COUNTING PERFECT POLYNOMIALS

U. CANER CENGIZ, PAUL POLLACK, AND ENRIQUE TREVINO

ABSTRACT. Let A € Fo[T]. We say A is perfect if A coincides with the sum of
all of its divisors in F3[T]. We prove that the number of perfect polynomials
A with |A] < @ is Oc(z2/121€) for all € > 0, where |A| = 24°8 4. We also prove
that every perfect polynomial A with 1 < |A| < 1.6 x 1090 is divisible by T or
T + 1; that is, there are no small “odd” perfect polynomials.

1. INTRODUCTION

For each nonzero A € F[T], let 0(A) = > p 4 D, where D runs over all of the
divisors of A in Fo[T]. We call A perfect if 0(A4) = A. For example, T(T + 1) is
perfect, because

o(T(T+1)) =14+T+(T+1)+T(T+1) =T(T +1).

The study of perfect polynomials was initiated by Canaday [1] in his doctoral
work under Leonard Carlitz.! In the case when A splits over Fy — meaning that
all of its roots in Fy lie in F» — Canaday discovered the following concrete char-
acterization of when A is perfect:

Theorem A. If A splits over Fo, then A is perfect if and only if A = (T(T+1))?" 1
for some nonnegative integer n.

For non-splitting perfect polynomials the situation is less clear. Canaday discov-
ered 11 examples whose irreducible factorizations are exhibited in Table 1.

One immediately striking feature of Canaday’s list is that all the polynomials
appearing have a root in Fg. Are there perfect polynomials (# 1) without such a
root? Almost 80 years later we can do no better than echo Canaday’s assessment:
“it seems plausible that none of this type exist, but this is not proved.” Let us
agree to call A even if A has a root in Fy and to call A odd otherwise.? Then, in
analogy with the integer case, Canaday’s conjecture becomes:

Canaday’s conjecture. There are no odd perfect polynomials, other than A = 1.

From now on, when we refer to an odd perfect polynomial, we will mean an odd
perfect polynomial # 1. With this convention, Canaday’s conjecture is that there
are no odd perfect polynomials.

Various constraints are known on the multiplicative structure of any odd per-
fect polynomial. The following basic result can be considered the analogue of the
classical Euler-form for odd perfect numbers:
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1CanadaLy did not name these polynomials perfect. He used the term one-ring for a perfect
polynomial. The term perfect polynomial was first used by Beard, O’Connell and West in [7].

2These terms originated in several papers of Gallardo and Rahavandrainy (see [3, 4]).
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Degree Factorization into Irreducibles
5 T(T+1(T*+T+1
TX(T+ 1) (T? +T+1

11 T(T—-1)*(T*+T+1)*(T*+T+1
T>(T+1)(T*+ T+ 1)*(T*+T+1

)

)

|

T3T+DXT*+T3+1)

THT +1)3(T*+ T3+ T?+T +1)
)

)

)

)

)

15 T3(T+1)°(T*+T+1)(T*+T%+1
TS T+ 1)3(T*+T+1)(T*+T%+1
16 TYT+D)YT*+ T3+ ) (T +T3+T*+T+1
20 [ THT+ )T+ T+ D) (T +T? + D) (T*+T3+T*+ T+ 1
TS T+DYT2+T+1D)(T3+ T2+ 1) (T*+ T3 +1
TABLE 1. Known nonsplitting perfect polynomials over Fs.

Theorem B. An odd perfect polynomial is a square.

The proof of Theorem B is straightforward: if P€ is a unitary divisor of some odd
perfect polynomial,® then both P and o(P¢) are odd. In particular, both P and
o(P¢) =14 P+ ---+ P¢ have constant term 1; this implies that e is even.

In [5], Gallardo and Rahavandrainy proved that an odd perfect polynomial has
at least five distinct irreducible factors. In [3], they showed that an odd perfect
polynomial that is a product of squares of distinct irreducibles has at least 10
distinct irreducible factors. Therefore, using Theorem B, we have:

Theorem C. If A is an odd perfect polynomial, then the number of irreducible
factors of A, counted with multiplicity, is at least 12.

