COUNTING PRIMES WITH A GIVEN PRIMITIVE ROOT, UNIFORMLY

KAI (STEVE) FAN AND PAUL POLLACK

For Greg Martin on his retirement.

ABSTRACT. The celebrated Artin conjecture on primitive roots asserts that given any integer g
which is neither —1 nor a perfect square, there is an explicit constant A(g) > 0 such that the number
II(x; g) of primes p < x for which g is a primitive root is asymptotically A(g)7(z) as z — oo, where
7(x) counts the number of primes not exceeding x. Artin’s conjecture has remained unsolved since
its formulation in 1927. Nevertheless, Hooley demonstrated in 1967 that Artin’s conjecture is a
consequence of the Generalized Riemann Hypothesis (GRH) for Dedekind zeta functions of certain
cyclotomic-Kummer extensions over Q. In this paper, we use GRH to establish a uniform version of
the Artin—Hooley asymptotic formula. Specifically, we prove that II(x; g) ~ A(g)z/logx whenever
log x/ log log 2|g| — o0, i.e., whenever x tends to infinity faster than any power of log (2|g|). Under
GRH, we also show that the least prime p, possessing g as a primitive root satisfies the upper
bound p, = O(log'?(2|g|)) uniformly for all non-square g # —1. We conclude with an application
to the average value of p, and a discussion of an analogue concerning the least “almost-primitive”
root.

1. INTRODUCTION

It is a classical result, due to Gauss, that the multiplicative group modulo a prime p is always
cyclic. That is, given any prime number p, there is an integer g whose reduction mod p generates
the group (Z/pZ)*; following tradition, we call such an integer g a primitive root modulo p. On the
other hand, if we start with a given g € Z, there need not be any prime p with ¢ a primitive root
mod p. For instance, g = 4 is not a primitive root modulo any prime, and the same holds for all
even square values of g.

The distribution of primes p possessing a prescribed integer g as a primitive root is the subject of
a celebrated 1927 conjecture of Emil Artin, formulated during a visit of Artin to Hasse (consult [1,
§17.2] for the history, and see [14] for a comprehensive survey of related developments). For real
x > 0 and integers g, let

II(x; g) = #{primes p < x : ¢ is a primitive root mod p}.

Let
G={g€Z:|g|>1,gnot a square}.

Artin’s primitive root conjecture predicts that for each g € G,
(z;9) ~ A(g)m(x), as z — o0, (1.1)
for an explicitly given constant A(g) > 0.

The conjectured form of A(g) depends on the arithmetic nature of g. For each g € G, let g; denote
the unique squarefree integer with g € g,(Q*)?, and let h be the largest positive integer for which
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g € (Q*)". Since g is not a square, h is odd. Put

[ )

alh ath
If gy =1 (mod 4), put

Ammzl—ummﬂjquE}f_z_l; (1.3

qlh
qlg1 qlg1

otherwise, set A;(g) = 1. Finally, put

Alg) = Ao(9)A1(9).
It is this value of A(g) for which Artin predicts the asymptotic formula (1.1).!

Artin’s conjecture remains unresolved. In fact, to this day there is not a single value of g for
which we can show even the weaker assertion that II(z;g) — 0o as © — co. (However, work of
Heath-Brown [9] implies this holds for at least one of g = 2, 3, or 5.) The most important progress
in this direction is a 1967 theorem of Hooley [10], asserting that the full asymptotic relation (1.1)
follows from the Generalized Riemann Hypothesis (GRH).?

Hooley states and proves his asymptotic formula for fired ¢ € G. Our main result makes the
dependence on ¢ explicit.

Theorem 1.1 (assuming GRH). The asymptotic formula II(x;g) ~ A(g)m(z) holds whenever
log 2/ loglog 2|g| — oo. More precisely, there is an absolute constant xy > 0 for which the following
holds: If g € G and x > max{xo, log*(2|g|)}, then

fi(s:g) = Alg)a(a) (140 (

log1 log log 2
0g ng+ 0g 1og |9|>) (1.4)

log x log x

The proof of Theorem 1.1, presented in §3, broadly proceeds along the same course as Hooley’s,
but care and caution are required to ensure the final estimate is nontrivial in a wide range of x and
g. In particular, the fact that the positive constant A(g) can be arbitrarily small causes substantial
complications.

