ON MERTENS’ THEOREM FOR BEURLING PRIMES

PAUL POLLACK

ABSTRACT. Let 1 < p1 < p2 < p3 < ... be an infinite sequence & of real
numbers for which p; — oo, and associate to this sequence the Beurling zeta
function (g (s) :=[[2,(1 —p; °)~!. Suppose that for some constant A > 0,
we have (g (s) ~ A/(s — 1), as s | 1. We prove that & satisfies an analogue
of a classical theorem of Mertens: ], ., (1— 1/pi)~ ' ~ AeY log x, as © — oco.
Here e = 2.71828. .. is the base of the natural logarithm and v = 0.57721. ..
is the usual Euler—-Mascheroni constant. This strengthens a recent theorem of
Olofsson.

1. INTRODUCTION

Let . be the free commutative monoid on the symbols p1, p2, p3, . .., so that the
elements of .# correspond precisely to the products HZO; pi*, where each e; > 0
and all but finitely many of the e; vanish. By a Beurling system, we mean a map
|- |: 4 — Rsq with the following properties:

(i) |pi] > 1 for all 4,

(i) |ab| = |a||b] for all a,b € A,
(iii) for all z, there are only finitely many m € # with |m| < .
The elements of .# are called Beurling integers and the p; are called Beurling
primes. Throughout this article, we use the letter & to denote a Beurling system
(i.e., a choice of norm | - |).
In the theory of Beurling primes, the key objects of study are the counting

functions
wo(T) == Z 1 and Ng(z) = Z 1,

lp|<z In|<z

where p runs over all Beurling primes of norm < z in the former sum and n runs over
all Beurling integers of norm < z in the latter. One views m(z) as an analogue of
the classical prime counting function 7(z) and Ng(z) as an analogue of the integer
counting function |z]. The fundamental goal in Beurling prime number theory is
to show that if one of mg(x) or Ng(x) behaves like its classical counterpart, then
so does the other.

Beurling’s initial theorem [1] was the following generalization of the classical
prime number theorem: Suppose that for some fixed A > 0, we have the estimate

(1.1) Ng(xz) = Az + O(z/(log x)*)

with an exponent a > 3/2. Under these conditions, mg(x) ~ z/logz (as z — o).
In other words, the analogue of the prime number theorem holds for the Beurling
system. It is known [2] that Beurling’s result is sharp: The asymptotic relation may
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fail if we only assume (1.1) with a = 3/2. Moreover, for any a < 1, there are Beurl-
ing systems for which (1.1) holds and for which limsup,_,  7%(z)/(x/logz) = oo
and liminf,_, o mg(x)/(z/logx) = 0 (see [5], and cf. [3]). So the following theorem
of Olofsson [8, Theorem 1.1], which assumes comparatively little about Ng(z), is
perhaps a bit surprising;:

Theorem A. Assume that there is a constant A > 0 with Ng(x) ~ Az, as v — oo.
Then one has an analogue of Mertens’ theorem: As x — oo,

(1.2) [T a=1/iph™" ~ Ae” log z.
[p|<z

In this note, we investigate weakening the hypothesis in Olofsson’s result. Define
the Beurling zeta-function by the Euler-product formula

C@(S):ZHI 11 .

p — Ipl®

Since (z(s) = [t *dNg(t), integration by parts shows that if Ng(z) ~ Az
(with A > 0), then

A
s—1’
Our first theorem shows that one can replace Olofsson’s hypothesis on Ng(x) with
(1.3). In fact, (1.2) and (1.3) turn out to be equivalent.

(1.3) Ca(s) ~ as s | 1.

Theorem 1.1. Let A > 0. If (1.3) holds for a Beurling system 9, then so does
(1.2). Conversely, the Mertens-type formula (1.2) implies (1.3).

