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Abstract. We show, conditional on a uniform version of the prime k-tuples

conjecture, that there are x/(log :c)HD(l) numbers not exceeding £ common to the

ranges of ¢ and o. Here ¢ is Euler’s totient function and o is the sum-of-divisors
function.

1. Introduction

For each positive-integer valued arithmetic function f, let 7 C N de-
note the image of f, and put #}(x) := #;y N [1,z] and Vy(x) := #7#}(x). In
this paper we are primarily concerned with the cases when f = ¢, the Eu-
ler totient function, and when f = o, the usual sum-of-divisors function.
When f = ¢, the study of the counting function V; goes back to Pillai [14],
and was subsequently taken up by Erdés [1,2], Erdés and Hall [5,6], Pomer-
ance [15], Maier and Pomerance [12], and Ford [7] (with an announcement
in [8]). From the sequence of results obtained by these authors, we mention

Erdés’s asymptotic formula (from [1]) for log VfT(l’), namely
1) Vi(a) = oy (@ = )
= —
f (log )1+

*The first author was supported by NSF Grant DMS-0901339. The second author was sup-
ported by an NSF Postdoctoral Fellowship (award DMS-0802970). The research was conducted in
part while the authors were visiting the Institute for Advanced Study, the first author supported
by grants from the Ellentuck Fund and The Friends of the Institute For Advanced Study. Both
authors thank the TAS for its hospitality and excellent working conditions.

t Corresponding author.

Key words and phrases: Euler’s function, sum of divisors function, totients.

2000 Mathematics Subject Classification: primary 11N37, secondary 11A25.

0236-5294/$20.00 © 2011 Akadémiai Kiad6, Budapest, Hungary



252 K. FORD and P. POLLACK

and the much more intricate determination of the precise order of magnitude
by Ford,

Vi(z) < loqgix exp (C(logs z — log, z)* + Dloggx — (D +1/2 — 2C) log, ).

Here the constants C' and D are defined as follows: Let

o0
(3) F(z):= Z apz", where a,=(n+1)log(n+1)—nlogn—1.
n=1

Since each a,, > 0 and a,, ~ logn as n — oo, it follows that F'(z) converges to
a continuous, strictly increasing function on (0,1), and F(z) — oo as z 1 1.
Thus there is a unique real number p for which

(4) F(p)=1 (p=0.542598586098471021959...).

In addition, F” is strictly increasing, and F’(p) = 5.697758... . Then

C = — 0.817814 . ..
2|log p

and
D =2C(1+ log F'(p) — log (2C)) —3/2=2.176968.... .

In [7], it is also shown that (2) holds for a wide class of ¢-like functions,
including f = o. Consequently, Vy(z) < V,(z).

Erdés (see [3, p. 172] or [4]) asked if it could be proved that infinitely
many natural numbers appear in both 7; and ¥;. This question was re-
cently answered by Ford, Luca, and Pomerance [9]. Writing V;, ,(z) for the
number of common values of ¥4 and 7, up to x, they proved that

Vi.o(x) = exp ((loglog x)°)

for some positive constant ¢ > 0 and all large « (in [10] this is shown for
all constants ¢ > 0). This lower bound is probably very far from the truth.
A naive guess, based on (1) and the hypothesis of independence, might be
that V ,(z) = z/(log 2)>7°M " However, the analysis of [7] indicates that
elements of 7 and 7, share many structural features, which suggests that
perhaps Vj , is larger than this naive prediction.

In this paper we show that this is indeed the case, subject to the follow-
ing plausible hypothesis:
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HypoTHESIS UL. Suppose ay,...,a are positive integers and by, ..., by
are integers such that [1y<;j<p(aibj — a;jb;) # 0. Assume that for some con-
stant A > 0, we have

max {Jai] |} <

Then for large x, depending on A and h, the number of natural numbers
n < x for which a;n + b; is prime for every 1 < i < h is

> Ah C

(log )"

Here C' is the singular series associated to {a;n + bi}?zl, defined by
H 1—v(p
(1-1 / h’
where

v(p) = #{n mod p : ﬁ (ain + b;) =0 (mod p)}

i=1

This hypothesis is a quantitative form of Dickson’s prime k-tuples con-
jecture. The name “Hypothesis UL” (with “L” for linear) is suggested by
an analogous hypothesis proposed by Martin [13] to study smooth values of
polynomials. His “Hypothesis UH” makes a somewhat stronger prediction
in the more general context of Hypothesis H, in a similar range of unifor-
mity. A very special case of Hypothesis UL, that the number of twin primes
p,p+2 = xis > x/log? z, implies immediately that V() > z/log” z.

