y a(n) |f(n) — Aa(2)]* < Bays(x) (15)
n<x
for all x > 1, where
k
Aas@) = 3 @) Fap) L2,
pF<z p
k(2 1o pk min(k—1,0)
B :: o @O () log '
a@) = S0 (1 B
p<z

The implied constant in (15) depends at most on the parameters d, k and the implied constants in

(13) and (14).
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Proof. We may suppose x > 2, since (15) holds trivially when x € [1,2). For technical reasons, we
first prove (15) for the addltlve function f, defined by f,(p*) = f(p*)1kcum, where n = /(2 + 26).
For convenience, we adopt the shorthand notation 1,x(n) := 1,5,(n) and the notation
E2,[9] = Sa(2)™' Y a(n)g(n)
n<x

for any arithmetic function g: N — C. We start by computing the expectation of f,. For p* < a7,
we have by (13) that

B2, (1] = Sa(z) ™'Y a(n)

n<zx
p*n
= Su(@) et Y aln)
n<z/p"
(n,p)=1

_a(ph) logp*\ "' » 1
-~ pho (1 log Falp)”+0 log log 3x
a(p*) -1 log p" 1
_ F, 0 .
phko ( ()™ + log x * log log 3x

Hence, the expectation of f, is

k k
ES[f) = Y fOM)ES, (1] = Aoy, (2) + O Za(pk)’f(fa)’ (logp+ 1 )

o o P logz  loglog3x

By Cauchy—Schwarz and (14), the error term on the previous line is

1/2 1/2
Nl a(pF) [ (logp*\’ 1
< ; olr’) pre ; pko log x i (loglog 3x)? < \/Ba’f"(x)’
P _x”l P _177
whence
B2, () = Aag,(2) + O (y/Bu, @) (16)

Next, we compute the variance of f,. It is clear that

a(ph)
pka

(0% o (e} 2 (0% (6% 2
Var?, 1] := B2, [\1pk — B, [1,]] } — B2, [12] — (B, [14])° <

For p*, ¢! < " with p # ¢, we have by (13) that

B2, [Lilg] = Sa(2) la(ald) D a®)
n<z/pFq!
(n,pg)=1

a(p’)ald) log pq'\ """ o 1
_ AP )g) (08P F, ).
pkogle log x (pa)™" +0O log log 3z
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It follows that
COV%m[l k 1 ] = E%x[lpquz] — E%z[lpk]E%x[lqz]

p*s Lqt
a(p*)a(q') log pq' "™ = 1
= QP)NT) ([ F, -
pkoglo log = ()~ + 0O log log 3z

k l 1 kN k=1 1 N\ k=1 1
B a(pk)al(q) (1 _logp ) (1 ~ logg > (Fa(pq)—l L0 ( ))
progle log x log x log log 3z
a(pt)a(g') (logp® logd' Lo !
pkoglo logx logx = loglog3x

where we have used the inequality |a"™' — b" 7| < |a — b| for any a,b € [(1 — n)?, 1], which is a
direct consequence of the mean value theorem in calculus. Thus, the variance of f,, is

<

Vart, ] = B2, [y = BL AR = 32 1FGOP Vit ltp) + 30 S097) Covieliyn Lo
pk<zgn gt <z
p#q

2

|f(P*)| (logp" 1
< Bay (z) + : +
7fn(x> ;n Oé(p ) pko log log log 3x
p ST

< Ba,f17 (x)
by Cauchy—Schwarz and (14) as before. Combining this with (16), we find that
(0% (6% o 2
Egm [|fn - Aa,fn (x)ﬂ < 2V&r§m[fn] +2 |]E§x[f"7] - Aa,fn(x)} < Ba,fn(x)a
which is exactly (15) with f, in place of f.
Now it is an easy matter to deduce (15) for a general additive function f. Since
[f = Aoy @) <3 (If = ful® +1fs = Aag, (@)° + [Aa g, (@) = Aas(@))
applying EZ, to both sides yields
]E’%z [|f - Aa,f(x”ﬂ < E%z Uf - f77|2} + Ba,fn(x) + |Aoc,fn(x) - Aa,f(x)|2'

Clearly, By, (%) < Ba,g(z). To estimate B2, [|f — f,|?], we observe that for any n € NN (1, z], the
number of prime powers p* > 27 exactly dividing n is at most 1/7. Hence, we have by (13) that
2

E2, [|f = ful’] = Sa(@) ' Y a(m)| D> f(")

n<z pF(In, pF>zn
< Salx) D an) > [fENP
n<z plIn, pF>zn
Y 1P an)
=R
< Sa(@) Y eI D aln)
pF<z n<z/pk

< Ba,f(l’).
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Finally, Cauchy—Schwarz together with (14) yields the upper bound

zN<ph<z

< Bas(x) Z ko

1 <pk<z

B k
« Bosle) 5o ol

log x
& pF<z

< Ba,f<l’>.
Putting everything together, we obtain B2 [|f — Aq ;(2)?] < Ba,s(x) as desired. O

Examining the proof, one sees readily that Theorem 3.1 remains valid if F}, is replaced by any
positive multiplicative function whose restriction on primes is bounded away from 0. Nevertheless,
the definition of F,, given in Theorem 3.1 is intuitive and follows heuristically from (13). With
this definition, (13) holds true for a myriad of multiplicative functions «; see [6, Lemma 3.2], for
instance. In the sequel, we shall always take a to be the characteristic function of the set of
split-free integers. For this particular choice of a we have

Su(2) = con(log 32) "2 (1 +0 (10g13x)> (17)

and

for all z > 1, where

1\ 12
(-5)
p

with x := (A/-). We remind the reader that the value L(1, x) can be expressed in terms of the
arithmetic invariants of K via Dirichlet’s class number formula [25, Ch. 26]:

VA
hy — 2loge
wy —A
2m

where € > 1 is the normalized fundamental unit of K, and
2, if A < —4,
w =} 4, if A =—4,
6, if A =-3,

_ 1A
_\/WL(LX) p(|A]) 11

p inert

L(1,x), if K is real,

L(1,x), if K is imaginary,
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is the number of roots of unity in K. Moreover, it can be shown [6, Lemma 3.2] that

> a(n) = cux(log 3z) '/ (Fa(a)_1 +0 (loglgx))

n<x
(n,a)=1

uniformly for all x > 1 and all « € NN [1, z], where F,(a) is given by

R@=TIX Y- 1 (1-1)

pla k>0 pla p
x(p)#1

Hence, « satisfies the conditions of Theorem 3.1. We will apply our weighted Turdan—Kubilius
inequality to prove Proposition 2.6.

4. THE TYPICAL SIZE OF L(f): PROOF OF PROPOSITION 2.6

Our proof of Proposition 2.6 builds on that of [5, Theorem 2| on the normal order of Carmichael’s
M-function. Due to the introduction of the weight o used to capture only the split-free integers
f, some special care needs to be taken of the estimation of various weighted sums in our proof.
For this reason, our argument is more delicate than its counterpart in [5]. We shall only prove
Proposition 2.6 for L(f), as one sees readily from the proof that primes in any bounded interval
which divide a typical f contribute a negligible amount and can thus be left out.

To begin with, we write

log () = Y vg(t(f)) loga,

q

log L(f) = Y vg(L(f))logq,

q

where the sums run over all primes ¢. Since f/log, f < ¥(f) < flog, f for all f > 3, it suffices
to show

1 3
log 1) ~ 08 L) = gutogy -+ 5y + 0 (L7220 (19

for all but o(z/+v/log x) split-free f < z, where y = log, z. As in [5], we divide the primes ¢ into
the following four ranges:

Ii: g <y/logy, Iy:y/logy < q < ylogy,
Iy: ylogy < q¢ < v2, Li:qg>y>

We estimate the contribution to the left-hand side of (18) from the primes in each of these four
intervals separately. In the proof, we shall frequently resort to (17) without further notice. Note

that ¢® { f for any ¢ ¢ I, for all but o(S,(z)) = o(z//log ) split-free f < x. This follows from
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the estimate

Sal@) ' SN a(f) = Sule) Y al) Y alf)

q¢l f<z q>y/logy f<z/q?

alf
1 log g2\
~ (1=
< Z 2 ( log 3z

q
y/logy<q<vx

1 1
< ¥ e ¥ Le

y/ logy<q<wzl/3 4 zl/3<q<z

1
"

We will make use of this fact when examining the contributions from ¢ € I3 U I4. Finally, we set
Ri:={a €Z/AZ: x(a) =i} and P; := {p prime: x(p) = i} for i € {0,+1}.

4.1. A cutoff of logy. Before estimating the contribution from primes in I; U I, we define a
cutoff of log vy by

h(f) = v,(¥(f))logq.

q<ylogy

We wish to determine the typical size of the additive function h by applying Theorem 3.1 to h and
the multiplicative weight «. It boils down to estimating

Aeal) = X B (1-1).