In the classical setting, Hornfeck & Wirsing showed [6] that there are O.(z€)
perfect numbers < z. We have not been able to do as well in the polynomial case.
By combining the method of Hornfeck—Wirsing with the result of Theorem C, we
prove:

Theorem 1.1. The number of perfect polynomials of norm < x is Og(xflﬁ‘e) for
every € > 0.

Here and throughout, the norm of A, abbreviated |A|, denotes the size of the
quotient F3[T]/(A). That is, |A| = 29°¢4 for each nonzero polynomial A.

The key ingredient in the proof of Theorem 1.1 is a polynomial analogue of
a lemma of Hornfeck-Wirsing [6], which we prove in §3 (see Lemma 3.1 below).
The statement of the lemma suggests an algorithm that can be used to search for
perfect polynomials. In §6 we describe this algorithm and report on computations
that prove the following two theorems.

Theorem 1.2. There are no odd perfect polynomials of degree < 200, i.e., there
are no odd perfect polynomials of norm < 2299 ~ 1.6 x 100,

Theorem 1.3. If A is a non-splitting perfect polynomial of degree < 200, then A
is one of Canaday’s polynomials in Table 1.

3Recall that A is said to be a unitary divisor of M if M = AB with ged(A, B) = 1; in this
case, we also write A || M.
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2. FACTS FROM ELEMENTARY PRIME NUMBER THEORY IN F[T]

We begin by defining a normalized prime counting function for Fo[T]| by
II(x) = #{A € Fo[T] : |A| < z, A irreducible}.
The following lemma is a well-known consequence of a formula of Gauss. See,
e.g., Exercises 3.26 and 3.27 in [8].
Lemma 2.1. For each positive integer d, the number mo(d) of irreducibles A €
Fy[T] of degree d satisfies
od 9d/2 9d
— —2—— < my(d) < =.
d g smds7
From this we can quickly deduce the following analogue of Chebyshev’s estimates
in classical prime number theory.
Lemma 2.2 (Chebyshev’s prime counting bounds for F5[T]).
I(z) < x/logx for z > 2.
Remark. Lemma 2.2, while sufficient for the present purposes, is quite crude. For
more precise results, see for instance [10] and the references therein.
Proof. First note that II(z) = > <), , m2(d). Using the upper bound in Lemma
2.1, and noting that the function t — 2!/t is increasing for ¢ > 2, we see that

9d log, 41 9t 2x 1 T
O(z) < Y 7§2+/ —dt§2+/ du < .
i<iomy @ d 9 t 9 logu log x

The proof for the lower bound is similar. O

Lemma 2.3. Suppose x > 10 and suppose y is such that

II IP<=

|P|<y
P irreducible

Then y < c1logx for an absolute constant ¢; > 1.
Proof. If y < 2 then the result is trivial. Otherwise we write the above inequality
in the form }7 p /<, p irreducivle 108 [ P| < log@. For each positive integer d, Lemma

2.1 implies that the number of irreducibles of degree d is > 2¢/d (with an absolute
implied constant), and so reorganizing the irreducibles according to their degree we

find that
2¢ d
logx > Z . log | P| > ngz 22 > .
|P|<y, P irreducible 2¢<y 2¢<y
a1 a>1

This proves the claim, modulo the hypothesis that ¢; > 1. But we can clearly
increase ¢y if necessary without affecting the truth of the lemma. O

Lemma 2.4. Suppose x > 10. If the product of v irreducible polynomials in Fa[T|
has norm < x then r < cologx/loglogx where co is an absolute constant.

Proof. Let c¢; be the constant of Lemma 2.3, so that the product of the irreducibles
of norm not exceeding 2c; log z exceeds x. Letting ' be the number of terms in
that product we must have r < 7. But ' = II(2¢; logz) < ¢plogz/loglogx, say,
by Lemma 2.2. O
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3. THE METHOD OF HORNFECK & WIRSING AND OUR FUNDAMENTAL LEMMA

In this section we adapt the method of Hornfeck & Wirsing [6] to the polynomial
setting.