THEOREM 1. Assume Hypothesis UL. Then as x — 00,

x
>
V¢’U(w) = (log $)1+O(1) ’

The proof, which proceeds along entirely different lines than [9], has its
origin in the following simple observation: Write Ry(v) := #f~!(v) for the
number of preimages of v under the arithmetic function f. By Holder’s
inequality, we have

(5)
(2 R¢<U>Ra<v>)3 < Vao@)( X RoRo() (X Rol0)Ro(0)?):

vz v<x vz
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In particular, to prove Theorem 1, it would suffice to show that the left-
hand sum is bounded below by z/(log $)1+o(1) while the two sums appearing

on the right-hand side are bounded above by z/(log .r)1+0(1). Unfortunately
these estimates are not so easy to obtain. It turns out that rather than
count all preimages, as in our definition of Ry above, it is easier to obtain
analogous estimates if we count only preimages belonging to certain spe-
cially constructed sets. The choice of these sets is motivated by the detailed
structure theory of preimages developed in [12] and [7].

NOTATION. Most of our number-theoretic notation is standard. Possible
exceptions include P (n) for the largest prime factor of n, and Q(n, U, T') for
the total number of prime factors p of n with U < p < T, counted according
to multiplicity.

Big-Oh notation and the related symbols “<,” “>.” and “<” appear
with their usual meanings, including subscripts to indicate the dependence
of implied constants. We use oy (1) for a quantity that tends to zero for each
fixed value of k. We also put log; x = max {1,logz} and we write log;, for
the kth iterate of log;.

2. Proof of Theorem 1

We now construct our surrogate representation functions. For a set %
of natural numbers and f an arithmetic function, let

Ri(v; B) :=#{neB: f(n) =v}.

Then (5) continues to hold if we replace Ry(v) by Rg(v; #By) and R,(v) by
Ro(v; B,). We now describe our choices of %, and %,.

It is convenient to work not with a single set %y, but with a family of
such sets, and similarly for %4,. Our definition of these sets depends on a
real parameter «, which we always suppose satisfies 1/2 < a < p (with p as
in (4)), on a natural number parameter k, and on x. We define %’;k(aﬁ) as
the set of natural numbers n possessing all of the following properties:

(i) n is the product of k distinct primes and ¢(n) < .

(ii) If pg > - -+ > pi_1 is the decreasing list of the primes dividing n, then

1/12 <Ptpi—1)<pi—1<wv, and v; =exp((logz)*);

*(p; — 1) is the unique prime divisor of p; — 1 exceeding v;"

k—
If1

1 for

7

a
1

AHA 2
vll/\ N
|_|

S < ¢ < k, we have

‘Q(pj_l —1,v,v-1) — (Oéi_l — ai) log, x‘ < 21{;\/(04"_1 — ') logy .
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(iv) 6 is the largest factor of p; — 1 supported on the primes < vy.
(v) If p| ¢(n) and p > v, then p || $(n).
We define 2% (x) analogously, with ¢ replaced by o in (i) and (v) and
p — 1 replaced by p + 1 throughout in (ii)—(iv). If «, k, and = are all under-
stood, we write simply %, and %,.
In order to establish Theorem 1, it is enough to prove the following two
estimates:

LEMMA 1. Assume Hypothesis UL. Let € > 0. There is a real number
1/2 < ag < p and a natural number ko with the following property: If ap < «
< p and k 2 kg, then for all large enough = (depending on o and k),

X

)1+6'

v; By) R (v; By) 2
D Bo(v: ) Ro v 80) 2 o

v<x

In other words, there are at least x/(log )™

¢(n) =o(m), where (n,m) € By x B,.

solutions (n,m) to

LEMMA 2. Let € > 0. There is a natural number ko with the following
property: If 1/2 < a < p and k 2 ko, then for all large enough = (depending
on a and k),

ZR¢(U;%¢)2R0(U;%0) g ’

(log )=

In other words, there are at most x/(logx)' ¢ solutions (n,n’,m) to
d(n) = ¢p(n') = o(m), where (n,n';m) € By x By x Bs.

The same bound holds for 37,<, Ry(v; By)Re(v; B2

Note that Hypothesis UL is required for the proof of Lemma 1, while
Lemma 2 is unconditional.

2.1. Technical preliminaries. We collect some technical results that
will be used in the proofs of Lemmas 1 and 2. The first concerns the distri-
bution of prime factors in a ‘typical’ factorization of a squarefree number N.

LEMMA 3. Let N be a squarefree natural number with I prime factors.
Consider all i' ways of writing N as a product of i natural numbers, say
N =dj ---d;, where the order of the factors is taken into account. For any
A > 0, the number of such decompositions with

Jw(dr) — 1/i| = A1/
is at most A% uniformly for A > 0.
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PrROOF. Let X = (X1,...,X;), where each X; = w(d;). Viewing X as a
random vector defined on the space of all decompositions of N into ¢ fac-
tors, observe that X follows a multinomial distribution. The lemma now
follows from Chebyshev’s inequality, taking into account that E[X; ] = I/i
and var (X1) = ([/i)(1—1/i) < I/i. O

The following estimate is well-known from the study of sieve methods
(see, e.g., [11, Theorem 4.2]).