= p p

h(p*)? logp*\

B, = k 1— .
p ST

Using the trivial bound h(p*) < log ¥ (p*) < logp*, we find that

h(p") log p* log p
Z o(p") P < P < Z - <1

pF<z pF<z Pz
and that
h(p*)I log p#\ 1/ log p*)7 , 1
Sah i (1o qgg,) < X O e B
pP<z b & p*<Vz b VE<pF<a b
k2 K>2 k>2
. 1 , 1
< 14 (logz)'1/? Z — + (logz)7*1/2 Z —
VeenAT ey
p<x =
(log )71/

. 1
Z 1+ (log z)' 172 Z - <1,

p<zl/4 p>xl/4

<1+ 212
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where j € {1,2}. It follows that

Auae) = 3 a2+ 0(0),
- 9 o —1/2
Ban(r) = Zo‘@h(ﬁ) (1 - 1i>gg?fr) Hot

Let us estimate A, (z) first. By definition of h, we have

Ausle) = 3 togg 3 X oy

q<ylogy p<z
PEP1
1
- Y Y X leon
g<ylogy =1 p<e P

pgP1
p=x(p) (mod ¢*)

— Z long Z %—1—0(1).

q<ylogy i>1 p<z
pEP-1
p=—1 (mod ¢*)
For each n € N, let f(n) :=#{a € R_1: a = —1 (mod (n,A))}. The contribution to A, s(z) from
the primes ¢ | A is

IBICT) DD DR ) SRS >l
alA i>1 p<z b qlA izl a€R—1 psz b
pEP-1 a=—1 (mod (¢*,A)) p=a (mod |A])
p=—1 (mod ¢*) p=-1(mod ¢")

To estimate the innermost sum, we appeal to the following estimate due independently to Norton

[20] and Pomerance [24]:
Z 1 10g2x+0(10g3m) (19)
25w 2 e

p=a (mod m)

uniformly for all x > 3, all m € N, and all a € Z coprime to m. If ¢ is odd, then the Chinese
remainder theorem and (19) imply that

> 1 v o <logqi) _ y+O0(logq')

— p e(Alg) p(@))  ellADg
p=a (mod |Al)
p=—1 (mod ¢*)

where one observes that the contribution from the only possible prime < |Al¢"™! appearing in

the sum gets subsumed into the error. If 27 || A for some 1 < j < 3, then the Chinese remainder
theorem and (19) yield

1 _y+0(1)
2 p (A

p<z
p=a (mod |A|)
p=—1 (mod 2%)
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for 1 <i <y, and

Z 1 Y Lo (log2i> _ y+0O(log2)
= p elAR) p(2') p(|A])27

p=a (mod [A[)
p=—1 (mod 2)

for i > j, where 2/ — 1 < a” < |AJ2"77 is some positive integer. Hence, the contribution to A, ,(z)
from the primes ¢ | A is

Zﬁ 1ogq2%+12mlog2<z B(2Y) +Z i ]> +0(1) =y + 0(1),

qlA i>1 1>7
q>2

where

S Bla)alosq ((-(’Z)‘f_kl’gq + (1aa(28(4) — B(2)) + 15a(25(8) — B(4))) log 2
qlA

Using the orthogonality relations between Dirichlet characters and the fact that y (mod |A]) is
primitive, one can show that

(AN = x(—=1)1a=ja))
2¢(d)

for any positive integer d | A. As a consequence, since x(—1) = sgn(A), we have

pld) =

. 1 Z qlogg  sgn(A)1p(A)[Allog Rad(JA[)
1 (¢—1) p(lA])? ’

2
where D is defined by (1). On the other hand, the contribution to A, (z) from the primes ¢ { A is

DTN SEEEEID D) DI DI DI

qlA

q<ylogy i>1 p<z q<ylogy i>1 a€R_1 p<z p
aA pEP-1 atA p=a (mod |A])
p=—1 (mod ¢*) p=—1 (mod ¢*)
1 y + O(log ¢")
=5 > loga) o)
q<ylogy i>1 v\
A
y q log q y qlogqg 1
2 g a1 O (“C’gy)? 2 _>
q<ylogy qlA q<ylogy

y Z qlogq y qlogg
q<ylogy A (q N 1)2
by (19) and the fact that #R_1 = p(|A])/2. It is shown in [5] that

qlogg logp gy
Z ( _1>2:logy+log2y+<—7+z< _1>2>—|—O(e lgy),
q o P

q<ylogy

+ O ((logy)* logy y) ,
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where v = 0.57721... is the Euler-Mascheroni constant. Hence, the contribution to A, ;(z) from

the primes ¢ 1 A is

1 1 1 log p qlogq _ /gy
Sylogy +gylogey + 5 [ =7+ ) ——5 — y+0<ye Ogy>-
2 2777 2 Zp:(p—l)2 %(q—l)2

We conclude that
1 1 c I vy
Aan(z) = sylogy + Sylogyy + 52?; + O (ye : gy) : (20)

where

o logp  sgn(A)lp(A)|A[log Rad(JA[)
@21y E(NE

Next, we estimate B, (). Since the primes p € Py contribute O(1), we have

2 —-1/2
Bos(z) = Y @ (1—10ﬂ) +0(1)

p

e log 3x
pEP1
_ _ 1 -1/2
= Y logqilogp S Vo (P = X(P))vg, (P — X(P)) (1_ log;)) o)
q1,q2<ylogy p<z p 0g ox
pEP_1
1 1 —1/2
= ¥ maeey Y (pg)  row
q1,92<ylogy ij>1 p<a p 0g T

pEP_1 _
p=x(p) (mod [g},q3])

1 logp —1/2
< Z log g1 log g2 Z Z ’ (1 " Tog 393) +0(1),

q1,92<y logy ,j>1 p<z
p=—1(mod [¢},43])

where [g, ¢}] denotes the least common multiple of ¢! and @. Since (1 —logp/ log 32)712 <« 1
when p < /z, the estimates for H; and H, from [5, p. 367] lead to

1 log p s 2
>, logailoga Y, Y o\ ogar)  <yllosy)”

q1,92<ylogy 1,521 p<VET
p=-1(mod [¢},43])

It remains to bound the tail

1 logp —i/2
1 1 (1= _
> logqiloggs Z > p ( on 33:)
q1,92<ylogy 4,521 Vz<p<z
p=—1 (mod [q’i,q% )

When (g, ¢3] < 2'/3, we have by Brun-Tichmarsh and partial summation that

1 log p —1/2 1
> k)t Lo
S og 3z e(lgi, @)
p=—1 (mod [q},¢3))
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Borrowing the relevant estimates from [5, p. 367], we see that the contribution to the tail from q
and ¢ with [¢}, @3] < 2'/3 is

1
< ) logqlogg )y  ———— < y(logy)*.

q1,92<ylog y i,j>1 o([qi, %])

On the other hand, the contribution to the tail from ¢/ and ¢} with [¢, ¢3] > £'/? is trivially

(logx)? Y logqiloggs ) >

q1,92<ylogy hI=] vipse
x1/3<[q174§]<x+1 p=—1 (mod [qﬂb])

’Bj»—‘

Note that

1 log
Y ole oy L e
Vz<p<z n<z n [q17 q2]
p=—1 (mod [¢i,q})) n=—1 (mod [q},43])

D=

Thus, the contribution to the tail from ¢! and ¢} with [¢¢, ¢}] > z'/3 is

1
< (logz)*/? Z log q1 log ¢» Z R

7 J
q1,q2<ylog y ij>1 41 a2
2/3<gl g)]<z+1

The contribution to the last line from the diagonal terms with ¢; = ¢5 is

< 2(log )32 Z (log q)? Z %

q<ylogy i>j>1
2l /3cgi<ptl
1
2(log z)*/* (log ¢)° —
2 s 2
q<ylogy =
qz>$1/3
logx )2/2
o 2. logd
q<ylogy
. (log x)*?ylogy

21/3 ’
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while the contribution from the off-diagonal terms with ¢; # ¢s is

1
< 2(log 2)*/? Z log g1 log g2 Z —

q1<q2<ylogy ij>1 0192
1/3<qiq] <z+1

2(log x)*/? Z log q110g g2 Z Z ly
5

@1<g2<ylogy q I>21/3 /gt

log )%/?
< <a:1—/5)” > logqilogge » 1

q1<q2<ylogy @<z
(log z)°/?
2173 Z log g2
q1,92<ylogy
(log )% log y.

< Tl/3

Collecting all the contributions to the tail shows that the tail is < y(logy)?, whence B, ,(2) <
y(log y)?. Combining this estimate with (20) and invoking Theorem 3.1, we conclude that

1 1 c Y

h(f) — =ylogy — —ylog,y — —y| <
(f) pylogy — gylogyy — Syl < oo

(21)

holds for all but o(S,(x)) split-free positive integers f < x.

4.2. The contribution from 7;. With (21) in hand, we proceed to estimate the contribution to
log L(f) from the primes in ;. To this end, we show that

> logq' < (logy)® (22)
q'>y?/log’y
i>1,q"||L(f)

for all but o(S,(z)) split-free f < z. Once we have this, we can conclude that the contribution to
log L(f) from the primes ¢ € I; is at most

Z log ¢ + (logy)* < Z logy + (logy)? < h)i (23)
q€l1, ¢ || L(f) g€l gy
q'<y?/log?y

for all but o(S,(z)) split-free f < z. Now we prove (22) by averaging the left-hand side over
split-free f < x. More precisely, we show

Sa(x)™ D alf) D logq <logy, (24)
f<z qi>y2/ log? y
i>1,¢"(|L(f)
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from which (22) follows at once. Note that if ¢° | L(f), then ¢ | f with ¢ ramified, or ¢"*! | f with
q unramified, or f has a prime factor p with p = x(p) (mod ¢%). The first case contributes at most

i i\ —1/2
St Y e Yane (1o bet)

~log3
q'>y?/log?y f<a y?/log? y<q'<z 08 OT
qlA,i>1 alf aA,i>1
log ¢’ 1/2 log ¢'
< Y oy et
y?/log? y<q'<\/@ >z
qlA,i>1 qlA

logq'  (logx)®?
eyl s
qlA i>1 q \/E

Similarly, the contribution to the left-hand side of (24) from the second case is

<Sa(x)t Y logg Y a(f)

q'>y?/log?y f<z
i>1 s

log ¢! ( log ¢+ ) -1z
< > : 1—
i+l log 3z
v2/log® y<q'<a/q 1 8

log ¢' 1/2 log g
< Z 7 + (log z) Z )
y?/log? y<q'<\/z/q Vr<gti<az
i>1 i>1

R !

q i>1 q<zl/3

7

Finally, the contribution to the left-hand side of (24) from the last case is

<So(x)™t D loggt > Y alf)

q¢>y?/log?y p<z <z
i>1 p=x(p) (mod ¢*) pl|f
pEP1

= Sa(z)™ > lgd > alp) Y af)

y2/log? y<q*<z+1 p<w ] [<z/p
i>1 p=x(p) (mod ¢*)

< Z log ¢* Z @(1_10&)—1/2

1
q*>y?/log?y p<z b 08 3
i>1 p=x(p) (mod ¢*)

, 1 log p —1/2
1 v Y
> e Y (1)

y2/log? y<q¢'<z+1 p<z
i>1 p=—1 (mod ¢*)

—1/2
< Z log ¢’ Z 1Jr Z log ¢ Z ]1? (1 _ logp ) .