Let p, denote the least prime p possessing g as a primitive root, where we set p, = oo when no
such p exists. Theorem 1.1 implies immediately that for all g € G,

Py < log”(2]g]), (1.5)

for a certain absolute constant B. Indeed, suppose that K is an admissible value of the implied
constant in (1.4) and fix any constant B > max{3, K'}. If z > max{xo,log”(2|g|)}, then

I(x; g) >1_K log log N log log 2]¢]|
A(g)m(x) — log x log ©
. 5 B Kloglog:ﬂ.
B log x

TArtin’s original 1927 formulation was missing the factor of A1(g). Artin realized the need for A;(g) after learning
of computations carried out by the Lehmers. See Stevenhagen’s discussion in [18].
2Here and below, GRH means the Riemann Hypothesis for all Dedekind zeta functions of number fields.
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The right-hand side is positive for large enough z, say x > x; = x1(B, K), where x; is a constant
that can be assumed to exceed . It follows that p, < max{z,,log”(2|g|)}, giving (1.5).

In our next theorem, we pinpoint a numerically explicit value of B.
Theorem 1.2 (assuming GRH). The upper bound p, < log®(2|g|) holds with B = 19.

Usually p, is quite small. For instance, p, = 2 whenever g is odd, while for even g, one has p, = 3
one-third of the time (whenever 3 | g + 1). Proceeding more generally, there are ¢(p — 1) primitive
roots modulo the prime p. So by the Chinese remainder theorem, for each fixed p a random g
satisfies p, > p with probability ], §p<1 — @) To make the term “probability” here rigorous,
we can interpret it as limiting frequency, with g sampled from integers satisfying |g| < z, where

T — .

This probabilistic viewpoint suggests a reasonable guess for the maximum size of p, when |g| < z.
While ¢(r — 1) /r fluctuates as the prime r varies, for the sake of estimating the above product on
r, we can treat the terms 1 — @ as constant. More precisely, there is a certain real number
0 > 1 such that

I1 <1 _ M) _ ook ag ks oo,

r
r<rg

where 7, denotes the kth prime in the usual order. (We prove this estimate as Lemma 5.1 below.)
Hence, one might guess that for a given k and x, the number of g, |g| < z, with p; > rj, is ~ 2x07".
(Here 2x approximates the size of the sample space of g values.) The expression 2297 is smaller
than 1 once k > ko(z) := lfog:;. It is therefore tempting to conjecture that max|y<, py is never
more than about py,(). (This argument is purely heuristic; it requires “pretending” that our
probabilities, which were given rigorous meaning only when fixing k£ and sending = to infinity,
can be interpreted uniformly in k£ and z.) This cannot be quite right, as p, = oo for even square
values of g | Nevertheless, it seems sensible to guess that p, < (log2|g|)(loglog2|g|) for all
g € G. If correct, this is sharp: In [15], Pomerance and Shparlinski report a a construction of
Soundararajan yielding an infinite sequence of positive integers g that (a) are all products of two
distinct primes and (b) are squares modulo every odd prime p < 0.7(log g)(loglog g).> These g
satisfy ps, > log (4g) loglog (4¢).

¢

This same perspective suggests that the

given by
5, = plp=1) I1 (1 - M) . (1.6)

P r

Taking this for granted and proceeding formally, E[p,] = >~ pd,. Using Theorem 1.2, we give a
GRH-conditional proof that this sum represents the honest average of p, over g € G.

‘probability” that a random integer g satisfies p, = p is

r<p

Corollary 1.3. We have that pr5p < 00. Furthermore, assuming GRH,

mh_{goi Z pg:;pép' (1.7)

9€3, |g|<z

Here 6, is as defined in (1.6).

3Here 0.7 can be replaced with any constant smaller than 1 /log4.
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(We divide by 2z, as there are 2z + O(x'/?) integers g € G with |g| < x.) There seems no hope at
present of proving Corollary 1.3 unconditionally: If p, = 0o for even a single value of g € G, then
the average becomes meaningless, and we know of no way to rule this out. Infinite values of p, are
not the only enemy: Having p, > zlog x for some g € G, |g| < x (along a sequence of = tending to
infinity) is enough to doom (1.7).

In an attempt to salvage the situation, one might tamp down the large values of p, by averaging
min{p,, 1 (z)} for a threshold function ¢. In our final theorem on p,, established in §6, we show
that this strategy succeeds for ¥ (x) = 2", for any positive n < %

Theorem 1.4. Fix a positive real number n < % Then

.1 )
i L S minlp, ) = 3
9€g, |g|<z p

Theorem 1.4 implies that any estimate of the shape max{p, : |[g| < z,9 € G} < 227¢ would suffice
to establish (1.7).