Remark 1.2. Theorem 1.1 could also have been formulated with the hypothesis
(1.3) on ((s) replaced by the assumption that ., ﬁ ~ Alogz, as x — oo.
Indeed, these two conditions on a Beurling system turn out to be equivalent. The
forward direction of this equivalence is proved below as Lemma 2.1; the other

direction follows by partial summation, using that (z(s) =3, ﬁ

If K is a number field, one can put the p; in one-to-one correspondence with
the prime ideals of the ring of integers of K, setting |p;| equal to the norm of the
corresponding prime ideal. Then there is a norm-preserving isomorphism between
the Beurling system % so obtained and the monoid of integral ideals of K. After
Dirichlet and Dedekind, one knows that Ng(x) ~ Az, where A depends on certain
arithmetic invariants of K. Thus, Olofsson’s Theorem A gives another proof of
Mertens’ theorem for number fields. (For a precise statement, see [12, Theorem 2].)
Unfortunately, Theorem A does not apply in the global function field case, since
the number of divisors of norm < z is not asymptotic to a constant multiple of x.
However, it is still true that the associated zeta function has a simple pole at s = 1
with an easily described residue, and so Theorem 1.1 permits one to to recover the
function field analogue of Mertens’ theorem [12, Theorem 3], although without an
explicit error term. Thus, we achieve a unified proof of Mertens’ theorem for global
fields. For further work on these generalizations, see [7].

Using the known results on the analytic behavior of Ruelle zeta functions, The-
orem 1.1 immediately yields Sharp’s analogue of Mertens’ theorem for hyperbolic
flows [13]; cf. [10]. (The needed properties of these zeta functions are established
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in Theorem 5.6 on p. 84 of [9], the example on pp. 85-86, and the calculation at
the top of p. 96. See also the survey in [11, §6].)

One may try weakening Olofsson’s hypotheses even further. As remarked above,
the hypothesis (1.3) is equivalent to the assumption that Z|n|§m ﬁ ~ Alogz.
In the next theorem, we consider the situation where one supposes only that
Z|n\§x IJT\ = log x.

Theorem 1.3. Suppose A is a Beurling system for which

1
(1.4) Z Tl = logz

In|<wz
for all x > 2. Then for z > 2,

(1.5) IT a=1/1p)™" < loga.

[p|<z

This conclusion is best possible, in the sense that (1.4) may hold without the quotient
of the left and right-hand sides of (1.5) tending to a limit (as x — c0).

Remarks 1.4.

(i) Harold Diamond and Wen-Bin Zhang have also obtained proofs of Theo-
rem 1.1. Their arguments, somewhat different from those given here, will
appear in a forthcoming book on Beurling primes by these authors.

(ii) The present form of Theorem 1.3 is due to the referee. In an earlier version
of this paper, the estimate Ng(z) < x was assumed in place of (1.4) in
order to deduce (1.5). The author thanks the referee for sketching a proof
of the strengthened result.

Notation. We continue to use &£ to denote a fixed Beurling system. In what
follows, the letters m,n, and d are reserved for Beurling integers, and the letter p
for Beurling primes. We always assume (relabeling the p; if necessary) that |p;| =
min;>1 [p;|. We use Ei for the exponential integral, so that Ei(z) := [*_ % dt.

We remind the reader that “f = O(g)”, “f < ¢”, and “g > f” all mean that
for some positive constant C, we have |f| < Cg for all values of the variables under
consideration. The notation f =< ¢ means that f < g and ¢ < f. All implied
constants may depend on .

2. PROOF OF THEOREM 1.1

We begin by quoting two Tauberian theorems from the literature (see [6, Theo-
rems 15.1 and 15.3, p. 30]).

Theorem B. Let s(v) vanish for v < 0, be nondecreasing, continuous from the
right, and suppose that for some fired a > 0 and some constant L > 0, we have

/ e "ds(v) ~ L/r*, asr 0.

Then as u — oo, we have s(u) ~ ﬁua.

Theorem C. Suppose a(v) is locally Riemann integrable and that the improper
integral F(r) := [ a(v)e™™ dv ezists for all r > 0. Suppose that F(r) — L as
r } 0, and that for all sufficiently large values of v, one has

a(v) > —=C/v
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for some constant C > 0. Then (as an improper Riemann integral)

/Oooa(v)dv:L

We suppose for the remainder of this section that we have fixed a Beurling system
2 satistying (1.3). The next sequence of lemmas develops the basic analytic number
theory of the corresponding Beurling integers.

Lemma 2.1. As x — oo, we have Z‘n|<x Tl ~ Alogz.

Proof. We apply Theorem B with s(v) := 3, <. |n|~t. Then

o0
/ e "™ ds(v) :Z\nrl_r =Cz(1+7r)~A/r, asr 0.