Lemma 3.1 (Fundamental lemma). Let M be a polynomial which is not perfect,
and let k > 2 be a fixed positive integer. Let x > 10. Then there exists a constant Cy,
depending only on k, as well as a set S depending only on M,k and x, of cardinality
bounded by xC+/108198% ith the following property: if A is a perfect polynomial of
norm < x for which

(a) M is a unitary divisor of A: i.e., A= MN with gcd(M,N) =1, and

(b) N = A/M s k-free, i.e., P*{ N for any irreducible polynomial P,
then A has a decomposition of the form M'N’, where

(i) M’ is an element of S,

(ii) M’ and N’ are unitary divisors of A,
(iii) both factors M' and N’ are perfect,
(iv) N’ is k-free,
(v) M is a unitary divisor of M.

Proof. Let A be a perfect polynomial with the properties of the lemma. Since M is
not perfect, M # o(M) and since M and o(M) share the same degree, it must be
that (M) t M. Tt follows that there is an irreducible polynomial P; which divides
(M) to a higher power than that to which it divides M. Referring to the equation

MN=A=0(A)=0(M)o(N)

we see that P; divides N. Say P;*' || N, where by the k-free hypothesis on N
necessarily 1 < a7 < k — 1. Now define

My =MP? and N, = N/P™.

If M5 is perfect then we stop here. Otherwise we see that A has the decomposition
A = M3 N, with Ms a non-perfect unitary divisor of A and Ny a k-free polynomial.
But then we can repeat the above argument: if P, is chosen as an irreducible
dividing o(Mz) to a higher power than that to which it divides Mz, we find that
P32 || N for some 1 < ag < k — 1. We then set

M3 = M2P2a2 and N3 Z:NQ/P;2.

If M3 is perfect, then we stop, otherwise we continue in the same way until we reach
a perfect M,..

Let us check that if at this point we set M’ := M, and N’ := N,., then M’ and
N’ have the five properties listed in the conclusion of the lemma. Properties (ii),
(iv), (v) are straightforward to verify: indeed, M; and N; have the corresponding
properties at every step of the algorithm. To see (iii) note that
o(A)  o(M'N')  o(M')o(N')

A M'N" M N
Since M’ is perfect, the first factor in the final expression is 1, and so its cofactor
is also 1: that is, N’ is also perfect.

It remains to check property (i), i.e., that M’ can be chosen to belong to a small
set S (depending only on M,k and ). This comes from a detailed analysis of our
algorithm: observe that P; can be chosen to depend only on M (e.g., we can take
the irreducible divisor of M of largest degree which comes last lexicographically).

1=
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There are k — 1 possibilities for oy, and after «; is determined, we know Ms.
But then M, is either perfect, and so we terminate the algorithm, or we choose
an irreducible P, as described above (which can be chosen to depend only on P;
and «a1). But then once we know awo, we know Ms, and so we know whether to
terminate the algorithm or to continue (picking an irreducible Ps, which can be
chosen to depend only on M, a; and «3). If we continue in this way we find that
M, is determined completely by M and the sequence of exponents a;, ..., a,._1.

Let us now estimate the number of possibilities for this sequence. Every «;
belongs to the (k — 1)-element set {1,2,...,k — 1}. Moreover, the polynomial
N has norm < zx but is divisible by the r — 1 distinct irreducibles Pi,..., P._1.
Lemma 2.4 implies that the length of the sequence «g,...,a,_1 is bounded by
colog z/loglog x. Piecing this together, we find that the number of possibilities for
the exponent sequence (and hence for M’, as argued above) is

< (logz/loglogx) - (k — 1) logz/loglogx

(To see this bound, think of first choosing the length of the exponent sequence
and then its elements.) This upper bound is at most z+/1°81°8 if ¢y is chosen
appropriately. O

4. BOUNDING THE NUMBER OF INDECOMPOSABLE PERFECT POLYNOMIALS

Definition. The nonconstant perfect polynomial A is called indecomposable if A
has no nontrivial factorization as a product of two relatively prime perfect polyno-
mials. Here nontrivial means that neither factor is 1.