LEMMA 4. Suppose ai,...,ap are positive integers and by, ..., by are in-
tegers such that

h
E = H (473 H (Cbibj - ajbi) 75 0.
=1 1<i<j<h
Then

#{n<x:an+b prime (1<i< h)}

e 2(log, (|E| +2))"
hH 1*1/;0 < (log )"

)

log:v
where v(p) is the number of solutions of the congruence [[(a;n+b;) =0
(mod p), and the implied constant may depend on h.
The next two lemmas concern the Poisson distribution.
LEMMA 5. If 2> 0 and A > 0, then
k
Z z < AT2e7,

!
|k—z|>Az k!

Proor. This follows immediately from Chebyshev’s inequality, once we

recall that the Poisson distribution with parameter z has mean and variance
both equal to z. O

LEMMA 6 (see e.g. [7, Lemma 2.1]). If 2> 0 and 0 < a <1 < (3, then
k az k Bz
z e z e

k<az k=>pBz
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ON COMMON VALUES OF ¢(n) AND o(m). I 257

2.2. Proof of Lemma 1. Suppose that n=pg---pr_1 and m =
qo - - - qr—1 are squarefree numbers satisfying ¢(n) = o(m) € [1,x], where the
primes are ordered so that

po>p1 > >pp—1 and qo>q1 > > Q1.

Then

6) (Po—1p1—1)r-1—1)=(q+1)(qa +1)(qr—1 +1).

We consider separately the prime factors of each shifted prime lying in each
Oéi

interval (v, v;—1], where v; = exp ((logz)®* ). For 0Sj<k—1and 04
<k, let

k—1 k—1
._ a /A a - R !
Si’j .— H p 5 Si,j «-— H p 3 SrL .— H S’L,j — H Si,j'
p*[l(p;—1) p*Il(g;+1) j=0 Jj=0
p=v; p=v;

Also,for 0SS j<k—1land 17 <k, let

Si_1.q 5/. 1. k-1 k-1
I Y | A | R R /
tigi=——% =t = [ g = [T
2y ,] j=0 j=0
Let
. ! /
(7) Oi = {863800, 3 Sik—135100 1 S k—1 >
/ /
(8) T, — {ti;ti,07 e ,ti,k—l; ti,(]v e 7ti,k—1} .

Observe that if we define multiplication of (2k + 1)-tuples component-wise,
then we have

(9) 0,1 — 0;T5.

Suppose we are given a collection of squarefree solutions (n,m) to (6) for
which m,n < x. Let &; denote the set of o; that arise from these solutions,
and let T; denote the corresponding set of 7;. For 1 < i < k, let

W={(0,7):0€6;, TEZ;, 0T € S;_1}.

The given set of solutions (n,m) is in one-to-one correspondence with the
set Sy, since

oo=(¢(n)ipo—1,...,p6-1— Lo+ 1,1 +1,...,qs-1+1)
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both determines the pair (n,m) and is determined by it. Also, from (9) we
see that the set &g is completely determined once we know &j and each of
the sets Uy, Up_1,...,4;1. To construct a set of solutions, we can reverse the
process, first picking a set G5 and then successively constructing U, ..., ;.
We carry out this plan, verifying that (n,m) € %4 x %, for all the solutions
constructed in this way.

We begin by putting &, := {c}, where o := (6*;6,...,6;6,...,6).

Suppose that ©; has been determined, where 2 < 1 < k. For each o;
€ 6;, write o; in the form (7). As part of the induction hypothesm, suppose
that each o; satisfies

(10) H Sij = H 8¢]7

(11) 021;1;2{_1 {sij, s;’j} < ;.
Moreover, suppose also that for j =1, 4+ 1,...,k — 1, we have
(12) pj=sj;+1 and ¢ :=s;;—1

all prime. Clearly all of these hypotheses hold when ¢ = & (the last condition
being vacuous).
Now we construct l; and so determine &;_;. Let ¢ range over all num-
bers satisfying
(i) tf is squarefree,
(ii) every prime divisor of ¢f belongs to (vz, vllzlfgg‘},
(iii) ¢F has exactly N; : \_ i(a=t —ab) log, LL‘J prime divisors,
and suppose that the variables t;0,...,t;i-2,t; g, -, 1} ; o, Ui, u; range over
all (ordered) dual factorizations of ¢ of the shape

(13) tF=1ti0... tii—ou; = tg,O - t;’i,Qu’i

for which each of the variables ¢; ;, ¢ o Wis u; satisfies

(14) 1Q(-, vi,vi1) — (a1 —at) logy | < k:\/(oﬂ'*1 —a?) logy x.
Let @; range over all primes in the interval
/12 1/6
(15) P < Qi
for which also
(16) pic1 = siiwiQi + 1 and g =i, quiQi — 1
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are prime. We put ¢; ;1 := u;Q;, té,i—l = u,Q;, and t; := t7Q; (so that t; =
[1;ti; =11,t ;) and we add to &; all pairs of the form (oy,7;), where

T 1= (ti;t@o, oo tiie1, 1,0 1;75;70, R 7t;'7z'—1a 1,...,1).