It would be interesting to prove Theorem 1.4 with a less stringent condition on 7, such as n < 1.
But a substantial new idea seems required to take n past 1/2. As we demonstrate in §7, the
problem becomes easier if we look instead at almost-primitive roots, by which we mean the integers
g which generate a subgroup of index at most two inside (Z/pZ)*.

The problems we have taken up about p, are dual to those classically considered for g,, the least
primitive root modulo the prime p. Burgess [2] and Wang [21] have shown unconditionally that
gp K pite for all primes p, while Shoup [17] (sharpening an earlier, qualitatively similar result of
Wang, op. cit.) has proved under GRH that g, < r*(1+logr)*log® p, where r = w(p — 1). Shoup’s
upper bound is of size log2+°(1) p for most primes p and is always O(log6 p). These pointwise results
are stronger than those known for py, but the story for average values is different. While g, is
conjectured to have a finite, limiting mean value as p varies (among primes sampled in increasing
order), this has not been established even assuming GRH. In fact, GRH has so far not yielded
a stronger upper bound for m(z)~' Y _ g, than (logz)(loglogz)'**(") (as & — o00). This last
estimate is due to Elliott and Murata [4_] In §4 of the same paper, Elliott and Murata propose a
precise value for the average of g,. Their theoretical expression is rather unwieldy and not easy to
compute with. However, extensive direct computations of g, by Andrzej Paszkiewicz (reported on
in [4]) suggest g, has mean value ~ 4.924.

2. NOTATION

We use standard notation for arithmetic functions throughout the paper. In particular, p is the
Mobius function, A is the von Mangoldt function, ¢ is the Euler totient function, and w is the
prime omega function, which, when evaluated at a nonzero integer n, returns the number of distinct
prime factors of n. We write (-/-) for the Kronecker symbol; often the “denominator” will be a
prime p, in which case (-/p) may be viewed as a Legendre symbol.

Throughout, the letters z,y, z,9,2,1m,60, p, K,Q, X,Y represent positive real variables, the letters
d,e, f,g,h,k,m,n, M, N stand for integer variables, and the letters p, ¢, r, ¢ are reserved for prime
variables. The integer part of a real number z, which is defined as the greatest integer not exceeding
x, will be denoted by |z|. We write ged(m,n), or sometimes simply (m,n), for the greatest
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common divisor of m and n. For a positive integer n, we denote by P*(n) the largest prime factor
of n, with the convention that P*(1) = 1, and by P~ (n) the least prime factor of n, with the
convention that P~ (1) = oc.

We will also adopt the standard Landau—Vinogradov asymptotic notation such as O, o, < and
> as well as the notation ~ from calculus. Given real-valued functions X,Y of a variable ¢ in
a certain range, the relations X = O(Y') and X < Y will be used interchangeably to mean that
there exists a constant C' > 0 such that |X| < CY for all ¢ in the considered range. Next, the
relation X > Y is equivalent to Y = O(X), and the relation X = o(Y) is interpreted as X/Y — 0
as t — co. And as usual, we write X ~ Y whenever X/Y — 1 as t — oc.

When it comes to prime counting, we denote by 7(x) the number of primes p < x, and by 7(x; d, a)
the number of primes p < x satisfying the congruence p = a (mod d). The prime number theorem
then states that 7(z) is well approximated by the logarithmic integral Li(z) := [, 1/log ¢ dt, which
is itself asymptotically equivalent to x/logz as x — oo. Finally, for any subset A C Z the indicator
function 14 of A is defined by 14(n) = 1if n € A and 14(n) = 0 otherwise. Analogously, we define,
for any logic statement P, 1p =1 if P is true and 1p = 0 if P is false.

3. A UNIFORM VARIANT OF HOOLEY’S FORMULA: PROOF OF THEOREM 1.1

The following lemma encodes the input of GRH to the proof. It will be of vital importance both in
this section and the next.

Lemma 3.1 (assuming GRH). Let g be a nonzero integer. For each real number x > 2 and each
d € N, the count of primes p < x for which

p=1 (modd) and ¢®»V?=1 (mod p) (3.1)

18

m(x) 2 i
QG vg) g O loellgldw)).

Here the implied constant is absolute.