Our strategy in the proof of Theorem 1.1 is to understand the distribution of
indecomposable perfects and to piece this information together to get a picture of
the distribution of all perfects. The first half of this is plan is implemented in this
section; the latter half in §5.

We begin with some consequences of our fundamental lemma (Lemma 3.1).

Recall that a polynomial is called k-full if every irreducible in its prime decom-
position appears to at least the kth power.

Lemma 4.1. Let k > 2. The number of k-full polynomials of norm < x is O(z'/*).
The implied constant depends on k.

Proof. We mimic the usual proof of the analogous bound in the rational setting.
Suppose A is k-full. We claim that A = Q% §+1 e ik_l for some nonzero polyno-
mials Q1,Q2, ... Q. Indeed, suppose P is an irreducible divisor of A and P" || A.
We may write r = km + i for some nonnegative integer m and some integer i
satisfying 0 < ¢ < k — 1. Since A is k-full, r > k, and so m > 1. Therefore
r=(k+1i)+ (m— 1)k, and P" = PFi(Pm=1)k = UFHUE. The claim follows.

Now let us count how many possible Q% §+1 . ik_l we can have under the
constraint that the norm stays < z. Let U = Q§+1Q§+2 e Qikil. Once U is fixed,
Q1 is constrained to have norm < (z/U)'/*, so that there are at most 2(z/U)'/*
possibilities for @);. Therefore, the number of k-full polynomials of norm < z is
bounded by

k-1
20'/F Z k+1 1 < 2!/ H Z ki

1
k1 ok 1o, |Q k+2...Q2k—1|% - 1 Q)
|Q2+ Q3+2"'Qi IIST 5 3 A i=1 Q




6 U. CANER CENGIZ, PAUL POLLACK, AND ENRIQUE TREVINO

where the final sums on @) are over all nonzero polynomials in F5[T]. Grouping
terms of the same degree,

1 1

E %:E 2d . -
k+1i k41

Q Q™ d>0 (24)7%

The sum on d is a convergent geometric series (for each i) and the result follows. O

Lemma 4.2. For each k > 2 the number of indecomposable perfect polynomials
of norm < x which are not k-free is O(x'/**€) for any fived e > 0. The implied
constant here may depend on k and €.

Proof. If A is any nonzero polynomial over Fy, then A has a unique decomposition
A = MN, where M is k-full, N is k-free and ged(M,N) = 1. We apply this
observation with A an indecomposable perfect polynomial which is not k-free; then
by hypothesis M # 1.

We now fix a k-full M # 1 with |M| < z and estimate the number of indecom-
posable perfect A of norm < x having M as their k-full part. For this to be the
case, it is necessary and sufficient that A = M N where

i) M and N are coprime,
(ii) N is k-free,
(ili) MN is perfect,
(iv) MN is indecomposable,
(v) MN has norm < z.

Suppose first that M is itself perfect. From (i) and (iii) we find that then N is
also perfect. But then the indecomposability of A = MN (i.e., property (iv)) forces
N = 1. Thus if M is perfect, there is only one choice for N, and so also only one
choice for A.

Now suppose that M is not perfect. Then the hypotheses of Lemma 3.1 are
satisfied for A = M N, and the lemma provides a decomposition

A=M'N', where M| M'||A, and M’ /N are both perfect,

and where M’ is restricted to a set of size at most zC+/ 108198 = Thyis is a factorization
of A into coprime perfect polynomials, so that by (iv) either M’ =1 or N’ = 1.
But M | M’ and M # 1, so that we must have N’ = 1. Hence A = M’, and so A
itself is restricted to a set of size at most zC*/loglogz,

Putting together the two cases and using Lemma 4.1, we see that the number of
possibilities for A is certainly bounded by

Z (1+xck/loglogz) < xl/k+x1/k+0k/loglogz < xl/k+e

|M|<z
M k-full

for any € > 0. O

Lemma 4.3. Let k > 2 be an integer and let € > 0. The number of indecomposable
perfect polynomials of norm < x with at least k irreducible factors, counted with
multiplicity, is O(ml/k"’e). As before, the implied constant here may depend on both
k and e.