B n
So by Theorem B (with L = A and o = 1), we have s(u) ~ Au as u — 0co. Now
put u = log x to obtain the lemma. O

For each Beurling integer n, set A(n) = log|p| if n is a power of the Beurling
prime p, and put A(n) = 0 otherwise.

Lemma 2.2. As x — oo, we have
A(d) 1 A 9
s — ~ Z(logz)2.
> Id] > im| ~ 2 (log z)
ld|<z Im|<z/|d]|
Proof. Since log|n| = Zd‘ A(d), we have

SO prae= a0y =S A0 S o

In|<z e |d<a <a
d

On the other hand,

Z log [n| :/w
7|

Inl<a

1 A 5
logtd ZW Ni(logx)

by Lemma 2.1 and an easy integration by parts. Comparing these two expressions
gives the lemma. O

Lemma 2.3. Asz — 0o, we have

1 A(d)

(2 +o(1 )) logz < Y d < (2+0(1))log .
ld|<z
Proof. First, observe that from Lemma 2.2,
A
Z Z > (1+0(1))5 (log )%
= - | oy Iml 2

using that Z\m\<x oy < (1 + o(1))Alogz, we obtain the lower estimate of the
lemma. Next, note that from Lemma 2.2,

Z AE;T) Z ﬁg ZM Z |7711|§(1+o(1))2(10gw)2.
|

<V m|<VE iz N
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Since 3, 1< vz %I > (1 +0(1))Alogz, we find that

> AD) (1 4 o(1)) loga.

|d|
ldI<v@
Now replace z with 22 to obtain the upper estimate. O
Lemma 2.4. As x — oo,
A(d) x 1 9
(2.1) ——~log — ~ —(logx)=.
2T ET

Proof. Write 3, <, |m|~! = Alogt + E(t), so that E(t) = o(logt) as t — co. By
Lemma 2.2, it suffices to show that as x — oo,

) ME(ﬂﬁ/ldl) = o((log z)?).

ld|<=z 14

Fix € > 0. Choose tq so that |E(t)| < elogt once t > ty. Then with B denoting an
upper bound on |E(t)| for ¢ < tg, we find that

A(d) A(d) A(d)
ZWE(:E/M) <e Y T o @+ > WIE(w/IdI)I

|d|<z |d|<z/to z/to <\d\<z
A(d A(d
< elogz Z ﬁ Z Ii
< <

Using the upper bound of Lemma 2.3, we see that

\zwqhﬂ<wwﬂ

lim su < 2e.
Since € > 0 was arbitrary, the lemma follows. O

We now improve Lemma 2.3 to an asymptotic result.
Lemma 2.5. As x — oo, we have
A(d)
——= ~logx.
i

Proof. Write G(x) for the sum appearing on the left-hand side of (2.1). For each
fixed € > 0, we have

A(d)

1+e€ _ > _

Gz ™) — G(z) > E d log(z€) = elogx E
|d| <= |d|<z

On the other hand, using the asymptotic formula provided by Lemma 2.4,

Ga) ~ Gla) ~ 5 (1 +6)? — 1)(loga)™

Comparing these two expressions, we find that

A(d)
: |d|<a 7|Ez| 1(1+¢)?—
lim sup <=

T—00 Ing 2 €
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Letting € | 0, we get the upper-bound estimate implicit in the statement of Lemma
2.5. The lower bound can be handled similarly, upon noting that

G(z) — G(z'7°) = Z # log(z€) + Z Ald) log L

i oL,
< Z =clogx Z # O
|d|<z |d|<z | |

We next prove two crude bounds on Ng(z) and mg(x).
Lemma 2.6. For z > 3, we have Ng(z) < zlogz.

Proof. We have only to observe that

using Lemma 2.1 in the last step. O

To establish the needed estimate on 7wg(x), we first isolate a simple consequence
of Lemmas 2.5 and 2.6.

Lemma 2.7. As x — oo, we have

Z log |p| ~log .

lp|<z Pl

Proof. After Lemma 2.5, it suffices to observe that the contribution to ;. Al(Tcll)

from those d which are not prime is

log |p °°logt
Zlog|p|(| B |p|3 ..><<Z g/l dNg(t) < 1,

2
Ipl<z = P

using Lemma 2.6 to estimate the integral. O

Lemma 2.8. ng(z)/x — 0 as © — 0.