For the set &;,_1 = {07 : (04, 7;) € U;} determined this way, our induction
hypotheses (10)—(12) continue to hold. Indeed, (10) and (12) hold by con-
struction. To verify (11) for ¢ — 1 in place of i, observe that if j #1i — 1,
then

< — 1 \Q(tiy) 1/6
Si—1,5 = Sijtij = v ((Uz‘fl)”“g”) < vl < vieq

for large «, by our induction hypothesis and the inequality €(t; ;) = N; =

2logy . (Throughout this proof, the meaning of “large” x is allowed to
depend on « and k.) If j =i — 1, then

1/6 1/6
Si—1,7 = Sz,]tz] < v Qs S 'UzUZ/lUl/l < V1.
If j >i—1, then s;—1; = s; 5, and so s;_1 j = v; < v;—1. Analogous estimates
hold for s;_; ; in place of s;_1 ;, giving (11).
At this stage we have determined all of &g,...,& . It remains to con-
struct £ and so determine &y. Let 01 € &1, and write o7 in the form

o1= (51381001 — L, sok—1 — Lish oo + 1,000 ey + 1),

Let ¢’ range over all natural numbers satisfying
(a) t' is squarefree,
(b) " < 1/3/81
(¢) every prime dividing ¢ belongs to (v1,vo],
(d)

|Qt,v1,v0) — (1 — a)logy x| < ky/(1— a)log, .

For each ', let Q1 range over primes Wlth

/2 < < i, for which
(17) Slt
po = s10t'Q1 + 1, qo := 5] ot'Q1 — 1 are prime.
We set t1 := t'Q1, and let 4; consist of all tuples of the form (o1, 71), where
1= (t;ty, 1,1, .., 16, 1,1, .00 1)
Finally, we put &g = {0171 : (01,71) € thi }.
The remainder of the proof consists of verifying that the set &g deter-

mined by this construction is as large as claimed and that the solutions
corresponding to the elements of &g belong to %y x %,. The lower bound
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for #&, will be made to depend on a lower bound for }°, s, 1/51. First,
observe that

1 1

(18) > P 1.
01€6
For 2 < i < k, we have
1 1 1 1
(19 > =2 = Z =
0i—1€6,;_1 Si—1 0,€6; Si 7 (0 )GLI S ty Z Ql

Here t7, t;, and (@); are as the quantities appearing in the description of ;
for 2 < i < k (see (13)—(16)), and h(¢}) is the number of dual factorizations
of ¢} of the form (13), where the factors u;,u;,t; j,t; ; all satisfy (14)

By our choice of &, we have that 6 divides both s;; 1 and s;; ;. It
follows that the singular series corresponding to the affine linear forms T,
sii—1wiT + 1, and s}, quiT —1 is bounded away from zero (using v(p) =
min(p — 1,3)). Moreover, all the coefficients of these forms are bounded by
vi—1. Hence Hypothesis UL and partial summation shows that for the inner
sum in (19),

1
(20) Z o > 1/12 >

Qi QZ IOg UZ . (logx)Qai—l7

where the implied constant is absolute. Inserting this estimate in (19), we
find that

(21) 2 T Gege T Z

0 1€6, Si—1 (1Og 066 Si tr

Recalling the definition of h(-), we see that for each ¢},
h(t}) = #{dual i-fold factorizations of ¢}
— #{ dual i-fold factorizations of ¢} failing (14)} > i*Nv — 2:Vip/(17),

where h/(¢) is the number of (single) i-fold decompositions of ¢} where (at
least) one of the factors fails to satisfy (14). By Lemma 3, we have h/(t})
< i(iVi/k?) < iNi/k, and thus B/(t}) < iYi/4, assuming (as we may) that
k is sufficiently large. Hence

(22) n(t;) 2
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uniformly in ¢;. Moreover, by the multinomial theorem, if we put

1 , 1
S = Z ]—) and S := Z ]?’
v <p§v12101g2w Vi <p=vi—1
then
1 N'L SNi—Zsl SN ]_S’Nz
23 — Z —_ Z N2S/ 82
( ) tzt;k - N;! (Ni—Z)!_ Nz'( ( / )) 2N|

for large x. Combining the results of (22) and (23) with (21), we find that

1 1 (i29)Y 1
(24) > > - > =
o ics,, Si—1 (log a:)2°‘ N;! s, Si

N,
1 1 [eS 1
> 2a Z o
(logz)“ VN;i \ Ni s, Si
(Here we have used Stirling’s formula to estimate N;!.) A routine computa-
tion, making use of the estimates
S =(a"t—a")logyx+O(logsz), N;=1i(a""'—a')logyz+ O(1),

shows that as x — oo,

Z 1

S;—
0i—1€G,_; 7! 1

> (logx)(ozi’l—o/)(i—l—ilogi)—Zai’l—l—ok(l) Z i
0,€6; 5i

Starting with (18) and then descending from i = k down to i = 2, we obtain
that

Z l é (log x)zz,czz ((ai_lfa")(iJrilogi)f2a"_1)+ok(1).