Proof. By Lemma 4.2 we may add the assumption that the polynomials to be
counted here are k-free. Let A be a polynomial satisfying all of the above hypothe-
ses. Since A has norm not exceeding z and A has at least k irreducible factors
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(counted with multiplicity), A has an irreducible factor P of norm at most z'/%.
Since A is k-free, there are only O(1) possibilities for the exponent to which P oc-
curs in A. Collecting these observations, we see that A has a unitary prime power
divisor P from a set of size < z'/¥. For each possibility for P®, we count the
number of k-free indecomposable, perfect polynomials of norm < x which possess
P“ as a unitary divisor.
For this, apply Lemma 3.1 with M = P*. If A with |A| < z is k-free, perfect,
indecomposable and possesses P as unitary prime divisor, we obtain a factorization

A=M'N', where P“| M| A, and M’ /N’ are both perfect;

moreover, there are at most zC+/ 1981982 pogsibilities for M. As in Lemma 4.2, A
being indecomposable implies that N’ = 1 and hence that A = M’, so that there
are only xCr/ 1081082 ossibilities for A.

Summing over the < x'/* possibilities for P%, we obtain < gC*/logloga+1/k
polynomials A as described in the lemma statement. ([l

The preceding results imply a very satisfactory bound on the number of inde-
composable even perfect polynomials:

Corollary 4.4 (Bound on the number of indecomposable even perfects). The num-
ber of indecomposable even perfect polynomials of norm < x is O.(z€) for any e > 0.

Proof. Fix k > 2 with % < €. By Lemma 4.3 there are O.(z¢) indecomposable
perfect polynomials with at least k irreducible factors, counted with multiplicity.
So we may restrict our attention to A with fewer than k irreducible factors. Since
A is even, A has a unitary divisor M among

T, 7% ..., T"1 or (T+1), (T+1)? ..., (T+1F1

and the quotient of A by this unitary divisor is k-free. Running through the O(k)
possibilities for M, we find from the indecomposability of A and Lemma 3.1 that
the number of possibilities for A is O(kxC*/1981082) = O (2. O

Unfortunately, bounding the count of indecomposable odd perfect polynomials
is not so simple, and this accounts for the imperfection in our Theorem 1.1. We
introduce the following hypothesis, for each k =1,2,3,...:

Hypothesis Oy. For each € > 0, all but O.(z¢) odd perfect polynomials over Fy
of norm < x have at least k irreducible factors, counted with multiplicity.

Theorem C shows that Hypothesis O15 holds; in fact, the phrase “all but ...”
in the statement of the Hypothesis can be replaced simply by “all.” From Lemma
4.3 we deduce immediately the following result:

Corollary 4.5 (Bound on the number of odd indecomposables). Under Hypoth-
esis Oy, the number of indecomposable odd perfect polynomials of norm < x is
Or..c(z/*+¢). In particular, this number is unconditionally O (x'/1%+¢).

5. BOUNDING THE NUMBER OF PERFECT POLYNOMIALS

Lemma 5.1. Every perfect polynomial A has a factorization as a product of pair-
wise relatively prime indecomposable perfect polynomials. We allow the empty fac-
torization when A = 1.
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Proof. The lemma is true when A = 1. If it fails for some nonconstant perfect
polynomial, choose a counterexample A whose degree is as small as possible. Then
A is not indecomposable itself, so that A = M N for some coprime perfect polyno-
mials M and N with 1 < deg M,deg N < deg A. But then both M and N can be
written as a product of pairwise coprime indecomposable perfect polynomials. Con-
catenating their factorizations yields a decomposition of A into pairwise coprime
indecomposables. This contradicts the choice of A. (I

We now prove Theorem 1.1 in a slightly more general guise.