_ _ log 3z
y?/log® y<q'<z+1 p<VT y?/log? y<q'<az+1 Va<p<z
i>1 p=—1 (mod ¢*) >1 p=—1 (mod ¢")

IN
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The first double sum on the last line follows easily from Brun—Titchmarsh and partial summation.
Indeed, the first double sum is

<y Z loquq) <y Z log ¢* +y Z

o(g)

S

qi>y'2/ log? y ¢ >y?/log?y >y/ logy
>1 q<y/logy i>1
lo lo
« VOB Sy, 3 b
y?/log”y q
q<y/logy g>y/logy
< logy.

We split the second double sum into the two following subsums

, 1 log p 12
1 v —(1-—=
)BT DI (B S

y?/log? y<q'<z1/3 Va<p<z
1>1 p=—1 (mod ¢*)
, 1 lo —1/2
)RETTIND DY (R B
P log 3x
at/3<gi<a+1 Va<p<z
>1 p=—1 (mod ¢*)

By Brun-Titchmarsh and partial summation, we have

1 logp \ /* 1
> () <o
N log 3z (¢
p=—1 (mod ¢*)

whenever ¢* < z'/3, the first subsum above is

log ¢! log y
< — < .
Z ©(q") y

q'>y*/log’y
i>1

Similarly, the second subsum is

< (logz)*/? Z log ¢ Z %

al/3<gi<w+1 Vr<p<z
i>1 p=—1 (mod ¢*)
log ¢*
<ylloga)'? 37 25
=, ed)
q >z
i>1

log ¢! log ¢*
< y(log )2 Z + y(log z)'/? Z —

oy v(q) oal/s )
qi>x1/3 i>1
log z)3/? lo
< MR 3t ytioge)” 3
L q<z1/6 g>z1/6
y(log z)'/?

< 1/6

Gathering the estimates above completes the proof of (24).
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4.3. The contribution from ;. We now turn to the most elaborate part of the proof: estimating
the contribution to log L(f) from the primes in I,. Following the argument in [5], we define
analogously

Q(q) :=={p<x:p¢Prand p= x(p) (mod q)},

Qi(q) :=={p € Qg) N[2,2"*]: p # x(p)

Qs(q) == {p € Q(q): p = x(p) (mod ¢q') for some ¢’ € I},

Qs(q) == {p € Q(g) N (¢, 2]: p # x(p) (mod qq') for any ¢’ € I},

for each prime ¢ € I, so that Q(q) = Q1(q) U Q2(q) U Q3(q). Moreover, for every p € Q(q) we
have p = —1 (mod ¢), and in particular, p > ¢—1 > y/logy — 1. In view of (22), we know that
the contribution to log L(f) from the primes g € I, is

(mod ¢q') for any ¢' € I,},

Z logqg + O Z Z logq+z Z loggq | +O ((logy)?) (25)

g€l q€lz  p|f g€lz  plf
(f,91(9))>1 pEQ2(q) p€Q3(q)

for all but o(S,(x)) split-free f < z.
We first show that the second big O term is negligible by averaging. We start by proving

Z Z log g < N0820) log, y) (26)

g€l plf log y
pE€Q2(q)

for all but o(S,(x)) split-free f < z. The proof is straightforward. We have

Sa(@) ' D) D, D loga

f<z qclz  p|f
peQ2(q)
DY osa Y Yo
q€l> p€Qa(q) f<z
plf
1 log p /
« S X 2 (1-20)
q,9'€l> p<z p log 3z
p¢P1
=x(p) (mod ¢q’)
1 log p /
< 1 —({1-—
3 logg z (1)
q,q'€12 p<z

p=—1 (mod qq’)

< E log q E E + g log ¢ E E 1— log p o
P P log 3z '
q,q'€l2 p<yz q,9'€l2 VI<p<zx
p=—1 (mod qq’) p=—1 (mod qq’)

It follows from Brun—Tichmarsh and partial summation that the first double sum is

2
1 1 2
<Ly Z << ylogy (Z q) <<%,

9,9 612 g€l




THE TYPICAL ELASTICITY OF A QUADRATIC ORDER 25

and the second double sum is

lo lo 2
< Z gqq <<( g2y)‘

oo, elad) — logy

Hence, we obtain

g!/

of which (26) is an immediate consequence.
In a similar fashion, we show that

> > logg < (logy)®. (27)

g€l p|f
p€Q3(q)

for all but o(S,(x)) split-free f < z. Indeed, we have

Sa(2)' ) _alf) ) D loga

<=z qel>  plf
pEQs3(q)
)72 loga 3 > alf
g€l p€Qs(q) f<z
plf
1 log p 12
1 -(1-
«Siwe ¥ 2 (1-22)
q€l> a/v<p<a
p=—1 (mod q)
SSDTHD VHEES DTV DR T (R A
P log 3x
g€l xl/y<p§f g€l Va<p<z
p=—1(mod q) p=—1(mod q)
lo lo
<<logyz gq+z g4
el el

< (logy)log, y,
which implies (27).

Inserting (26) and (27) into (25), we see that the contribution to log L(f) from the primes ¢ € I, is

1 3
S logq 40 (M) (28)
aels ogy
(f,Q1(q))>1

for all but o(S,(z)) split-free f < z. Now we estimate the sum in (28). Let

g(f)= ) L

qel2
(f,Q1(9))=1
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Although ¢ is not additive, we can still determine its typical size by computing its first and second
moments weighted by . We begin with its first moment

Sa(@)™D a(f)glf) = Salx)™ D D alf).

f<z q<l> f<z
(f,Q1(9))=1

The fundamental lemma of sieve theory [15, Theorem 19.1] ensures that there exist upper and
lower bound sieve weights A* (not to be confused with Carmichael’s A-function) of level D = %/
with v = log y, which are 1-bounded and supported on positive integers n < D composed entirely
of primes factors from Q;(g), such that 1+ A~ < 14, 0,(g=1 < 1% AT and

A5 (d)a(d) a2 1
Y. =+ro@) I (1--), (29)

d<D p€Q1(q) p

where * denotes the Dirichlet convolution. Then we have

Yo alf) = alH)lpam-1 < Y_a(f)D AT =D Ad)D a(f).  (30)

f<z f<x f<x dlf d<D f<z
(f,Q1(9)=1 daf

Note that

X = el oong” (1+0<<10g§>‘1)>

d<D f<z d<D
dlf
d log x log x
d<D
+
= cqr(logz) ™12 Z A (d)ald) (d;a(d) (1 +0 (lo§y>)

et (190 - )
d<D d<D

For each ¢ € I, we have by (19) that

1 1 1 _¢(AD y+0O(ogg) y+O(ogy) y+Oogy)
O I D R (T wo

pEQ1 (q) peQ( Q) p<z

where the last equality results from the inequality y/(qe(q)) < 2(logy)/q. It follows that

AT (d)]a(d) 1 1\ 1 v
YRR Y g I (1)) <en| X )=k
d<D d>1 p€Q1(q) p€Q1(q)

pld=pcQ1(q)

whence

N Y al) = cullogz) (Z Xiatd) (105%20) |

d<D <=z d<D
df
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Inserting this into (30) and applying (29), we have

S alf) < S (110 ?) I (1 - 1) ny (%e) |

f<z peQ1(q) b
(f,21(9)=1

Arguing with A~ in place of A* leads to the reversed inequality. Therefore, we obtain

S a(f)=Sa@) (110w ) [ <1_1>+0<W6i>,

f<z p€Q1(q) P
(f,Q1(g))=1

Summing on q € I, we conclude that

Sa(@)™ D alfg(f)=1+0 ™) ]I | (1 - —) +0 ( VY ) : (31)

|
f<z q€l2 peQi1(q o8 Y

since

3/2

Q%S Z 610%—‘— Z elo%« Y

(logy)?
g€l y/logy<q<2y/logy 2y/logy<q<ylogy

(32)

To complete the estimation of the first weighted moment of g, it suffices to estimate

ST (1)

q€l2 peQi(q)

A similar sum is handled in [5], and the method there can be easily adapted to treat our sum
above. So we will be brief. We start by observing that

1 1 1
siooy Ly
PE€Qi1(q) p<zl/v p<zl/v

p¢P1 peQ2(q)
p=x(p) (mod q)

1
DV D D DR
pggpl/y q 6]2 p<$
peEP_1 p=—1(mod qq’)
p=—1 (mod q)
Al) loglogz'¥ + O(1 1
(] |). oglogw (OgQ)+O Z /
2 p(1ADe(g) i vlad)

_Y.o <ylog2y> ‘
2q qlogy
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Thus, following [5, pp. 369-370], we have

> 11 (1——) Zexp<_%+0(?{;loo—gg2;)>

q€l2 peQi (g g€l
_u ylog,y 1
- Z e (14+0 alosy +0 Z (log y)?2
qel> 108y q<y/4logyy 8Y
oy y(lo
_ +0(%> (33)
qel> &Y

By partial summation, we see that

. y N ylogy y y
efz _ ylogy — T ( )) ei2logy — / e 2t —— <7T t — T ( )) dt 34
(wtotogn) -7 (2 et (v -7 (o (34)

By the Prime Number Theorem, we have

y L ylogsy y(log, y)*
1 _ 21o = — .
<7r(y ogy) — (logy>) e =y log y * 2logy O < (logy)?

Following [5, p 371], the integral in (34) equals

ylogy
_y Yy t t Yy __ 1 _logy
20— | —— R dt — ( 2logy — 2 )
/ T (1ogt o ((logt)Q)) " (logy) coTe

y/logy

ylogy
5 (e 0 (o)) 0 (e
= e 2t — —|—O dt+0
/ 2t (10gy (logy)? (logy)?

y/logy

/21"“ _idy O(y(logzy)Q)
210gy 2/ logy (log y)?