Proof. As x — o0,

log |p
#{p:x/(logx)® < |p| < a}- < Y |g|| |~ oflog ),
o/(logm<ipl<e P

by Lemma 2.7. Hence, the number of primes p with z/(log z)? < |p| < z is o(z). But
the number of p with |p| < x/(logz)? is trivially at most Ng(z/(log)?) < z/logx
(using Lemma 2.6), and so is also o(x). O

We can now complete the proof of Theorem 1.1. We begin with the forward
direction.

Proof that (1.3) = (1.2). The proof of (1.2) is completed in the same manner as
Olofsson’s Theorem A. To keep the paper self contained, we give the details, closely
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following [8]. For real s > 1,

22) logCols) == [ loall—t)dmalt) =5 [ 20

00 ¢ B 0o 71'3( ) o0 4—s
=s ng(t)—)t (S+1)dt+s/ —— —dt+s / dt
/|P1| ( log ¢ [p1] ts+1(ts o 1) [p1] log

Thus, as s | 1,
*(rat) 1\ /°O 0
1 = — t—\¢ t ————dt
OgC@(S) S/| | ( 2 thgt) di+ |p1] 12 (t— 1)

p1

—loglog [p1]| — v+ o(1).

1
+ log
s —

(The final integral appearing in (2.2) can be seen to equal —Ei((1 — s)log |p1]),
by a change of variables; the estimate given above then follows from the relation
Ei(t) = log(—t) + v+ o(1), as t 1 0. See, e.g., [4, p. 884].) Put

(2.3) I(s—1) ::/ (”%2(’5) 1! )t<81> dt.
Ip1 t thgt

From the above and our hypothesis (1.3) that (s — 1)(z(s) — A, we have that as
sl 1,

— > W@(t)
s-I(s—1)=1log((s — 1)Cz(s)) +loglog |p1| + v — /p1| 20T dt + o(1)
(24) =L+o(1), where L :=log(4e”)+loglog|p:| - / N t:(t@()l) -

If we make the change of variables ¢t := e, we find that

oo v 1
I(s—1)= / <7r93(ve) - > e 6 gy,
log [p1] € v

As s | 1, we have seen that I(s — 1) — L; applying Theorem C with a(v) :=
na(e’)e” — v~ ! shows that

(2.5) 1(0) = L.
Applying partial summation once again, we find that
log [T (1=1/p)™" == log(1 —1/Ip])
lp|<z lpl<z

:_/| ‘_log(l—l/t )drz / ItQ_tdt—l—O(ﬂ@( x)/x).

P1
The error term is o(1), by Lemma 2.8. Keeping (2.5) in mind, we see that as
x — 00,

" rg(t) /z (m(t) 1 ) /m dt /x 10
= - dt + N
/lpl 2=t Jpy \ 7 tlogt paf HlogE ipy #2(E—1)

= _ma(t)
=17 log1 — logl —
(0) + loglog z — log ogp1+/| B

dt 4+ o(1)

= log (4e7 log ) + o(1).
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Collecting our estimates and exponentiating, we arrive at the estimate

T (= 1/lp) ™" ~ Ac7loga,

[p|<z

which completes the proof. g
The reverse direction is easier:

Proof that (1.2) = (1.3). We have to show that if % is a Beurling system for which
the Mertens-type theorem (1.2) holds with the constant A > 0, then (z(s) ~
A/(s —1) as s | 1. We first show that the crude estimates of Lemmas 2.6 and 2.8
are valid under the hypothesis (1.2). First, observe that

1
Ng(z) <z Z Tl <z H (1—1/lp))~' < zlog .

In|<z |p|<=

Also, (1.2) gives that

log H (1—1/|p)~t =0, as r — 0.
z/(logxz)?<|p|<z

But

g II -7z Y > e/ (loga) < bl < ).

o/ (log 2)2<|p|<a o/(og 7 <lpl<o P!

Hence, there are only o(x) primes p with z/(logx)? < |p| < x, as * — 0o. As in
the proof of Lemma 2.8, there are < z/logx primes p with |p| < z/(logx)?. So
the number of p with |p| < z is o(x).