S
0,€6, 1

Letting ¢’ and Q1 denote the quantities appearing in the definition of iy,
we have from Hypothesis UL and the above lower bound on Y~ 1/s; that

(25) #Go= > = > ZZZl»ZZ

/
01661T1:(01,T1)€L[1 01€G, ' O 01€6, s1t log X

_ (log x)zk ((ai—l_ai) (i-‘rilogi)—?ai’l)—&-ok(l) l
7
log x ;
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(Note that max {s1,0t', 81 gt'} = v1t' < 2'/3 and that 6 divides both s; o and
5’170.) We now estimate > 1/t' from below. Let us temporarily ignore the re-
striction (d) on Q(t'), and for brevity write T = {¢' < 2'/3/s1 : ' squarefree,
p|t = v1 <p<w}. Then for large z,

Z 11 ( ) > %>> log (z'/%/s1) > log x.

t’ET p<v, t'<z1/3/s;, squarefree
(Note that s; < vf = %1} So by Mertens’ theorem,
(26) Z 1 N logz ( )l—a
- = (logx .
ior t log v1 &

To obtain a corresponding lower bound incorporating (d), we show those t’
for which (d) is violated make a negligible contribution to (26). Redefine

S = Z 1:(1—04)105;;23:+O(1),

v1<p<vo p

and observe that by Lemma 5, for large z,

(27) > FED S

t'eT t'eT

|Q(t")~(1—a) log, x| 2k+/(1—a) log, = |(t")~S|25kVS

So assuming that k is large, we have from (26) and (27) that for the final
sum in (25),

So by (25), we have that as x — oo,
x

&0 = k |
# ' (1ng)2+a_zi:2 ((ilogi+i)(ai71—O‘i)_2aiil)+0k(1)

Ignoring the o (1) term, the exponent on logx in the denominator simplifies
under Abel summation to

k—1
2 — Zaiof + (klogk + k)a* = 2 — F(a) + O((klogk)ar).
i=1
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Using (4), we can now fix o € (1/2,p) with F(ap) > 1 —¢/2. Then if we
begin the argument with a > oy and k large enough (say k > ko), we find
that

X

once x is large.
It remains to show that the elements of S correspond to solutions (n,m)
in By x By to ¢(n) = o(m). Let 0 € &, and write ¢ in the form

U:(30§p0_17~~-7Pk—1—13(]0‘*‘17‘-',%—1"‘1)-

We associate to o the pair (n,m), where n :=py---pr—1 and m :=qo- - - q—1.
At this point, we know that

[Twi-1)=s0=]I(g+1),

but we cannot conclude (yet) that ¢(n) = o(m), because we have not proved
that n and m are squarefree. This is, of course, contained in showing that
(n,m) € By x B, and so we now turn to that proof. It will be enough to
show that n € %, since the proof that m € %, is entirely analogous.

We first establish properties (i) and (ii) in the definition of Z4. From
(17), we have

po—12Pt(po—1)=Q1 = a"? >y
and (in the notation of (17))
po—1=s510t'Q1 < 51t'Q1 = = = vp.
Also, for 2 <7 < k, we have
Pic1 — 1 =si—1,-1 S v
and, in the notation used to define Us, ..., U,

pic1— 12 P (pio1—1)=Q; > v/t

i—1

using (15). Thus, for each 1 < i < k,

1/12
pi71_1>vi/1 >v; 2 pi— 1,

which shows that pg > p1 > -+ > pr_1 and so proves (i). The only statement
of (ii) not shown above is that P (p;—; — 1) is the unique prime divisor of
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pi—1 — 1 exceeding vil 1 52, for 2 <4 < k. In fact, any prime p dividing p; — 1

other than PT(p; — 1) satisfies (in the notation of (16))

1

p = P (sii-1u;) < max {s;i-1, P*(u;)} < max {Uzﬂ/zill—}

_ T <

So we have (ii). Property (iv) follows from the definition of & and the obser-
vation that each 7; has all of its components supported on primes > v; = vy.
To see (v), notice that the part of ¢(n) supported on primes > vy, can be writ-
ten as the first component of 74 - - - 71, so as the k-fold product tytg_1---1t1.
But in our construction, the k factors appearing here are squarefree and sup-
ported on pairwise disjoint sets of primes. Lastly we turn to (iii): If i =1,
then also j = 1, and in the notation used to define 4;, we have