_logy log y 2logy | logw y(log, y)?
— e 210gy log 210gy + e 2 log — / e v dv —+ O| Z0—==22
210gy ( ( ) 2 2/logy v? (lOg y)2
y > logw y(log, y)?
= | log2 — v d 0| =—7—=>2""
2logy (0g2y+ 8 /0 ¢ v2 U) + ( (logy)?
ylogyy 1 y y(log, y)?
- “(log2 —7)—— + O | Z—=22
2logy 5o 7)logy ( (logy)? )~

by partial integration and the Prime Number Theorem, where we have exploited the identity

oo o 1
vz—I"(l):—/ e_tlogtdt:/ e v OgQUdU
0 0 v

with I' being the Gamma function. Combining these estimates with (33) and (34) yields
3y lo 1 log, y)?
> I (1-5) o= Ja-og2 ) v o (S,
4€T2 peQ1(q) 8Y 8 gy
Carrying this back into (31), we conclude that the first weighted moment of g is

1 log, y)”
a1 Y alalh) =y~ HE 1 S0 g2 ) o (MDY

f<z

—~

35)
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Next, we estimate the second weighted moment of g defined by

) a(f)glf)’ = Salz)™ > a(f).

f<z q1,92€12 <z
(f, Q1(l11)UQl(q2))

The contribution from the diagonal terms with ¢; = ¢ is exactly the first weighted moment of ¢
whose estimate is provided by (35). On the other hand, a similar application of the fundamental
lemma of sieve theory to Q1(q1) U Q1(g2), but with D = 2% and u = log, y this time, implies that
the contribution from the off-diagonal terms with ¢; # ¢ is

arow) 32 I (1-5) 0|5t ¥ A

q1,92€12 p€Q1(q1)UQ1(q2) q1,q2€12
q17q2 q17q2

where the second error term is evidently O(y?log, y/(logy)*) by (32). Since Q1(q1) N Qi(q2) =0
for q1 # qo, we have

1+0@w™?) Y 1T )(1—%)

q1,92€12 peQ1(q1)UQ1 (g2
Q1#q2

2

= (140 (u/?)) Z H (1__> — (140 ) Z H (1_5>2

q€l2 p€Q1(q) q€l2 peQi(q)

— (1+0/(u") (saml S a(elf) +0 (lﬂ)) + O(n(ylogy)

fex 0gy

- (Sa(w)‘lza(f)g(f)> +0 (yu?),

f<x

by (31) and (35). Thus, the contribution from the off-diagonal terms with ¢; # ¢ is

. : y*logyy
<Sa<x> §a<f>g<f>> ro (k).

It follows that the second weighted moment of ¢ is

Y alf)gf)? = (Sa(:c)1 Za(f)g(f)) +0 (y(iol;—g;)ff> :

f<z f<x

Therefore,
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which in conjunction with (35) allows us to deduce that

Jylog,y 1
‘g(f) (y 2o g +5

holds for all but o(S,(x)) split-free f < z.

Combining (28) with (36), we find, as in [5], that the contribution to log L(f) from the primes
qc IQ is

(logy + O(logy y)) Z 1+0 (M>

q€l> logy
(£,01(0)>1
B B y \ y(logy y)°
= (logy + O(log, v)) ( (ylogy) — = (1 gy) g(f)) +0 <—10gy
ylog,y 1 y y(logy y)? y(logy y)?
—q o(1 “(141log2 —~)—2— + 0 L2 o) as=2L2
(logy + O(logy v)) (21Ogy + 2( + log v)logy + ( (log y)? + g4
T 1(1 +log2 — )y + O ylogy y)”) (37)
2 2 2 logy

4.4. Contribution from /3. Now we estimate the contribution to the left-hand side of (18) from
the primes q € I3. As remarked at the beginning of Section 4, we have that ¢*{ f for any ¢ ¢ I
for all but o(S,(z)) split-free f < x. So we may assume ¢ { f for any ¢ € I3. We may assume
further that ¢*  L(f) for any g € I3, thanks to the estimate

P DEED I L

q€ls p<lzx
p=x(p) (mod ¢?) plf

<<Z Z a(p) 1 logp \ *
P log 3x

<<E E —+E E ! 1_10gp o
P log 3z
g€l p<VzT g€l Jz<p<z
p:41(m0dq ) pffl(modq%

<y > ot 2

q>y10gy >y logy

1
(logy)?
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If ¢* t f and vy (L(f)) = 1, then p # x(p) (mod ¢?) for any p | f, and the number w(f, Q(q)) of
primes p € Q(q) dividing f is v,(¢(f)). Thus, setting

G(f)= >, wlf Qq)logg,

q€ls
w(f,Q(q))>1

we have

> (W (f) —v(L(H))ogg = > (v (¥(f)) — 1)logq < G(f)
1 ol (T H=1

for those f with ¢* { f and ¢*> ¥ L(f) for any q € I;. We show that the mean value of G over
split-free f < x is

Sa(2) ™ alf)G(f) < 2 (38)

= logy’
From this it follows that G(f) < ylog, y/logy for all but o(S,(z)) split-free f < x. Hence, the
contribution to the left-hand side of (18) from the primes ¢ € I3 is
ylogyy
> (w((f)) = vg(L(f))) logq < 5225 (39)
q€ls

for all but o(S,(x)) split-free f < z. We now prove (38). We have

Sa(@)™D a(f)G(f) = Salx)™ > loggd k> alf)

f<z g€l k>2 f<z

w(f,Q(q))=k
<S(e)' X logad k3 3 alf
a€ls k22 pi<e<preQ(q) J<w
p1prlf
N WD S (N
0gq _ ‘
q€l; E>2 PrLpR<a P1- Pk log 3z
P1<-<pPk

Vi, p;=—1 (mod q)

By (19), we have

o p1--c Dk log 3z

qels k>2 p1-PR<NVT
p1<---<pg
Vi, pi=—1 (mod q)
k
1 1
ST St D DI
q€l3 k>2 ) p<w p
p=—1 (mod q)
1 + O(lo F
:Zlong '<y ( gQ)) < Y ’
= = (k=1 ©(q) logy
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where the last inequality follows from y/p(q) < 1/logy = o(1), as in [5]. We still have to estimate

L S S (e e
0 —_— |1l - = )
5 e log 32

q€ls k22 z<prpr<z
p1<---<pg
Vi, p;=—1 (mod q)

Put m = [y/logy]. Stirling’s formula implies that
m! > mm+1/26—m — ey+0(y/logy) Z (log 11)1/2.

Since y/¢(q) = o(1), we have

Siogg Sk ! (1_1og<p1~--pk>)”2
o pie Dy log 3¢

q€ls k>m+1 Vr<pippr<z
P1<-<pk
Vi, p;=—1 (mod q)

<<(logx)1/2210gq Z k Z !

q€ls k>m+1 Vr<prpp <z P P
p1<--<pg
Vi, pi=—1 (mod q)

k
<log)Ytoge 3 = | X
a (k—1)! p

q€ls k>m—+1 p<z
p=—1(mod q)
10
“Ylowg 3 o (FObeny
q€ls k>m+1
o(1
<eZlogq(y+ ogy)
q€l3
lo
< yQ Z g;q < 1 . :
q>ylogy 1 o8 Y

Thus, it remains to estimate

. 1 log(p1---pi) \ 7
D logad ko ) o (- (40)
aels h—2  Ji<propp<e P1 Dk g

p1<---<pg
Vi, p;=—1 (mod q)

Thanks to the constraint k& < m, we have x'/2¢ /g = x(1/2=0(1)/k Besides, the constraints p; - - - py, >

vz and p; < --- < pg imply that pr > (py---p)/F > 2V?*. Let my := p1---pr_1, ap =
max (/% \/z/my) and by := z/my, € (z'/?*, z]. Since

o d (1 1_10g(mkt) 1/ <l 1_log(mkt) 12
dt \ t log 3x —t? log 3x
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for any ¢ € (0, bg], it follows from Brun-Titchmarsh and partial summation that

3 1 (1 _ log(ps - 'Pk))_w
ap<pr<by Pr IOg 3z
pr=—1 (mod q)

1 1/2 . -1 b 1 1 -1/2
- (oga) Z(bk,q, ) / rttiq 14 (_ (1_ Og(mkt)> it
k a

dt \ t log 3x

< (log 2)Y%7(by; ¢, —1) +/bk M - log(mat) ~1/2 "
br a t2 log 3z

k

b -1/2
< LI / L <1—M) dt
o(q)Vlogz  ©(q) J,, tlogt log 3z

k k ] logt -1/2
< + “(1- dt
o(g)VIogz  ¢(q)logz [ 4t log 3z

log @

k’ k /logBm —1/2
< + (1—t)"Y2at
plg)Viogr — ¢(q) Jreey=
ok
w(q)

Hence, we have

Zlogqik D —— (1_10g(p1---pk>>‘”2
P11 Pk

log 3z
q€ls k=2 Vr<pipp<z
P1<-<pk
Vi, pi=—1 (mod q)

logq 9 1
< E — E k E - -
qels go(q) k>2 PL<<pp_1<z P Pr—1
Vi, pi=—1 (mod q)

lo k + O(logy)\ "
< e (i)

o ela) = v(q)

1 O(1 1
<y logg (y+ (Ogy)><< ‘
= #l) v(9) logy

Collecting the estimates above yields (38).