Theorem 5.2. Suppose Hypothesis Or. Then there are Ok76(x1/k+e) perfect poly-
nomials of norm < x. In particular, unconditionally there are O (x*/'>%€) perfect
polynomials of norm < x.

Proof. Let S be the set of indecomposable perfect polynomials and let S(x) be
the corresponding counting function, i.e., the number of elements of S with norm
bounded by z. By Corollaries 4.4 and 4.5, we have S(z) = O(z'/*+</2) under
Hypothesis Ok. Then partial summation yields

Z ‘A|1/k+e :/1 S(t)(l/k+e)mdt<</l e dt < cc.

AeS
Consequently, if 7 denotes the set of all perfect polynomials,

- < 1+> exp( E><oo.
MXE:T |M|1/k+ };[ ( | A1/ k+e Z |A|1/k+
To see the first of these inequalities, expand out the product and recall that by
Lemma 5.1 every perfect polynomial (element of 7') can be written as a product of
distinct indecomposables (elements of S).

The convergence of ), |M |~1/k=¢ easily implies that the counting function
T (z) of the perfect polynomials satisfies T'(z) = O(z'/**€). Indeed, since 1 < x/| M|
for any polynomial M of norm < z, we have

Yoo Y @/ M) <yt O

MeT MeT

|M|<z
Remark. As explained on [2, p. 247], if there is a single odd perfect polynomial,
then a plausible polynomial analogue of the Bateman—Horn conjecture from rational
number theory implies that the number of odd perfect polynomials of norm not
exceeding x is > %, for some constant § > 0. So — subject to this conjecture —
proving that the countmg function of perfect polynomials is O.(z€), for all € > 0,
is equivalent to showing that there are no odd perfect polynomials at all!

6. AN ALGORITHM FOR FINDING PERFECT POLYNOMIALS INSPIRED BY THE
HORNFECK—WIRSING WORK

The proof of Lemma 3.1 suggests the following algorithm to search for indecom-
posable perfect polynomials below a given bound.

H.-W. Algorithm. Given a polynomial B and a stopping bound H, with deg B < H,
the following algorithm (a) outputs only perfect polynomials A of degree < H
having B as a unitary divisor, and (b) outputs every such A that is indecomposable.
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) Check if o(B) = B. If yes, then output B and break.

) Compute D = o(B)/ged (B,o(B)).
ii) If ged (B, D) # 1, break.

) Let P be an irreducible factor of D of largest degree.

) Recursively call the algorithm with inputs BP* and stopping bound H, for
all positive integers k with deg(BP*) < H.

To see that the algorithm works, suppose A is an indecomposable perfect poly-
nomial with B || A. Write A = BC, so that ged(B,C) = 1. Then

BC=A=0(A) =0(B)o(C);

hence, o(B) | BC, and

p=—22B __ ¢
ged(B,0(B))

Suppose that D = 1. Then B is perfect, and the algorithm outputs B and
breaks. Note that this output is perfect, has B as a unitary divisor, and that if
there is any indecomposable perfect polynomial having B as a unitary divisor, then
it is B itself.

Suppose we do not break in (i) and continue on to (ii), (iii). If D has an irre-
ducible factor in common with B, then this irreducible is a common factor of B
and C, contradicting that ged(B,C) = 1. So again we can stop, this time because
no solution exists.

In the remaining case, take any irreducible factor P of D. (We specified above
that P is chosen of largest degree for definiteness and to speed up the algorithm.)
If P¢ is the highest power of P dividing C, then A has the unitary divisor BP°.
Thus, we restart the algorithm with the inputs listed in step (v).

The algorithm is recursive, but guaranteed to terminate, since we are only search-
ing for solutions up to height H.