Proof. Apart from making explicit the dependence on g, this result is well-known and present
already in [10]. Since dependence on g is crucial for our purposes, we sketch a proof. We first
throw out primes dividing dg; there are only O(log (|g|d)) of these, a quantity subsumed by our
error term. For the remaining primes p,

(3.1) holds <= 2% — g has d distinct roots over F,
«— 1 — ¢ factors over [F, into d distinct monic linear polynomials
<= p splits completely in Q((4, /).
To count primes up to x satisfying this last condition, we apply the GRH-conditional Chebotarev

density theorem in the form (20g) of [16] (in the notation of [16], take K = Q, E = Q((q4, {/9),
C' = {id}, and keep in mind that all primes ramifying in £ divide gd). O

We now turn to the proof of Theorem 1.1. We follow Hooley’s strategy, but keep a more watchful
eye on g-dependence in the error terms.

Let p be a prime not dividing g. For each prime number ¢, we say that p fails the /-test if
p=1 (mod /) and ¢» VY =1 (mod p);
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otherwise, we say p passes the (-test. Then g is a primitive root modulo p precisely when p passes
the (-test for all primes ¢. In particular, if we define

o(z;9) = #{p < x : p1{g,p passes all (-tests for £ < logz},

then
(x; g) < Ho(x;9).

For each squarefree d € N, let N; denote the count of primes p < x which fail the /-test for each
prime ¢ | d. These are precisely the primes p < z for which (3.1) holds, so that by Lemma 3.1 and
inclusion-exclusion,

Mo(w;g) = > pld)Ng

d: Pt (d)<log z

= 71(x) Z ,u(d)) T + O(wl/2 Z ,u(d)Qlog(|g|dx)). (3.2)

d: P+ (d)<log [Q(Ca. % ’ d: P+(d)<log z

The error term is readily handled: Each squarefree d with P*(d) < log x satisfies d < []
and there are 27 = exp(O(log x/ loglog r)) such values of d. Hence,

r<logx r=

2 p(d)’log(lglde) < = log(|g|e) - exp(O(log z/ loglog z)) < ¥ log|g|.  (3.3)
d: Pt(d)<log z

Turning to the main term, we extract from [10, pp. 213-214] or [20, Proposition 4.1] that for each
squarefree d € N,

dp(d) 2 if 2¢g; | d and g; = 1 (mod 4),

[Q(Ca, ¥/9) : Q) = =(d)ged(d, h)’ where e(d) = {1 otherwise.

(3.4)
(Actually, what Hooley computes in [10] is the degree of Q((q, 4/g), where d; := d/ gcd(d, h). But

this is the same field as Q((q4, /g), by Kummer theory, since the classes of g and ¢&d(d:h) generate
the same subgroup of Q(¢y)*/(Q(¢y)*)%.) From this, Hooley deduces in [10] that

p(d) B
zd: [Q(Ca, 9) : Q Alg), (3.5)

where the sum is over all d € N. We would like to plug this result into (3.2), but the corresponding
sum in (3.2) is restricted to (log x)-smooth values of d. The next lemma estimates the error incurred
by replacing the sum over all d by the sum over (log x)-smooth d.

Lemma 3.2. We have

p(d) p(h) loglog2|g|
2 [Q(Cd,w):@]<< h logz (3.6)

d: Pt (d)>logx
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Proof. If ¢y #1 (mod 4), then
p(d) _ (d.h) _ (£, h) (d,h)
2 W@, "V 2 hn, 2 M

d: Pt (d)>logx

{>log x r<t
rth rlh
(6, h) p(h 1
— 1+-. .
< > =1 11 + - (3.7)
{>log r|h
r>0

Each r appearing in this last expression has r > log x. Furthermore,

1 1 1 log h
1+-) < )< 1] < 1 )
H ( + r) _exp( Z 7’) = OXP (logx Z ) = OXp (log:r-loglogx> <1, (38)

rlh rlh rlh
r>log x r>log x r>log x

noting that

log |g] 3
log®(2|g]) < 3.9
< g2 <log®(2]g|) <z (3.9)

in the last step. Hence, [, ), ,»,(1+1/r) <1, and

1 h 1 1
0 )H(“Fk# 2 it 2@

{>log x {>log x {>log x
r>0 €|h “h
h log h 1
< 2 ogh
h log rloglogx  logx

w(h) loglog2]g|
h log

(3.10)

where we take from (3.9) that logh < loglog2|g|. The assertion of Lemma 3.2 now follows from
(3.7) and (3.10), when ¢g; Z 1 (mod 4).