4.5. Contribution from /, and completion of the proof. Finally, we estimate the contribution
to the left-hand side of (18) from the primes ¢ € I,. We show that

> (0 ($(f)) = vg(L(f))) logg =0 (41)

q€ls

for all but o(S,(z)) split-free f < x. Since we may assume ¢* 1 f for any ¢ € I, it suffices to show
that all but o(S,(z)) split-free f < z are divisible by at most one prime in Q(q) for any g € .
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This follows quickly from an averaging argument. We have

. 1 log pips\ 2
> Y Tene Y% (i ke

q€ls p1<p2€Q(q) f<= y2<q</z+1 p1p2<z
p1p2|f p1<p2
pl,ng—l (mod q)

where the constraint ¢ < /x + 1 holds because ¢ divides p; + 1 < /z + 1. It is easy to see that
1 lo 172 1
Y mlhE) < XX
y2<q<Vz+l  pipa<a?/3 y2<q<z+1 p1, p2<x

p1<p2 p1,p2=—1 (mod q)
p1,p2=—1 (mod q)

l
! ogy
and
1 lo —1/2 log 2)1/2
D S A Gah IR D D M
1 P1P2 log 3z P1D2
og z<q<\/z+1 pip2<z log z<g<y/z+1 p1,P2<T
p1<p2 p1,p2=—1 (mod q)
p1,p2=—1 (mod q)
< (log z) 1/2 2
q>logz
Y

<

Viogz:
Hence, it remains to estimate the sum
Z Z ! (1 — logplpz)_lﬂ
y2<q<logz  22/3<pips<z P1D2 log 3x :

p1<p2
pl,ng—l (mod q)

But the argument used to estimate (40) shows that this sum is

1
< 2 2 _<<yz ylogy'

2<q<logr p<z q>y2
p=—1 (mod q)

q)

Therefore, we have

Y Y Y <

q€l4 p1<p2€Q(q) f<z
p1p2|f

from which we verify that all but o(S,(x)) split-free f < x are divisible by at most one prime in
Q(q) for any q € I,.

Combining (21), (23), (37), (39) and (41) completes the proof of (18) and hence that of Proposition
2.6 for L(f).
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5. INTERLUDE: THE RADICAL OF ¢(f)/L(f)

We devote this section to establishing the following result on the typical size of the radical of
W(f)/L(f) with f split-free, which will be needed in the proof of Proposition 2.7.

Proposition 5.1. For almost all split-free f,

vif) _ 1+0(1/10g5 f)
RadL(f>—(logf) +O(1/logs /)

Our proof of Proposition 5.1 adapts that of [21, Theorem 1] on the typical size of w(p(n)/A(n)).
As in Section 4, the complication comes mainly from estimation of weighted sums. Our setup is
similar to that in [21]. Let

_ o)
W(f) :=logRad o) pwz(f) log p.

Let y = log, z, and define Z := (y/log y, y log y|, which is exactly same as the interval I3 introduced
in Section 4, and

Js = {p € Z: 3 distinct primes ¢, ¢ | f with ¢; < 2% and ¢; = x(¢;) (mod p) for i = 1,2}
for split-free f € N. Finally, we set
W(f):=>_ logp.
pEJ}

which we think of as an approximation to W (f). It is not hard to see that Proposition 5.1 follows
from the following estimates combined:

() W(f) — W(f) on average:

logy
(III) The second moment of W

Su(a)* a2 = (40 (1)) o

= logy

We shall prove (I) and (II) but only sketch the proof of (III) while leaving the full details to the
interested reader. Before embarking on the proof, we point out that the primes p included in the
definition of W (f) satisfy either (i) p* | f, or (ii) f is divisible by two distinct primes ¢y, g» with
¢; = x(¢;) (mod p) for i = 1,2. The primes in set J; hence belong to the second category.
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—~

5.1. W(f) — W(f) on average. We start by proving (I). Write W (f) — W(f) = To(f) + T1(f),

where

To(f) = Z log p,

o)
Pl

p<y/logy

Ti(f)= ) logp

pl%,pééjf

p>y/logy

The Prime Number Theorem implies that 7o(f) < 2y/logy, so that

-1 2y
Sal2) ;a(f)To(f) < fogy’

To estimate the mean value of T}, we observe that the primes p included in definition of 7} (f)
satisfy (i) p? | f, or (ii) p € Z and ¢ | f for some prime ¢ = x(q) (mod p) with ¢ > x'/¥, or (iii)
p > ylogy and there exist distinct primes ¢i,q2 | f with ¢; = x(¢;) (mod p) for i = 1,2. The
contribution from those primes p satisfying (i) is

B 3 logy
Sa() 'Y a(f) D logp=Sa(x)™" DY a@)logp Y a(f) < —=,
f<= p>y/logy p>y/logy f<z/p? Y
P?|f
by the same argument at the beginning of Section 4. Next, the contribution from those primes p
satisfying (ii) is

Sa@™Y a(f)D logp D> 1=Su(x) ) logp YD a(f)

f<z pEL 2V <q<z peEL VV<g<e [<z
alf 4=x(q) (mod p) 4lf
g=x(q) (mod p)

1 log q —i/2
E 1 E -(1-— )
< o8P q ( log 395)
pel z /Y <q<x

g=—1 (mod p)

Since Brun—Tichmarsh and partial summation imply

1 log q -1/ 1 logy
(1= -
2 q ( log?ﬂf) Ny 1 o)

al/v<q<yz a1 /v<q<\/z #(p)
g=—1 (mod p) g=—1 (mod p)
1 log q -1/ 1
Z A log 3z < (p)’
i g w(p
g=—1 (mod p)

we find that the contribution from those primes p satisfying (ii) is

log p
<logy > o) < losy)log .
peL



THE TYPICAL ELASTICITY OF A QUADRATIC ORDER 37

Finally, the contribution from those primes p satisfying (iii) is

Sal@)™ > a(f) DY logp > 1

f<z p>ylogy q1q2<z
- ae2lf 7
Vi, ¢;=x(g;) (mod p)

1 1 ~1/2
< Z logp Z <1— Og(h%) .

log 3z
p>ylogy q1q2<x N2 &

q1<q2
q1,92=—1 (mod p)

If p > log z, then we have

1 lo —1/2 1 log z)/%4?
Z _(1_ lng;(h) < (log )2 Z I ( g())Qy :
q1g2<z 92 08 oF 1<z q pp

q1<q2 g=—1 (mod p)
q1,92=—1 (mod p)

if ylogy < p <logxz, then we have

1 log q1¢2 ~1/2 1 Yy
DR LR D DI

log 3x
Y q192 g i<z

q1<g2 g=—1 (mod p)
q1,92=—1 (mod p)

1 1 —1/2 1 1 1 -1/2
Z L (1 _ 08291612) < Z 4 Z -+ (1 _ OgQ1Q2)
192 log 3z g2

¢ log 3x
22/3<qig2<x a<Vz 2%/3 /g1 <q2<z/q1
q1<q2 q1=—1 (mod p) g2=—1 (mod p)
q1,92=—1 (mod p)
1 1 Y
by e
olo) o a o e)

@1=—1 (mod p)

where the estimate for the inner sum over 23 /q; < ¢, < x/¢, follows from the proof of (40) in
Subsection 4.4. Hence, the contribution from those primes p satisfying (iii) is

logp = 5 log p y
< y*(log z)/? +vy < :
2 v (p)? p>§gy p(p)?  logy

Gathering all the contributions to the mean value of T} above yields

- v
) ) <

Combining this with the mean value estimate for Tj proves (I).

p>log x

5.2. The first moment of W(f) We now turn to the proof of (II). Following [21], let us write

STaNHW) =D logp > a(f) = (Salz) — No(p) — Ni(p)) logp (42)

f<z pEL <z pEL
pET}

where N;(p) is defined to be
#{f < x split-free: 3 exactly i distinct primes ¢ | f with ¢ < 2% and ¢ = x(¢) (mod p)}
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for 2 = 0,1. By the Prime Number Theorem, we have

Sa(x)lea(:U)logp:/ldt—l—O( Y ) (43)

= 7 (logy)*

for any fixed A > 0.

To estimate the mean value of Ny(p)logp, we apply the fundamental lemma of sieve theory to
the set of primes ¢ < 2'/¥ with ¢ ¢ P; and ¢ = x(q) (mod p), where D = 2*/¥ and u = logy, in
exactly the same way as in Subsection 4.3, to obtain

Sult) No(p) = (110 w2)) [T (1 - 1) Lo (k’%e> .

q<z'/y 1
q€EP—1
g=—1 (mod p)
Since
> L_o(A] logloga' + Oflogp) _ y ., ((logy)Q)
ey 2 p([ADe () 2p y
q€EP-1
g=—1 (mod p)
we have

1 | 2 1 y
Sa(l’)_lN()(p) — (1 ‘I’O (u—u/Q)) exp _i +O ( — 4 (Og?/) +O < Ogye%>
g=—1 (mod p)

2p _ e y Y
1 log y)? logy
= (140 (u™?)) exp <—£+O( (log y) >)+O(0gy62p)
2p plogp Y Y

+
1 2 y 1 y
(1+O (M)> e 2 +4+0 ( ogye%) :
) Y

It follows from (32) that

_ lo 2 _ Y
Sa(@)™ ) No(p) logp = (1 +0 (ﬂ» > e wlogp+0(Vy).
pET pEL
By partial summation and the Prime Number Theorem, we have

_y _u Y
eZPlogp:/e tht—i—O( )
Z z (logy)4

peL

for any fixed A > 0. Inserting this into the last equation above, we find that

Sa(2) 'S No(p) logp = /e—%i dt + O (LA) . (44)

g z (log y)

Finally, we estimate the mean value of N;(p). Note that N;(p) can be approximated by

Z # {m < x/q split-free: m not divisible by any ¢’ < ¥ with ¢ = x(¢') (mod p},

qul/y
q¢P1
¢=x(q) (mod p)
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with an error being

<L # { f < x split-free: f divisible by any ¢* for some ¢ > y/log y} .

< > D alf >,

q>y/logy f <|ﬂc
!

This error is evidently

as we have seen at the beginning of Section 4. For each ¢ included in the approximation of N;(p)
above, our application of the fundamental lemma of sieve theory in Subsection 4.3, again with
D = 2"/Y and u = logy, implies that the corresponding term is

o @) T (1) o (Sl

¢ q yq

q€EP_1
¢’=—1 (mod p)

(o(23) Sk so(mne)

as shown in the preceding subsection. Summing over ¢, we see that Ni(p) is

= S, () (1 +0 (%)) <2% +0 (W)) e % +0 (Sa(l")%logy> ;

Y

— S.(x) (1 +0 (M» %efp +0 <Sa(x)%logy

Y

By the Prime Number Theorem and partial summation, we have

vl y 1
¢35 8P /e%d<logt+0( ))
p T logt

pel

logy logy
3 1 2
<<a:1/3/ —U+ / e“dv+0(\/§>
- logy log y logy
VY
logy

Thus, it follows, upon summing over p € Z and applying partial summation and the Prime Number

Theorem, that
y 72t (logy)

/ e F a0 (o) 45)

for any fixed A > 0, since the integral is < ylog, y.
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Inserting (43), (44) and (45) into (42) and observing that

d
(t —te” 2t> = 1—¢ 3 — ge_%,
dt 2t

we conclude, by taking A = 1, that

Sal@) Y al)W () = /Z (1=t =g a0 (kéy)

f<z
1 Y 1 Y
:ylogy<1—e 210%9)— (1——>+O< )
log y VY log y

B (% o (10;/)) v

which is (II). It may be worth noting that one can obtain an asymptotic expansion of any length

for the first weighted moment of 1% by taking A suitably large but fixed.