With this preparation out of the way, we can reason as in the proof of the forward
direction to find that

log [T A =1/p)" =

Ip|<z
" (T2 ! /°° (1)
— —— | dt +logl —logl _Tal) .
/|p1 < t2 tlogt + loglog z — loglog [p1| + o B D) +0(1)

We are assuming the Mertens-type formula (1.2) holds, so that
log [ (1=1/Ip|)~" = log(4e") + loglog x + o(1);
Ipl<=

comparing with the previous expression, we deduce that if we define

M= /: (Mfy) - tlsﬁ) i

then L(z) — L as x — oo, where L is as in (2.4). In other words, defining I(s — 1)
as in (2.3), we have I(0) = L.

Returning to {4(s), we have (by the same arguments appearing in the forward
direction) that as s | 1,

log Cz(s) :s](s—l)—i—/l t;zig(t)l)dt—&-logsl
P1

—loglog |p1] — v + o(1).
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If we show that I(s— 1) — I(0) = L as s | 1, substituting the value (2.4) of L into
this expression will give that as s | 1,

A
log C(s) = log —= +o(1),

and the desired result (1.3) will follow upon exponentiating. To see that I(s—1) —
L as s | 0, we note that for s > 1,

I(s—1)= OOHS*”st —(s—1 OoLtt*Sdt.
(s 1) / () = ( >/|m<>

Since L(t) — L as t — o0, it is straightforward to show (by writing L(t) = L+ E(t),
where E(t) = o(1) as t — 00) that as s | 1,

oo

1(3_1):(3_1>/ L-t=dt+o(1) = L +o(1).

[p1]
This completes the proof. O
3. PROOF OF THEOREM 1.3

We now suppose that £ is a fixed Beurling system for which Zlnl <o ﬁ = log x

for z > 2. In this situation, it is easy to establish the lower estimate implicit in
(1.5): We have

H(1—1/|p|)_1= Z Tl |_ Z il > log z.

lp|<z n: pln=-|p|<z In|<=

So we may focus our attention on the upper estimate. Now

1 1 1 1
log> (++...)
Z( L=1p » Iplzﬁw 2lpl*  3lpP?

[p|<z

1 1
3.1 < —5 < — =/
(3] 2pE ST,
Thus, it is enough to show that for = > 3,

(3.2) Z ﬁ <loglogz + O(1).

[p|<z

> |n| < 1.

In|<t

To establish (3.2), we need the following crude upper bound for the sum consid-
ered in Lemmas 2.3 and 2.5:

(3.3) Z Afid) < log .

ld|<=z d

This is simple to prove: On the one hand, 37, <, loignlln‘ [i logtd (E\n|<t %) <
(logz)?. On the other hand,

L s L

In|<=z [n|<=z |d|<= |m|<z/|d| ldI<vz

Comparing these two estimates shows that Z‘ d<vz Al(TC‘l) < logz. Replacing x by
22 gives (3.3).
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Next, observe that for s > 1, we have

log Cz(s 1ogH L—|p[™)~" > Z\pl °.

Our hypothesis (1.4) on the partial sums of W shows that

o0 1 o0 1
ng(s):/ R A D :(5—1)/ S o= | trat
- weAll v\
1 S

<<1+(8—1)/100(logt)-t_sdt:1+(s—1)- o1 =T

Thus, for 1 < s < 2 (say),

lel * <log —— +0(1).
Taking s =1+ loéx shows that for x > 3,
Z |p‘—1—1/10g;c < Z ‘p|—1—1/10gx < loglogx—l—O(l).
|p|<z P
But
Z' B Z| |~1-1/log _ Z [p|'/ o8 —1
p p |p|1+1/logx
lp|<z lp|<=z lp|<=z
1 log |p|
< gz > < 1,
[p|<z

by (3.3). This proves (3.2) and completes the proof of (1.5).

It remains to show that condition (1.4) does not imply that the ratio of the left
and right-hand sides of (1.5) tends to a limit. By (3.1), this is equivalent to showing
that there is a Beurling system satisfying (1.4) for which the differences

(3.4) Z il —loglog x
lp|<=z

do not tend to a limit as * — oco. We will show more than this; we demonstrate
how to construct a Beurling system where (3.4) fails to tend to a limit, but which
has the property (stronger than (1.4)) that

Ng(x) <z (for z > 1).