When ¢g; =1 (mod 4), the argument is similar, but the details are slightly more involved. In this

case,
ne) (d,h) (d,h)
= pld)——— + puld)Z——=.
d: P+(Z¢l):>log:v [Q(Cd’ \/g) ’ Q] d: P+(Zd):>logm d(p d) d: P+(ZJ):>logm ng d)
2g1|d

The first right-hand sum appeared earlier and was shown to be O(“"(h M) (see (3.7) and
og@

following). To finish off the lemma, it suffices to show that the second right-hand sum is bounded
by this same O-expression. We rewrite

(d,h) (4, h) (d,h)
> opld) A== Y e Y () (3.11)
d: Pt(d)>logx dip d) £>logx &0(6) d: Pt(d)<¢ dip d)
2g1|d 2g1|¢d

The right-hand sum on d is empty if 2¢;/(2g;, ¢) has a prime factor p at least ¢. Indeed, in that
case the condition 2g; | ¢d forces p | d, contradicting P*(d) < £. In all other cases, letting r denote
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a prime number,

(d.h) _(rh) _(rh)
S o= I -2 (-2

d: P+ (d)<t 29 r<t

2g1€d " (291,5) TT‘(QQggll,é)
Keeping in mind that h is odd, we observe that TE:E) < 1 for each prime r, so that TE:E) <1- Tg:f%)
Therefore,
( : 1 p(h) 1
- < 1— 14+ -
> n g0>H )—H —) <5 1 {1+5)
d: Pt (d)</ r<t r<t r|h
2¢1 |¢d Tlh r>0

and referring back to (3.11),

( w(h) 1
> g < ¥ gy e ()
d: P+(d)>log:c >log rlh
2¢g1|d r>0

To conclude, recall that the right-hand side was estimated as O(£ %h) %g%ﬂ) already in (3.10). O

From (3.2) and (3.3), we have Iy(z; g) = m(z) (3, 1(d)[Q(Ca, /9) : QI7) + O(23/°log |g|). Using
(3.5) and (3.6) to handle the sum on d, we arrive at the estimate

lo(r19) = Alg)r(z) + O (ALNBEAI ) g ). (3.12)
Our next lemma puts the error term in “multiplicative form”.
Lemma 3.3. We have
y(z; 9) = A(g)m(x) (1 +0 (%)) . (3.13)

Proof. Notice that Ag(g), as defined in (1.2), satisfies Ag(g) < @(h)/h. Recalling the definition
(1.3) of A;1(g) in the case when g; =1 (mod 4), we see that the subtracted term in (1.3) always
has absolute value at most 1. In fact, that absolute value is at most 1/3 unless g; = —3, in which
case (1(|g1|) = —1. Hence, 2 < A;(g) < 2, and

w(h)

A(g) = Ao(g)Ai(g) < T

Furthermore, h < x (see (3.9)), so that

h
% < loglog 3h < loglog x,

while (again from (3.9))
log|g| < &/ = 23/8 Jx1/?,
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Therefore,

@(h) loglog2[g| = 45 loglog2|g| | (h/p(h))log|g|
2 (g - —=—o 1 A

log x gl/24

log log 2 log1
< Alg)n(a) ( og log 2|g| | log ogx)

loglog 2|g|
logz

The assertion (3.13) of Lemma 3.3 now follows from (3.12). O

< A(g)m(x)

Next, we investigate the difference Iy(x; g) — II(z; g). If the prime p < x is counted by Iy(x; g) but
not [I(z; g), then p passes the (-tests for all £ < logz but fails the /-test for some ¢ > logx. Set

vy =logz, x5 =1"*(logz) *(loglg])™", x5 =a'*(logx)*log|gl,
and put

[1 = (x17x2]7 [2 = <x27x3]7 I3 = (3:37OO>-

For j € {1,2,3}, let E; denote the count of primes p < x, p{ g, which fail the ¢(-test for the first
time for an ¢ € I;. Then

o(z; 9) > H(x; g9) > (x5 9) — By — Ey — Es. (3.14)

We proceed to estimate the E; in turn.

Lemma 3.4. We have

loglog?2|g| loglogx
Ey < A(g)n(x) ( logx‘ | + ogr ) (3.15)

Proof. Recall that for a prime ¢, we are using N, for the number of primes p <z, p =1 (mod ¢),

for which g~/ =1 (mod p). Invoking Lemma 3.1, and keeping in mind that [Q(¢, /g) : Q] >
(%/(€,h) by (3.4), we find that

E < Z N, < Z <W($>% + /2 log(]g]&r))

lely ZEIl
1 1
<<7r<$>< 2 @t 2 z) +o'/2log(|gr) - m(as).
{>logx €>1‘ogx
L h

Since h < z and log h < loglog 2|g],

1 1 1 1 log h loglog 2
Z_+Z_<< 4 og < oglog 2|g]|
2 l logz -loglogx ~ logx loglog x log z - log log x