5.3. The second moment of W( f): a sketch. Finally, we outline the proof (III) and invite the
reader to fill in the necessary details. We start by writing

Sa(@) D (W (F)? = Sal(2)™ D logpilogps > alf). (46)
f<z p1,p2€L <z
p1,p2€Tf

For each pair (i1,142) € {0, 1}?, we denote by NN;, ;,(p1, p2) the number of split-free f < x such that for
every k € {1,2}, there are exactly i;, distinct primes g | f with ¢, < 2'/¥ and ¢, = x(qx) (mod py).
Furthermore, let

M,

) Z/)il —ig &
i1dg - e 22t dt.
o [

By the inclusion-exclusion principle, we have

Z a( Z Z ik pk) + Z Nil,iz(plap2)' (47>

f<z ke{1,2} i,e{0,1} (i1,i2)€{0,1}2
p1,p2€Tf

The contribution to (46) from the term S,(x) in (47) is obviously
<Z ) 2 2 Y
logp | = My, +O <—A)
e (logy)

for any fixed A > 0. In addition, the contribution to (46) from the double sum in (47) is

<Zlogp)( S No(p)logp + Sal@) ™Y Nu(p 10gp)

pET p€eET peT

which, according to (44) and (45), is equal to

2
Y
2Mo,o (Mo + M) + O ((log 3/)A)
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for any fixed A > 0. Hence, it remains to estimate the contribution to (46) from the last sum in
(47). Note first that the contribution to (46) from the diagonal terms with p; = py in the last sum
n (47) is

lo
ZNO )(log p)? ZNl )(log p)? y g21y4
pel = (log Y)

for any fixed A > 0, which is negligible. Thus, it is sufficient to estimate the contribution to (46)
from the off-diagonal terms with p; # ps. We claim that

21o
Z Niy in(P1,p2) log prlog po = M;, 1 M, 1 + O (%) (48)
p1#p2€L (1og y)

for each pair (iy,42) € {0,1}2. Inserting all the estimates above into (46) yields

Sal@) Y a(H)W(F)? = (Mog — Moy — My)* + O (y210—g23) = (zll +0 ( . )) v,

= (log y) log y

which is (III). Again, it is possible to make O(y?/logy) explicit and have O (y?log, y/(logy)?) as
the error instead.

Taking the case (i1,i2) = (1,1) for example, we now illustrate briefly how (48) can be derived by
adapting the argument in [21]. For any p; # pa € Z, the quantity S,(x) !Ny 1(p1,p2) includes
particularly the contribution from those split-free f < x of the form f = q;gom, where q1, ¢o < /¥
are distinct primes not in Py, satisfying gx = x(qx) (mod py) for all k = 1,2 and g, #Z x(qx) (mod p;)
for all (k,1) = (1,2),(2,1), and where m < 2/q.q, is split-free and free of prime factors ¢ < x'/¥
with ¢ = x(¢) (mod pg) for all k& = 1,2. The rest of the split-free f < z that contribute to
So(x) Ny 1 (p1, p2) satisfy either ¢* | f for some prime g > y/logy — 1 > y/2logy or q | f for
some prime g with ¢ = x(q) (mod p;ps). Thus, the contribution to S, (z)"*Ny 1(p1, pa) from these
residual split-free f < x does not exceed

i)t Y San+S@t Y Yah<- +L,

y/2logy<q<yz fZz q<z f<z
a?lf g=x(g) (mod p1p2) qlf

where the sums over ¢ can be easily estimated by dividing the ranges of ¢ as in Section 4. Summing
on p1,pe € Z, we see that the contribution to the left-hand side of (48) from these residual split-free
f < zis O(y(logy)?), which is negligible compared to the error term in (48). Now we turn to those
split-free f < x of the form f = g;gam with the properties described above. Given pq, ps, q1, 2, the
count of these f, when divided by S,(z), is

(1+O(u’“/2))i H (1_1) +O<1og_2y€2§1+2g2)’

a192 <o/ p Yaq192

q¢P1
Fk=1,2, ¢=x(q) (mod py)
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by the fundamental lemma of sieve theory with D = z%/¥ and u = log, y, as in Subsection 4.3. The
contribution to the left-hand side of (48) from the second error term above is

1 L 1
<<% Z o1 20 log p1 log po Z e

142
p1,p2€L q1,q2<zl/v 0
Vk=1,2, qx=—1 (mod pg)

w vl 1
<< ylog2 y Z eQ;y)l+21y)2 w

prpaEl P1P2
2 2
VY y*logy y
1 NI g —o2d
S yioey <1Ogy < (logy)?’

which matches the error in (48). The main contribution to the left-hand side of (48) from those
split-free f < x of the form f = ¢;gam with the properties described above is

(140 (u™?)) Z log p1 log ps Z L H (1 — 1) .

142
p1,p2€T q1,q2<zl/v g q<zl/v p
q1,92¢P1 q¢P1
Vk#le{1,2}, qr=x(qx) (mod py) 3k=1,2, ¢=x(q) (mod px)

ak#X(qr) (mod py)

Now an argument analogous to the one displayed on [21, p. 214] shows that

D | A e R (L e

4
q1,q2<at/¥ 12 q<zl/v p Y D1P2
q1,92¢P1 q¢P1
Vk#1€{1,2}, qr=x(qx) (mod py) Jk=1,2, ¢=x(q) (mod py)

a1 Zx(qr) (mod py)

Summing over p; # po € Z with the weights log p; log py attached, we find that the main contribution
to the left-hand side of (48) from those split-free f < x of the form f = ¢1gam is

B e Y Sy

pET pel P’
= (140 (u™?)) (/I %e—% dt + O (#))2 + 0 (y(logy)?)

log y

2 y2

=M Ol ——
L ¥ ((10g y)A>

for any fixed A > 0. Gathering the contributions above verifies (48) in the case (i1,42) = (1,1).

6. APPLICATION OF THE ALGEBRO-ANALYTIC MACHINE: GRH AND THE UNIT INDEX
CORRESPONDING TO AN INERT PRIME

For the rest of the paper, we assume that K = Q(\/ﬁ), where D > 1 is squarefree. We write ¢
for the fundamental unit of O and o for the nontrivial element of Gal(K/Q). All number fields
appearing below are viewed as subfields of C, and odd order roots of real numbers are understood
as taking their real values.

Recall from §2 that ¢(f) denotes the order of (the image of) ¢ in the group PreCl(Of) =
(Ok/fOk)*/{images of integers prime to f). It will be important for the proof of Proposition 2.7
to understand the distribution of the numbers ¢(p), as p varies over primes inert in K. Certainly
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{(p) divides #PreCl(O,) = 9 (p) = p + 1 for each such p. The main result of this section is a
GRH-conditional estimate for how often ¢(p) | ’%1 for a given odd prime ¢ (Proposition 6.5).

The method of proof is essentially that introduced by Hooley [13] to study Artin’s primitive root
conjecture under the assumption of GRH. Of course, our setting is a bit different than Hooley’s,
as the arithmetic is taking place over a real quadratic field instead of Q. Happily, we can quickly
deduce what we need from work of Chen [3]. (Closely related arguments can be found in papers of
Roskam [26], Kataoka [14], and Pollack [23, §2].)

Let ¢ be an odd prime. We will relate the condition that ¢(p) to the splitting behavior of p in

the number field

| ptl
q

Eq = @(Ctﬁ %)
(As usual, ¢, := exp(27i/m).) Note that E, contains Q(¢) = K, so that E, = K((,, ¥/¢).

To bring our setup into alignment with Chen’s, we need to write £, in a slightly different way. Let
s = 1if Nmg/g(e) =1 and let s = 2 if Nmg/g(e) = —1. Put n = €°. Then Nmg/g(n) =1 (in fact,
7 generates the group of norm 1 units). Since ¢ is an odd prime while s = 1 or s = 2, we have that

Eq = K(qu \‘75) = K(qu \q/ﬁ)

The next three lemmas are special cases of Chen’s results in [3]. After all three results have been
stated, we say a few words about how they may be deduced from [3].

Lemma 6.1. Let q be an odd prime. If g1 D, then [E, : Q] = 2q¢(q),

Set 7 = 0¢(n). Then ni =1 and E, contains a gth root of 7, namely 1/¢/7. It follows that

E, = K(C(P W) = K(qu \q/ﬁ’ %) = @(an W? {I/ﬁ)v
rendering apparent that £, is the splitting field over Q of
Fo(X) s = (X7 =n)(X7—1)
= X — Trg0(n)X?+1 € Z[X]. (49)
Hence, £, is a Galois extension of Q.
Let 7 represent complex conjugation. Define €~ C Gal(E, /Q) by
¢, = {0 € Gal(E,/Q) : 0|k = 00, 7la,) = Tlae,),o” = id}.
It is straightforward to check that €, is a conjugation-stable subset of Gal(£,/Q).

Lemma 6.2. Let g be an odd prime not dividing D. Then #%, = 1.
Write n = %(u + v\/ﬁ) with integers u and v.

Lemma 6.3. Suppose that p is an odd prime not dividing v. Let q be an odd prime. Then
p is inert in K, p=—1(mod q), and inH = 1 (mod pOk) <= Frobg, g, € €, .