Q(po —1, Ul,vo) = Q(SLot/Ql,Ul,Uo) = Q(t,Ql) =1+ Q(t/);

the result (ii) in this case follows from (d) in the definition of ¢'. If 2 < i < k,
and j = 4, then (in the notation used to define s, ... )

Qpj—1 — Lvi,vi—1) = Q(sii-1tii—1, Vi, vi—1)
= Qtii-1) = UwQ:) = 1+ Qwi),
and the result follows from (14). If 2 <¢ < k and j < i, then (in the same
notation)
Qpj—1 — 1,v,vi-1) = Qtij-1),

and the result again follows from (14). This completes the proof that n € %,.

Finally, notice that distinct o € &g induce distinct solutions (n,m), by
unique factorization. Thus, the number of solutions (n,m) to ¢(n) = o(m)
which we find in this way is precisely #&(, and the lemma follows from (28).

2.3. Proof of Lemma 2. Suppose «, k, and x are given. Take a so-
lution (n,n',m) € By x By x By to p(n) = ¢p(n') = o(m). Write

k—1 k—1 k—1
! /
n=1[pi n'=][p, and m=1]]a,
1=0 =0 i=0

where the p;, p}, and ¢; are decreasing. Put

I={0Zi<k—1:p;=p.}, sothat ged(n,n) :Hpi.
1€l
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Given k, there are only O (1) possibilities for Z, and so we may (and do)
carry out all the estimates below assuming that 7 is fixed. We have

(29) (po—1)-- (-1 —1) =(po—1) -~ Py — 1) = (@0 +1) - (@r—1+1).

For each nonnegative integer 4, let v; := exp ((log z)* ) We consider sepa-
rately the prime factors of each shifted prime lying in each interval (v;,v;_1].
For0<j<k—-1and 0=:=<k, let

Sij = H pav S i, = H p ) S 1,7 = H p )

pllpi—1 pllpi—1 p*llqi+1
pEvi pSv; p<v;

and put

k—1
i H% HS,J I+,
§=0

Also, for 0 < j <k —1, let

/ 1!
P Si—1,5 oo Si—1,j . Si—1,5
BV .. ? Z'vj T / ’ i7j T 1 ’
Sij i i

and put

k—1
Htu H% I1¢;
j=0
For each solution (n,n’,m) € By x By x By to ¢(n) = ¢(n') = o(m), put
0i = (8i58i,05- - -+ Si k—1; 8;70, el s;’k_l; 5;/,07 .. ,szk_l),

.— . 'y / Ll "
T’i .— (t’H ti70, e 7ti’k_1, ti’o, P 7t’i,k—17 t@o, e 7ti,k—1)‘

Note that with multiplication of (3k + 1)-tuples defined componentwise, we
have 0;_1 = 0;7;. Let &; denote the set of g; arising from solutions (n,m,m’)
€ By x By x By, and let T; denote the corresponding set of 7;. The number
of solutions of (29) is

#60= > > L

oce6; TET,
oTES,
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To estimate this quantity, we apply an iterative procedure based on the
identity

(30) >

0;—1€6;_1

1

Z >

g,€6; TET; v
Une(‘SL 1

Si—1

First, ﬁx o1 € 61. If 1 €%y is such that o171 € &g, then t; =10 =
t/LO =t 0= < x/s1, t1 is composed of primes > vy, and all of

5170151 + 1, 8’170231 + 1, 8/1,70t1 -1

are prime. Write t; = t|Q, where Q = P*(t1). Then Q = P*(py—1) > z'/12
by property (ii) in the deﬁmtlon of #4. Hence

> 1= ) > L
TET, th'Sx/s1 x/12SQS -2
O'1T1€60 /
plti=p>v1

7
étl

where the final sum is over primes @ for which s; ot/ Q + 1, s} OtlQ + 1, and
5170 1@ — 1 are also prime. By Lemma 4, the inner sum over Q is

1 (logy o)t if 0¢ 7,

s1th (log x)
— = _(log,z)® otherwise.
7t (og a? (827
Moreover,
1 1 1 log x _

Z—,§ H 1+—+—+...)<< s = (log )" ™.

~ 1 p p? log vy

] v1<p§50/51

It follows that

T 4
(31) 1« - (logy )",
5, S g

01T1€EG)

where here and below, x is the characteristic function of Z¢ = [0,k — 1] \ Z.
Now suppose that 2<i <k, 0, € §;, i, € T; and o;7; € S;_1. Observe
that

(32) ti,O to ti,i—l = té,O te t;l,l'fl = t;I,O e t// 1= =t;.