{>logx {>logx
£k

_ ¢(h) (h/e(h)loglog 2|g| p(h) (loglogxloglog2|g|\ _ ¢(h)loglog2|g|
<
h logx loglogx h logx loglogx h log x

)
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so that

o 3 ke 3 1) watnin 222

€>1ogx {>logx
Lk

We are assuming that z > (log2|g|)®. Hence,

zo > 2Y%(log )2 > 27 (3.16)

for all x exceeding a certain absolute constant, and log zy > log x. Thus, 7(z2) < z3(logx)™! =

#'(log ) *(log [g]) ", and
log [g|>
V2 log(|glz) - 7(xs) € ——— PRy E P
(lgle) - ml22) < fog o Toga] (log z)2log ]

m(x) _ p(h) h/e(h) log log «
< log x :TW(I). log < Alg)n(z) logx

(log |g|r) < m(z)

Collecting our observations yields (3.15). O

Lemma 3.5. We have

loglogz  loglog2|g
E2<<7r(:E)A(g)( log 2 + log:vl | : (3.17)

Proof. Let ¢ be a prime dividing h. Then every prime p = 1 (mod ¢), with p not dividing g,
satisfies

gP V%=1 (mod p),
as g is an /th power. Hence, in order for a prime p (not dividing ¢) to pass the (-test, it must
be that p Z 1 (mod ¢). By assumption, the primes counted in F5 pass the (-test for all ¢ < x,
and hence for all £ < 2'/7 (see (3.16)). So if we let i’ denote the 2'/"-smooth part of h, then each
prime p counted in Fs has (p — 1,h') = 1. Since p also fails the (-test for some ¢ € I,

EZSZ Z 1.

Lely p<z
(p—1,n")=1
p=1 (mod ¢)

Each prime p counted by the inner sum has the form p = 1 4+ ¢fm. Here 0 < m < z/¢, and m

avoids the residue classes 0 mod r for all primes r | h, r < /7, as well as the residue classes of
—1/¢ mod r for each prime r < . Moreover, for each £ € I,, we have ¢ > x5 > 2'/7 as well as

x/l > x/x5 = 19 > 2'/7. Applying Brun’s sieve,
T I+ 1n x () p(h) 1
1< - -2 « AN 14+-).
2 <<£H< - ><<€10ng< 7“)<<€ !
p<z r<gl/7 r<al/7 r>zl/7
(p—1,n")=1 a rlh r|h
p=1 (mod ¢)

(Here and below, “Brun’s sieve” can be taken to refer to Theorem 2.2 on p. 68 of [8].) We have
from (3.8) that the final product on r is O(1). Thus,

©o(h) 1 o(h) (loglogz loglog2|g|
1 ) -
Z Z < () h Z 14 < m(z) h log @ * log = ’
ZGIQ pgz EEIQ
(p—1,n")=1

p=1 (mod ¢)
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using Mertens’ theorem [13, Theorem 2.7(d)] to estimate the sum on ¢. Recalling that A(g) <
©(h)/h, we obtain (3.17). O

Lemma 3.6. We have

log log x
B3 < Ag)n(z) - %.

Proof. Each p counted in Ej3 has ¢?®~9/¢ =1 (mod p) for some ¢ > x3. Thus, the multiplicative
order of g mod p is smaller than z/x3 = 25, and p divides ¢" — 1 for some natural number m < z.
The number of distinct prime factors of g™ — 1 is O(mlog|g|), and so

x
E; < log|g] m < x5log |g| = :
T,;Q ? (log" z)(log |g])
In particular,
m(z) _ o(h) h/e(h) log log «
E. =1 LKA = 1
3 < log h () log x < Alg)n(z) log x (3.18)
as desired. 0

Combining (3.13), (3.14), (3.15), (3.17), and (3.18),

loglogz  loglog 2|g|
+ .
log x log x

f(s:9) = Algha(a) (140 (

This completes the proof of Theorem 1.1.

4. AN EXPLICIT UPPER BOUND FOR THE LEAST ARTIN PRIME p,: PROOF OF THEOREM 1.2

Now we turn to the proof of Theorem 1.2. We may assume that |g| is sufficiently large. Let
z = log? |g| with B = 19, and put W = [Iocp<tog. - Denote by S the set of primes p < x with
(9/p) = —1 and ged(p — 1, W) = L.