Deduction of Lemmas 6.1-6.3 from Chen’s work. Chen’s setup in [3] is as follows: Kj is a quadratic
field (not necessarily real) with nontrivial automorphism . The element o € K has norm 1
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but is not a root of unity. For each prime ¢, the field E, is defined as Ky({,, ¥/«), and when n is
squarefree, I, is defined as the compositum of the E, for primes ¢ dividing n.

Under these assumptions, Chen determines the degrees of the extensions £, /Q in Lemma 1.6 of
[3], while Lemma 1.7 of [3] describes the sizes of the sets

¢, :={0 € Gal(E,/Q) : 0|k = 00,0g(c,) = Tlae), 0> = id, and 0|k, (ar1/va = id if 2 | n}.
For brevity, we quote only the relevant cases: Suppose n is odd and squarefree and that K is
real. Let s be the largest positive integer for which o € (K)*°, and let ny = n/ged(n, sg). Then
Chen’s Lemma 1.6 asserts that
2n1p(n)

E,: Q = )
5T Rnoe) @
while her Lemma 1.7 claims that #%, = 1 unless K C Q(¢,).

Our Lemmas 6.1 and 6.2 follow from these two results (respectively) upon taking Ko = K, o =,
and n = ¢q. Here we note that Chen’s s coincides with our integer s, and that

Q< KNQ(¢) € QCuyp) NQ(¢) = Ql¢eeanainlg) = Q,

since we are assuming ¢ is an odd prime not dividing D.

What about Lemma 6.37 Write Ky = Q(v/Dy) with Dy squarefree, and express « as ug + v/ Dy
with ug,vg € Q. In Lemma 1.4(a), Chen assumes that p is an odd prime inert in K for which
vp(vg) = 0. She then shows that for each odd prime g,

p = —1 (mod ¢) and inH = 1 (mod pOk) <= Frobg, g, € €, . (50)

Specializing to K = Ky (so that D = Dy) and o = n (so that ug = ju, vy = v), the forward
implication in (50) yields the forward implication of Lemma 6.3. One can also deduce the backward
implication of Lemma 6.3 from the backward implication in (50); it suffices to observe that
Frobg, /g, € ¢, implies that p is inert in Ky. Indeed, if Frobg, g, € ¢, then Frobg,/q, =

FrOqu/@,p‘Ko = 0y. O

The following conditional version of the Chebotarev density theorem has been extracted from
Serre’s paper [27] (take K = Q in Serre’s eq. (20R)).

GRH-dependent Chebotarev density theorem. Let L/Q be a Galois extension, and let € be
a subset of Gal(L/Q) stable under conjugation. For all y > 2,

i

' <y: < -
#{primes p <y : Froby g, C ¢} [L: Q)]

Li(y) + O | (#%)y"/* log ([L Qly [T f)

NS

Here the implied constant is absolute.

Lemma 6.4 (assuming GRH). Let q be an odd prime not dividing D. For every real number y > 2,
the number of primes p <y inert in K for which p = —1 (mod ¢) and nP*1/9 =1 (mod pOk) is

Li(y) 1/2
m + O (y / log(qy)) :

Here and below, implied constants may depend on K.
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Proof. By adjusting the O-constant, we may ignore any set of primes p of cardinality Og(1).
Bearing in mind the results of Lemmas 6.2 and 6.3, Lemma 6.4 follows from the GRH-dependent
Chebotarev density theorem upon taking L = E,; and ¢ = €, once we show that the error term
of the theorem is subsumed by our O-expression.

To that end, we argue that a rational prime p is unramified in E, whenever p { 2¢Dvy. Observe
that p is unramified in E, as long as F,(X), as defined in (49), has no multiple roots mod p. We
test this condition by checking for common roots of Fy, and F}. If p { 2¢, then each root p € Fp of
F}(X) has 2p? = Trgq(n). But then

4F,(p) = 4p°" — A Trgj(n)p? + 4

= 4Nmg/q(n) — Trr)o(n)?
= —Dv?,

which is nonvanishing mod p under our assumption that p 1 2¢Dv.

The primes that ramify in E, are precisely those dividing Ag,. Hence,

H ¢ <2¢Dv, and [E,:Qly H ¢ < 4¢° Dy,
E‘AE(I £|AEq

using Lemma 6.1 for the last inequality. Therefore,

log ([Eq : Qly H () < log(qy),

{AE,

and (#)y"* log ([E; : Qly Iy, €) <y log(qy). O

We now come to the main result of this section.

Proposition 6.5 (assuming GRH). Let g be an odd prime, and let y > 2. The number of primes
p <y for which p is inert in K, p= —1 (mod q), and {(p) | ’%1 is

Li(y)

<=zt y/*log(qy).

Proof. For the finitely many odd primes ¢ dividing D, the result is trivial if we choose a sufficiently
large implied constant (depending on K). So we may suppose that ¢ 1 D.

We now argue that if p is inert in K and p = —1 (mod g), then
lp)| — <=n< =1 (mod pOk).

Once this is proved, Proposition 6.5 follows from Lemma 6.4.

If nP*Y/4 = 1 (mod pOy), then eP*1/7 = £1 (mod pOy). Thus, e®*1/7 € O, and {(p) | I%l.
Conversely, if ¢(p) | ’%1, then e®*1/¢ = b (mod pOf) for some rational integer h coprime to p.
As p is inert in K, the pth power map modulo pQOk is induced by og, and
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Hence, if s denotes the order of n®+1/7 in (O /pOk)*, then s | ¢. On the other hand, s coincides
with the order of h in (Z/pZ)*, and so s | p — 1. Using that ¢ | p + 1, we conclude that s divides

ged(q,p— 1) = ged(g, (p+1) — 2) = ged(q, =2) = 1.
Thus, s = 1 and n®*Y/4 = 1 (mod pOy). O

We conclude this section with a bound on the number of small values of ¢(p).
Lemma 6.6. For each y > 1, the number of inert primes p for which £(p) <y is O(y?).

As a consequence of Lemma 6.6, the number of inert primes p < t with £(p) < 2p'/2/logp is
O(t/(logt)?), for all ¢ > 2. This will be needed in the arguments of Section 7.

Proof. Let p be a prime inert in K, and let s be the order of £/? in (Ox /pOx)*. Since £/® is
congruent to a rational integer unit mod p, we have that s | p — 1. Noting that et = ¢ . &P =
Nmg/g(e) = £1 (mod pOk), we also have that s | 2(p 4+ 1). Thus, s | ged(p — 1,2(p + 1)) | 4, and
€4Z(p) =1in OK/pOK

Now assume that £(p) < y. Then &/ =1 (mod pOg) for some positive integer j < 4y, and
p divides H Nm(e? —1).
1<j<4y

As Nm(e? — 1) = exp(O(j)), the product on j has size exp(O(y?)) and so is divisible by O(y?)
distinct primes. O

7. PROOF OF PROPOSITION 2.7

We now turn to the proof of Proposition 2.7. Our arguments borrow heavily from those of
Erdés—Pomerance-Schmutz and Li-Pomerance [16]. Let

o long
T ogy f

The next lemma is proved by an averaging argument analogous to one appearing on p. 368 of [5].

Lemma 7.1. For almost all split-free f, the zg-smooth part of L(f) is of size (log f)0(1/ 1081 f).

Proof. The proof bears a great resemblance to that of (24) in Subsection 4.2. For any n € N and
y,w > 1, denote by S(n,y) the y-smooth part of n and put

S(n,y,w) = [] "
p*n
p<y
pk>w
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With z = log, 2/ log, x and w = (log, =) log, =, we have

Sa(@)™Y a(f)log S(L(f), zp,w) = Sa() ™'Y alf) Y logp"

f<=z f<z PFIL(S)
p<zs,pF>w
Yot Y o
p<z f<z
pF>w P*IL(f)
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Observe that if p* | L(f), then p* | f with p ramified, or p*! | f with p unramified, or f has a

prime factor ¢ with ¢ = x(¢q) (mod p*). The contribution from the first case is

Z log p* Z «

plA f<a/pk
w<pk<z
—1/2
logp log p* !
< Z ( log 3z
plA
u)<pk<z
logp’“
< Y gy Y
p|A p|lA
w<pkF<y/x P>V
log w log x)3/2 log w
< o8 +( gT) < logw

w NG w

Analogously, the second case contributes an amount

< Sa(x)™ > logpt > alf)

p<z f<a/pkt
w<pk<a:/p
- Z 1ng < 1ngk+1>1/2
Pl
= + log 3z
w<pF<z/p
< log p" + (log z)1/? log p"
Z P (log Z PR
p<z p<z
w<pk<\/z/p P>V
log w 1 logx )3/2 logw log2
il 1l 0/ 7Me27
clmuyl Qs

p<z p<lz
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Finally, the last case contributes an amount

< So(w)t Y logpt YT alg) Y alf)

p<z

q<x f<z/q
pF>w 9=x(q) (mod p")
< Slogpt Y alg) (| _ logg e
O — _——,—,—,—
&P q log 3z
p<z q<z
pF>w 9=x(q) (mod p*)
k 1 logg e
< log p - (1 - )
ZKZZ q; q log 3x
pF>w g=—1 (mod pk)
k 1 k 1 log ¢ e
< 1 - 1 - 1- :
IV DI ED DTN DI (B
p<z a<Vz p=z Va<g<a
pF>w g=—1 (mod p*) pF>w g=—1 (mod p*)
The first double sum on the last line is clearly
< Z log p* og, 2 < (log w) log, = Z < z(log w) log,
o (pk) 2 w = wlog z
pF>w B

by Brun—Titchmarsh and partial summation. To estimate the second double sum, we split it into
the two following subsums

& 1 logq \ ?
§ 1ng E -\ 1= )
q log 3x

p<z Ve<q<lz
w<pb<al/? ¢=—1 (mod p*)

1 log q —1/2

DRSS (B I
q log 3z

p<z Vz<q<lz

pF>al/3 g=—1 (mod p*)

Since Brun—Titchmarsh and partial summation imply that

1 log q -1/ 1
Z pl E < k
e log 3z w(p*)
qg=-1 (mo_d p*)

whenever p* < /3, the first subsum above is

logpt  z(logw)
< ; o) wlogz

pk>w
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On the other hand, the second subsum is

1
< (log z)'/? Z log p* Z -
p<z q<z q
pF>gl/3 q=—1 (mod p*)
log p*
< (logz)Y?log, x
’ ; p(pb)
pk>_xl/3
z(log 2)3/? log, =
xY3logz
Collecting the estimates above, we find
_ z(logw) log, z
Sa(z)™! log S(L(f), zy, :
(@7 Y o) log S(L). 2p.w) < TED T

f<x

from which it follows that for all but o(S,(x)) split-free f € NN[1, ], we have log S(L(f), zf, w) < z.