The existence of such a system will be deduced from the following theorem of
Zhang (see [14, Theorem 4.1]):

Theorem D. Let £ be a Beurling system, and suppose that with
1 1
(3.5) MMg(z) = ng(x) + 57@,3(961/2) + gm(xl/S) +...,

we have both
Mg(z) < z/logx
for large x and, as s | 1,

> 1
(3.6) / t7°dllg(t) — log .
L _

1.
1<<
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Then Ng(x) < x.

Our strategy is to first choose the norms |p;| to guarantee that (3.4) is bounded
but not convergent and then to use Theorem D to show that the Beurling system
determined by our choice satisfies Ng(z) < z.

We start by constructing a set % of natural numbers with counting function
R(z) < x/logx and with the property that

1
E — —loglogx
r

reZN[1,z]

is bounded for z > 3 but does not converge as x — oco. Using the letter ¢ to denote
a generic rational prime, choose the natural number x; minimally so that if %,
consists of all the numbers of the form ¢ or ¢ 4+ 1 not exceeding x1, then

(3.7) Z%—Zén.
re€X q<z1

Next, choose x5 > 1 minimally so that if %5 consists of the primes = 1 (mod 4)
in (21, 2], then

1 1
3.8 - = - < —1.
o) S oLyl
rER1UR2 g<z2

Then choose z3 > xo minimally so that if %3 consists of all the numbers of the
form q or ¢ + 1 in (z2, 3], then

XX
rER1UA2UZ3 " q<z3 4
and continue defining %4, %5, . .., alternating as above. Finally, set % := U2, %;.
Let us check that Z has the desired properties. Clearly R(z) < 27 (z) < x/logx
(for large ), where 7(x) is the usual (rational) prime counting function. It is slightly
more involved to obtain the corresponding lower estimate R(z) > z/log z. We first
show that for large i, we have R(z;) > m(«x;). For this, it is enough to show that
for every large j, a proportion > 1 of the rational primes belonging to (z;,z;1]
are included in Z. If j is even, then Z includes every rational prime from that
interval, so suppose that j is odd. In that case, subtracting the analogue of (3.8)
for ;41 from the analogue of (3.7) for z;, we find that

1
) 2o
zj<q<Tji1 q
g=3 (mod 4)

which implies that 2,1 > 27 (say) for large values of j. So by the prime number
theorem for progressions, the number of primes = 1 (mod 4) in (x;,xj41] is >
2m(zj41). This completes the proof that R(z;) > m(;).

Now we prove that R(z) > z/logz for large x. From our work in the last

paragraph, we can assume that z; < < z;41 for some index i. We know that
R(x) > n(x)+#{reZ z; <r <z}

If 7 is even, then every prime from (x;,z] is counted in the second summand, and
so R(x) > m(x) > x/logx in this case. Suppose that i is odd. Then if z > 2x;
(and large, as we are assuming), the number of primes included in Z from (z;, z]



12 PAUL POLLACK

is at least % of the total number of such primes, and again we may conclude that
R(zx) > w(x) > x/logz. But if x < 2z;, then

R(z) > w(x;) > x;/logx; > x/logz,

and so the desired lower bound still holds. Finally, since » g<x % — loglog = tends

to a limit, it is clear from our construction that Zre%’ﬁ[l,z] % —loglogx is O(1) but
does not converge as x — 00.

Now we define a Beurling system 2 by setting |p;| to be the ith smallest element
of Z. As shown above, mg(t) < t/logt for large ¢. (In fact, 2 € £, so that this
estimate holds for ¢ > 2.) So with II5(¢) defined by (3.5), we have IIz(t) =
7(t) + O(t'/?). Consequently, T15(t) < t/logt and to verify (3.6), it is enough to
verify the corresponding condition with II4(t) replaced by mg(t). But this variant
follows from the estimate ngx ﬁ —loglogz <« 1: Indeed, for s > 1, that estimate

shows

/ t’sdwgg(t):/ = [ > qpl T
1 1

lp|<t

:(s—l)/ t=* Z Ip|~* dt:(s—l)/ t"%loglogtdt + O(1),
|

Pl <t 1

while as s | 1,

(s — 1)/ t~%loglogtdt = loglog |p1| + o(1) + /
\

p1l lp

oo —8

dt
.| logt

1
:1 _— 1.
og — —7+o(l)

(In the first of the two lines above, we have integrated by parts, and in the second
line we have again used the asymptotic expansion of the exponential integral.) By
Theorem D, our Beurling system has Ng(x) < x, as desired.
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