Let Q1,Q2, and Q3 be the largest prime factors of ¢;,;_ 1,t“ 1, and t” 1
respectively, and let b, b, and 0" be the corresponding cofactors. Recall
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that Q1,Q2, Qs > v/}? by (i) in the definitions of %, and %,. Now fix
J C {1,2,3} indexing the distinct Q;. Then [];c 7 @ | t;. Moreover, t; is
squarefree (by property (v) in the definition of %), and so each Q; divides
exactly one term from each of the three i-fold factorizations exhibited in
(32). Dividing all such terms by their corresponding factor @);, we obtain
an induced identity of the shape

R ~ N N . N t;
(33) tio - tii—1 = t; .. -té = t;’ .. .t;’ii ="
,0 i—1 ,0 -1 Hjej Q]
where
(34) tij = f;’j forall ieZn0,i—1],
and
(35) ‘Q(-,vi,vi_l) — (a1 — a) log, a;| < Sk\/(ai_l — ') logy x

for each of the 3i factors in the triple i-fold factorization (33). Here we use
(iii) from the definitions of %4 and %,. Also, the uniqueness statement
in (i) allows us to deduce that b= fm-,l, b = fm-,l, b = fi,i,l. Putting
t=ti/]ljes Qj, we can expand

) 1
(36) > . Z > > I ( > )
Ti€ET; 3-fold posns. of Q; jET QJ
0iTi €61 factorizations

The superscript in the left-hand sum indicates that the sum is only taken
over 7; which correspond to the index set 7. The second right-hand sum
is over factorizations (33) corresponding to ¢ (which necessarily satisfy (34)
and (35)), and the third right-hand sum is over the original positions in (32)
of the Q;, before they were divided out to produce (33).

Now we estimate the innermost sum in (36). Observe that

Pic1=8ii-1bQ1+1, piqg=s; 0'Qa+1, qi1=25];,10"Q3—

are all prime. For each j € J, let n; be the number of distinct linear forms
among these which involve the prime @);. Since @); itself is also prime, the
sieve (Lemma 4) implies that the number of possibilities for Q; < z is <

z(logy )™ /(log )™ 1, and so

1 1 . 1 .
<« ——(logy, )"t = ————(logy )™ .
02 ;/12 Q] (log vi_l)nJ ( 2 ) (log .%')a n; ( 2 )
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We have };c 7nj =2+ x(i — 1), and so

1 1 5
H ( Z 62]) < <10gx)2ai—1+ai—lx(z‘_1) (10g2 ':U) :

JET Nzl

We insert this into (36). Note that the number of possible original positions
of the Q; is bounded by %71 < % <. 1. Thus, letting h(¢) denote the num-
ber of triple i-fold factorizations of the form (33) satisfying (34) and (35),
we find that

(7)1 1 6~ P(t)
(37> Z - <k 1t ai— Iy (i— (logZx) Z—
ret, t (o)XY Tl
0, 7€6, 1

For each value of ¢ that can appear here, we have that ¢ is squarefree,
supported on primes in (v, v;—1], and satisfies

|Q(t) — i(a'™t —a) log, z| < Ski\/(ai—l — at) log, .

(The last inequality is a consequence of (35).) For all such ¢, we have for
N :=#Tn10,i— 1],

h(t) < > (io Q(t) ) (1 = NYRO=ins2 )220,

0yererin yee e Ny UNH1

i; satisfies (35) for 0 SIS N
/L‘N+1::Q(t)_ZO§L§N il

here the multinomial coefficient accounts for the common portion of the first
two factorizations of (33), the factor ((i — N)?H7in+1) ? bounds the number
of possibilities for the uncommon portion, and the factor i%Y) bounds the
total number of possibilities for the third factorization (which is unrestricted
by (34)). A calculation with Stirling’s formula now shows that

h(t) < (i(i — N)l_N/i) () exp (Ok( logs x/logy )),

uniformly in ¢. Put

I:=i(a"" —a')logyx + 3/€2\/(ai_1 — ') logy x.
Then with
S = Z - = (a1t —a") logyz + O(1),
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the multinomial theorem gives us that
SJ

(38) Z h(tt) < exp (Ok( log, $1/10g213)) Z (i%(i — N)lfN/i)jf.

t 3 7
For large x, we have I < 28 < i2S(i — N)l_N/i, and so by Lemma 6,

A o NV T
(39) EZW@-M1WVQ<<&%_¥VMS>

- <
<1 J:

< exp (Ok(\/@))(ei(i — N)l—N/i) I

= (log z)(®@ ") (iFilog i) (i=N) log (i—N) (o'~ ~a%) +ou(1)

From (37), (38), and (39), we deduce that

1
(40) > T
TiET; v

0T €61

g (log x)(aifl—a")(i—&—ilogi)—2a'i*1+(z‘—N) log (i—N)(a' ' —at) —x(i—1)ai " +o5.(1).