First of all, let us estimate the number of elements in S. We observe that

#5=5 S U-()=5 X (- (9/p)+0%l)
p<z, plg p<z
(p—1,W)=1 (p—1,W)=1

By inclusion-exclusion, we have

S A=(g/p)=>_(1—(9/p) > ud)

(-1 )=1 e i
=> pud) > (1-(g/p))
aw p<z
p=1 (mod d)
= ul@n(;d, 1) = p@d) Y (9/p),
d|w djw p<z

p=1 (mod d)
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where 7(x;d, 1) denotes the number of primes p < x with p =1 (mod d). Hence,

Z“ m(w;d, 1) Z“ > (g/p)+O(loglgl),

d|W d|W p<z
p=1 (mod d)

since w(g) < 2loglg|. To estimate the first sum above, we appeal to [13, Corollary 13.8], the
GRH-conditional prime number theorem for primes in arithmetic progressions, to obtain

> p(dym(zid, 1) = p(d) (% +0 (z/?log x)) = Ao(g)Li(z) + O (278" 2 1og z)
dlw dlw

= Ag(g)Li(x) + O (/2+V)

where

In addition, we can rewrite

> = 5 > S xtotoln)

p<z X (mod d) p<z
p=1 (mod d) ptg

by the orthogonality relations of Dirichlet characters, where the outer sum on the right-hand side
runs over all Dirichlet characters x (mod d). It follows that

#SZA __ZMZ S Y x@)g/p) + O (2240 (4.1)

d|w (mod d) p<z
plg

To estimate the triple sum in (4.1), we recall that Q(\/g) = Q(y/g1), where g1 # 1 is the
unique squarefree integer with g;(Q*)* = ¢g(Q*)?. Let A be the discriminant of Q(y/g1). Then
(9/p) = (A/p) for all odd primes p not dividing g. For these primes p, x(p)(g/p) can be viewed
as the value at p of a character ¢, , (mod |Ald). The character v, , is non-principal unless y is
induced by the primitive character (A/-) (mod |A|). For that to occur, one needs A | d; in that
eventuality, to each d there corresponds exactly one character xy (mod d) for which 1, 4 is trivial.
All of the d appearing above are odd, squarefree, and divide W, so in order for A to divide d we
need A to be a squarefree divisor of W. This forces A = gy =1 (mod 4) and requires that g; | .
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By [13, Theorem 13.7], the GRH-conditional estimates for character sums over primes, we have

—Z“ S S xw)(g/p) = Z’“‘ (Lgsja - Lajter 1 Li(2) + O (p(d)z/* log(dw)))

d\W X (mod d) pp?x d|W

14|(91_1)791|W : M(d) m(logx),.1/2
:#IA(Z‘) Z ——+0(2 (log @) 1,1/ log )

Lyjgi—1).qw  p1(g1)
2 ©(g1)
)
)

_ L@n.aw sl Lir) ] (1 - i 1) 10 (212

Lir) 3 9 o (/e

where

—1
- 1(g1) 1 -1
Ai(g) =1 =Ly -n.aw——]] (1 - —) =1 — Ly(gi-1), 9w :
) _ 1 1 » 91
©(g1) o q

Inserting this estimate in (4.1) yields

Ap(g)A
#S = —0(9)2 1(9) Li(x) + O (x1/2+0(1)) . (4.2)
It is worth noting that

o= 11 (-5)- I (-2) L (-5 6’

2<q<logz 2<q<logz 2<gq<logz

1 2C5e™7
_ 1 i O 026
log log x log log x

by Mertens’ theorem [13, Theorem 2.7(e)], where v = 0.577215... is the Euler-Mascheroni constant,
and that

g = A;(—15) < Ay(g9) < A (=3) =2,

D) 0-2) T it)

q>2

where

is the twin prime constant. Thus, the main term in (4.2) is of order Li(x)/loglog x.

Next, we estimate the number of p € & modulo which ¢ is not a primitive root. To this end, we
count those p € § which fail the /-test for some ¢ > logx. Such an /¢ falls necessarily into one of
the following four intervals:

‘]1 = (10g$7yl]a JZ = (y17y2]7
J3 = (y%xa]’ J4 = (xa7oo)7
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where o € (10/19, 1) is fixed, and

21/2

- 1/2—1/10g10gm'
(log |g|) log®

Y= Yg =T

We start with J;. Suppose first that ¢ { h. Applying Lemma 3.1 as in the proof of Theorem 1.1,
with the asymptotic relation m(z) ~ Li(z) in mind, we see that the count of p € S that fail the
(-test for some ¢ € J; is