Since
K logw
Z logp" <z | — | < 2z,
log z
p<z
pF<w
we have

log S(L(f), zf) < Z logp* +log S(L(f), zf,w) < 2

p<z
pF<w

for all but o(S,(z)) split-free f € NN [1,z]. If we restrict to f € (v/x, ], then z and z; are of the
same order of magnitude, and the final “< 2” can be replaced with “< z;.” This completes the
proof of Lemma 7.1. 0

A similar argument shows that L(f) is rarely divisible by the square of a prime exceeding zy.
Lemma 7.2. For almost all split-free f, there is no prime p > z; for which p* | L(f).

Proof. Observe that
So()™ YD a)<Sa@) Y] Y alf)+0 ()

) f<z p>2/2 \Jr<f<z
p?|L(f) for some p>z p?|L(f)
< Sa(@) D D al)+0 (),
p>z/2 f<zx
P2IL(f)

where z = log, x/log, . The double sum on the last line is bounded above by

Sal@)™ DD alf)+ S Y > D alh)

p>z/2 f<x p>z/2 q<z f<zx
PPlf q=x(q) (mod p?) q|f
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Note that
_ 1 logp?\ ~/?
1
@0 Y Yan< X (1o 28
p>z/2 f<z z/2<p<zl/3
i
1 1
< ) Gtlega) T
z/2<p<zl/* al/4<p<al/3 b
1
22 log z
and that
Sa@ Y Y Doal)
p>z/2 q<z f<z
q=x(q) (mod p?) q|f
/2
a(q) log q
— (1
<Y X (e
2/2<p<\/z q<z
q=x(q) (mod p?)
1 log q —1/2
< “(1-
S D S ()
z/2<p<\/x q=w
g=—1 (mod p?)
1 1 log q —1/2
- (1=
SO S TED SED DI (-
z/2<p<Vz <Vz z/2<p<yz  a<q<z
g=—1 (mod p?) g=—1 (mod p?)
log, © 1 log, ©
Z/2<pS\/5S0p z/2<p<Lat/6 p xl/6<p<\/x p
log,
zlog 2z’
So

log, log, x

(@) Y e <
f<z
p?|L(f) for some p>zy

zlogz  loggx’

The following lemma is a variant of [16, Proposition 1].

Lemma 7.3 (under GRH). For almost all split-free f, the ratio % is z¢-smooth.

Proof. Put
1log, @
zi=——
2log, x

Since z < zy whenever /z < f < z, it is enough to show all but o(S,(x)) split-free f < z have
L(f)/¢(f) being z-smooth.
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We first show that the number of split-free f € NN [1, z] divisible by an inert prime p > z — 1 with
{(p) < 2p'/?/logp is 0(S4(x)). Tt is clear that the count is at most

1 log p —1/2
E E ) < Sa(x) E - 1- :
P log 3x
pE(z—1lz]NP-1 f<zx pE(z—1,z]NP_1

U(p)<2p'/?/logp PIf (p)<2p'/?/logp

By Lemma 6.6, the number of inert primes p < ¢ with ¢(p) < 2p'/?/logp is O(t/log*t), for all
t > 2. By partial summation, we obtain

1 1
> =+ )

p€[2,t]ﬂ’P71
£(p)<2pt/?/logp

where ¢ > 0 is constant. From this it follows by partial summation again that

> ! (1 log p )_1/2 <«
pe(VE NP P log 3x Vlog x
t(p)<2p'/?/logp
Thus, the number of split-free f € NN [1,z] divisible by an inert prime p > z — 1 with ¢(p) <

2p'/2 /log p is

1 1 logp \ /? Sa(z)
<Salr) D0 oHSa@) Y (1= <« ol
D p log 3x log 2
pe(z_lv\/:ﬂmlpfl pe(ﬁ,m]ﬁp,l

£(p)<2p?/? /logp L(p)<2p*/?/logp

Next, we claim that for each odd prime q, the number of split-free f € NN [1,z] divisible by a

prime p = —1 (mod ¢q) with ¢%/(4log”q) < p < ¢*log* ¢ is O (Sa(z)logy q/+/1og q). Evidently, the
count is bounded above by

1 logp —1/2
> 3 alf) < Sula) 3 -

q*/(4log? q)<p<min(q* log* ¢,x) <= q?/(41log? q)<p<min(q? log* ¢,x)
p=—1 (mod q) plf p=—1 (mod q)

By Brun-Titchmarsh and partial summation, we find that if ¢ < 2'/3, then the count is

1 S, () lo
< S.(2) 3 I o Sa(@)logyq
2 /4 10g? ) o<a? logh qlogg
q*/(4log® q)<p<q®log® q
p=—1 (mod q)
if ¢ > /3, then the count is

1 Sq(x)lo
< Sy(z)(log )Y/ Z - K %
4>/ (41og® q)<p<g¢®log* ¢ qviced

p=—1 (mod q)
This proves our claim.

Moving on, we assert that for each odd prime ¢, the number of split-free f € NN [1, x| divisible by
an inert prime p = —1 (mod ¢) with p > ¢*log* ¢ and ¢ | % is

1 loggx)
L Su(x ( + )
(=) qv/1og q q?




52 KAI (STEVE) FAN AND PAUL POLLACK
The count here is at most

o ~1/2
S Yaf) < Sulw) S %(1‘1253?;) '

¢ log?* g<p<a f<z q?log* g<p<zx
pEA, plf pEA,

where A, denotes the set of inert primes p = —1 (mod ¢) with ¢ | ptl By Proposition 6.5,

L(p) "
Li
#(A,N[2,9)) < % + y'?log(qy)

for any y > 2. In particular, we have #(A, N [2,y]) < /ylogq for y € [2,¢* log* q] and #(A, N
2,9]) < y/(¢*logy) for ¢*log* ¢ <y < x. Thus, if ¢ < x/®, then the count is

o ~1/2
< Salz) DY %ﬁ 3 %(1—1”)

log 3z
q? log* g<p<q*log* ¢ q*log* g<p<a?/3 a?/3<p<a
PEAq PEA, PEA,

Since partial summation yields

> s«

1 )
q%log* g<p<q*log* q p 77084
PEA,
Z 1 < 10g2 X
2 )
q* log* g<p<a?/3 q
PEAg
Z 1 1 log p 71/2<< 1
P log 3z q%’
$2/3<p§$
pEA,

it follows that the count is

11
< Sa(x)( + Og?x).

qlogq q?
If ¢ > x'/%, the count is

< Sy(z)(log z)*/? Z 1 + Z %

q?log* g<p<q*log*q q*log* g<p<z
pEAq pEAq
< Sqo(x)(log q)1/2 (—1 + l)
qlogq  ¢*

Sa(z)
qv/logq

This confirms our assertion.

<

We can now complete the proof of Lemma 7.3. Suppose qf := PT(L(f)/¢(f)) > z. Since x can be
assumed large, ¢; is unramified in K. As

L(f) =lem{v(p") : p* || f} while £(f) =lem{e(p") : p* || f},
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there is a prime power p* || f which

Uqf(w@k)) > U(If(g(pk)>'
Then either p = ¢y and k > 2, implying q]% | f, or p € Ag,;. The number of split-free f € NN 1, 7]
with ¢? | f for some prime ¢ > z does not exceed

ZZQ <<S Z i<1_10gq2)—1/2
2 log 3x

>z f<z 2<q<\/x 4
a>lf
1 1
< Sa(r) Y =+ Su(x)(logz)? > 7
z<q<lal/3 x1/5<q<f
Sa(z)
zlog 2’

which is negligible. It remains to estimate the number of split-free f € NN [1, z| divisible by some
prime p € Ay, where ¢; > 2. The assumption p € A,, implies trivially that p > ¢y — 1> 2 — 1.
We have handled the case when £(p) < 2p'/?/logp, so we may assume £(p) > 2p'/2logp. Since
Up) < (p+1)/qr < 2p/qy, we have p > ¢7/(4 log? ¢7). But the number of split-free f € NN [1, ]
divisible by a prime p € A, with p > ¢?/(4log® q) for some prime ¢ > z is

logyq | log, log, 2z  logyw log, x
< Sa < Sa < Soz s
(@) Z (q\/logq * ¢ (@) Vlog z + zlog z (z) Viog, z

which is acceptable. This completes the proof of Lemma 7.3. 0

q>z

With Lemmas 7.1, 7.2, and 7.3 in hand, we can make short work of Proposition 2.7. Since
. v(f) _ »(f) L(f)
#PrinCl(O;) = = ,
O =W T an

we have both

RadExp PrinC1(O;) > Rad %
and
RadExp PrinCl(0;) < (Rad %) (Rad %) .
By Lemma 7.3,

Rad % < H p < (log f)OW/ 1oga f)
p<zf
for almost all split-free f. Proposition 2.7(a) follows by combining the last three displays and
inserting the estimate of Proposition 5.1 for Rad 24

L(f )
Exp PrinCl(Oy) .
o dé)xp Prmél(é? ;- Then Rad(R) | RadExp PrinCl(Oy), and

R -Rad(R) | Exp PrinCl(Oy) | Exp PreCl(Oy) | L(f).

Hence, R is a divisor of L(f) and R is supported on primes p for which p? | L(f). By Lemmas 7.1
and 7.2, R < (log f)°9(/18: 1) for almost all split-free f.

Turning to (b), let R =

Finally, Proposition 2.7(c) is immediate from Lemmas 7.1 and 7.3.
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