)

we use here that there are only finitely many possibilities for 7, so that we
can drop the superscript (7) on the sum.
By (30), (31), and (40), we see that
x
(log $)2+O¢—Z:€:2 ((a"'—l—a"')(i—&-i log i)—20ﬂ'—1)

#60 < (log )™V

X<10gx)zf:2 (i=#2N[0,i-1]) log (i—#ZN[0,i~1]) ("' —a’) ="~ "x(i)a’ o Z 2

Sk

O'k-EGk

with the convention that 0log0 = 0. From (iv) in the definitions of %,
and %,, the final sum is 6% < 1. Also,

k
2+a—->Y ((o'=a)(i+ilogi) — 22" ")
i=2
k—1 '
=2-> a;a’ + (klogk + k)o* =2 — F(a) + O((klog k)a*) .
i=1
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Since F(a) < F(p) = 1, for sufficiently large k, this last expression is at least
1 — /2. So the desired upper bound on &y follows if it is shown that

(41)
k k—1
Z i—#IN[0,i—1])log (i —#ZN[0,i—1]) ('t —a') £ Z x(i)a'.
=2 1=0

For brevity, write M (i) :=i — #Z N[0,i — 1] = #Z°N[0,7 — 1]. Abel sum-
mation implies that for the left-hand side of (41), we have

k

> M(i)log M(i)(a'~" — o)

=2

k—1
< 3 (M(i+ 1) log M(i + 1) — M(i) log M(i)) o’
1

<.
Il

Suppose that 1 < iy <19 < --- <iy < k—11is alist of the elements of Z¢ in
1,k —1]. If 0 ¢ Z°¢ then

Z (M (i + 1) log M (i + 1) — M (i) log M (i)) o

L
= (a1 +1) “—Zal 1OC“+ZX
=2

’L'LQ

00 k—1 k—1
<a Z aial + Z x(@)a! £ o'+ Z x(i)a' = Zx(i)a’.
=1 1=1o =1y =0
If 0 € Z¢, then
k—1 L
> (M(i+1)log M(i+ 1) — M(i)log M(i)) o' < (a4 + 1)o
i=1 =1
k—1 k-1 k-1
<Y aal+ Y x(i)al <1+ 3w’ = ¥ x(i)a’
i=1 i=1 i=1 i=

So (41) holds in either case.
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This concludes the proof of the first half of Lemma 2. The estimate
for the number of solutions to ¢(n) = o(m) = o(m'), where (n,m,m’) €
By X By X By, is entirely analogous.

REMARKS. The term (log m)Ho(l) in Theorem 1 can be sharpened by

allowing k,a to depend on z in the above argument, or by using the fine
structure theory of totients from [7].

References

[1] P. Erd8s, On the normal number of prime factors of p — 1 and some related problems
concerning Euler’s ¢-function, Quart J. Math., 6 (1935), 205-213.

[2] P. Erdés, Some remarks on Euler’s ¢-function and some related problems, Bull. Amer.
Math. Soc., 51 (1945), 540-544.

[3] P. Erdés, Remarks on number theory. II. Some problems on the o function, Acta
Arith., 5 (1959), 171-177.

[4] P. Erdés and R. L. Graham, Old and New Problems and Results in Combinatorial
Number Theory, Monographies de L’Enseignement Mathématique, vol. 28,
Université de Geneéve (Geneva, 1980).

[5] P. Erd8s and R. R. Hall, On the values of Euler’s ¢-function, Acta Arith., 22 (1973),
201-206.

[6] P.Erdés and R. R. Hall, Distinct values of Euler’s ¢-function, Mathematika, 23 (1976),

1-3.
] K. Ford, The distribution of totients, Ramanugjan J., 2 (1998), 67-151.
] K. Ford, The distribution of totients, Electron. Res. Announc. Amer. Math. Soc., 4
(1998), 27-34 (electronic).
[9] K. Ford, F. Luca and C. Pomerance, Common values of the arithmetic functions ¢
and o, Bull. London Math. Soc., 42 (2010), 478-488.
[10] M. Garaev, On the number of common values of arithmetic functions ¢ and o below
(2010), preprint.
[11] H. Halberstam and H.-E. Richert, Sieve Methods, Academic Press (London, 1974).
[12] H. Maier and C. Pomerance, On the number of distinct values of Euler’s ¢-function,
Acta Arith., 49 (1988), 263-275.
[13] G. Martin, An asymptotic formula for the number of smooth values of a polynomial,
J. Number Theory, 93 (2002), 108-182.
[14] S. S. Pillai, On some functions connected with ¢(n), Bull. Amer. Math. Soc., 35
(1929), 832-836.
[15] C. Pomerance, On the distribution of the values of Euler’s function, Acta Arith., 47
(1986), 63-70.

Acta Mathematica Hungarica 133, 2011




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