Proof of Theorem 1.2. Since odd perfect polynomials are necessarily squares, we
run a modified version of the algorithm, where instead of recursing over BP* with
deg(BP*) < H, we recurse over BP?* with deg(BP?*") < H. We ran this modified
algorithm with H = 200 for all odd square polynomials B # 1 of degree < 40 (we
did this by squaring each odd polynomial of degree in the interval [1,20]). There
was no output. The computation took roughly 6 hours with PARI/GP [9] running
on a Core i7-6600U machine.

To see why this implies Theorem 1.2, assume for the sake of contradiction that
there is an odd perfect polynomial A of degree d < 200. Since A has at least
five distinct irreducible factors, A has a nonconstant unitary divisor B of degree
< % = 40. Moreover, since A is an odd square, so is B. Since the algorithm
produced no output, there are no odd perfect polynomials of degree d < 200. [

The proof of Theorem 1.3 is similar. We begin by recalling two easy (known)
results. The proofs are reproduced for the convenience of the reader.
Lemma 6.1. Let A € Fo[T]. Then:

(i) The polynomial A(T) is perfect if and only if A(T + 1) is perfect.
(ii) If A(T) is perfect, then T divides A <= T + 1 divides A.
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Proof. First, note that the map T +— T 4 1 induces an automorphism of Fa[T],
which we will denote here with a tilde. Factor A = P**--- P*. Then the prime
factorization of A takes the form P{™ - P,?k; thus,

ok k

oA =J[+P+-+P*) =[O0+ P+ +P") =0(A).

i=1 i=1

Part (i) of the lemma follows immediately. To prove (ii), suppose that A is perfect
and T | A. Let A = T*[[._, P be its prime factorization. For the sake of
contradiction, suppose that T+11 A. Then P;(0) = P;(1) =1foralli=1,2,...,r.
Now o(Pf") = 1+ P+ P?+...+ P, so that o(P?)(1) = a;+1. Since T+11 A =
o(A), each ¢ is even. But then each o(P/")(0) = 1, and hence T { o(P;*"). Since
also T 1 o(T?), it follows that T { o(A), contradicting that T | A = o(A). Hence, if
T | A, then T + 1| A. This proves the forward implication in (ii). The backward
implication follows from the forward one, by first applying the tilde automorphism
interchanging 7" and T + 1. O

Proof of Theorem 1.3. We ran the (unmodified) algorithm with B = T, T2, ...,
T199 and H = 200. The computation took 3 days, and the eventual output consisted
of the six splitting perfect polynomials of degrees in [1,200], together with the list
of 11 non-splitting perfect polynomials found by Canaday. We denote this set of
17 output values by £.

Now we explain why this implies Theorem 1.3. By Theorem 1.2, there are no odd
perfect polynomials of degree in [1,200], so all non-splitting perfect polynomials in
that range are even.

By Lemma 6.1(ii), an even perfect polynomial is divisible by T'(T'+1). Hence, the
seeds T, T2, T3, ... eventually capture all indecomposable even perfect polynomials.
Using a tilde to denote the automorphism of F5[T| swapping T' and T + 1, we have
from Lemma 6.1(i) that A is perfect if and only if A is perfect. Now either A or A
is such that their largest-degree divisor of the form T(T 4 1)? has o < 3; if we
assume that deg A < 200, then o < 100.

Thus, if A is indecomposable, even, and perfect of degree at most 200, then either
A or A will be found by starting with one of the seeds T, T2, ..., T Hence, EUE
(with the obvious meaning for £ ) contains all indecomposable perfect polynomials
of degree < 200. It is easily checked that & = £. Hence, EUE = &, and so all
indecomposable, non-splitting perfect polynomials of degree < 200 are already on
Canaday’s list.

We finish the proof by observing that there are no non-indecomposable perfect
polynomials of degree in [1,200]: By Lemma 5.1, every perfect polynomial factors
into pairwise coprime indecomposable perfects. But all nonconstant perfect poly-
nomials of degree < 200 are even, and hence share the factor T'(T + 1). This forces
every nonconstant perfect polynomial of degree < 200 to be indecomposable. [

Remark. Source code for the programs used in the proofs of Theorems 1.2 and 1.3
is available from the second author upon request.
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