< Z <L€(2 7) + /2 log(|9|€x)> < Li(x) Z g%+xl/2ﬂ(y1)log(|g\) - L;@)j

£>log x

which is negligible compared to the main term in (4.2). In the case where ¢ | h, we observe that a
prime p € S failing the ¢-test satisfies p =1 (mod ¢) and ged(p — 1, W) = 1. For each ¢ € Ji, the
number of such p < x is

1w +1
1/3 13 |~ _ Lgw q#L
Y 1<y > 1< +£H(1 —)

p<x m<x/l q<z1/3 q
p=1 (mod Z) (m,W)=1
(p—1,W)= P~ (tmA41)>z1/3

o) (-

qw q§w1/3 4
q#L
Li(x)
lloglog x’

by Brun’s sieve. Summing this on ¢ > log x with ¢ | h gives

L 1
Z Li(z) Z 1 < i(z) . _logh
logloga: o f 1ogx log logm - (logx)loglogz loglogx
- e|h

Since h < log|g| = #/B, this is <« Li(z)/(loglogz)?, which is also negligible compared to the
main term in (4.2).

Moving on to Jy, we seek to bound the number of primes p € S failing the /-test for some
¢ € Jy. Such a prime p certainly satisfies p < z, ged(p — 1,W) =1, and p = 1 (mod ¢). Using
inclusion-exclusion and invoking [13, Corollary 13.8] again, we find that for each ¢ € J;, the number
of such p is

Z 1= Zu m(x; ld, 1) = Zu(d) <SIOJE(£?) +0 (a:”ﬂog:v))

p<z dw d\w
p=1 (mod ¢)

_ Li(z) Z p(d) L0 (27r(logz 1/2 log x)

_ Aol9)

=71 Li(z) + O (2”(1"”%1/2 logz) .
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Summing this on ¢ € .J; shows that the number of primes p € § failing the (-test for some ¢ € J; is

Z (?OT(gfLi(x) +0 (2”(10“)\/510,@; x))

leds
log y» 1 .
= |1 w(log z)
< o log 11 O (log y1>) Ao(g)Li(z) + O (2 7(y2)vx log z)
- = ! A —(1—log 2+40(1))/ log log x
= <lOgB—2+O<loglogx))A0(g) i(z) + O (' )

~ (105525 +0 (s ) ) Ao,

where we have made use of Mertens’ theorem in the first equality and the prime number theorem
and the relation z = log® |g| in the second equality.

Now we turn to J3. As in the treatment of J;, we shall only use that a prime p € S failing the
(-test satisfies p =1 (mod ¢) and that ged(p — 1, W) = 1. However, [13, Corollary 13.8] loses its
strength in this case, for most £ € J5 go way beyond z'/2. To get around this issue, we resort to
the following “arithmetic large sieve” inequality due to Montgomery (see [12, Chapter 3] and [5,
§9.4]) to obtain an asymptotically explicit upper bound for the number of primes p < z satisfying
p=1 (mod ¢) and ged(p — 1,W) = 1, rather than pursue an asymptotic formula for this count.

Arithmetic large sieve. Let Q > 1. To each prime p < Q, associate v(p) < p residue classes
modulo p. For every pair of integers M, N, with N > 0, the number of integers in [M + 1, M + N]|
avoiding the distinguished residue classes mod p for all primes p < @) is bounded above by

N +@? v(p)
,  where J:= .
J IR )

By the arithmetic large sieve, the count of p < x corresponding to a given ¢ € J3 is at most
-1

x T\ 28 v(q
S50 2 eI (43)
<zl ¢ ¢ <(z/0)8 q—v(q)
m<zx n<(r qln
(m,V)=1
P~ (tm+1)>(z/0)?

where f = (z) = 1/2—1/1loglog z, V is the product of all odd primes not exceeding log z/ log log z,
and v(q) = 1,v+1. Here we have exploited the facts that V' | W and that (z/¢)? < { for every ¢ € J.
To handle the sum on the right-hand side, we observe that V = x(1Tol))/loglogz — (5, /7)O0(1/loglog)
and that

Z:umfnﬁ_y

n<(z/0)P qln d|v qld

ORRNTCOG | Pl BECEY

m<(z/0)P |V qlm
(m,V)=1

It is easy to see that

STl T ts) - (o (BRI (%) o0

d|v qld qlv
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In addition, we have

9 m)? V m
Z u(m) qulz Z p(m) Z¢§/) Z p(m)

m<(x/0)8 )V qlm m<(x/€)8 )V m<(z/0)P )V
(m,V)=1 (m,V)=1

where the last inequality follows from

p(n)? p(d)? p(m)?
s (S4h)( 2 )

= v(n)

and

for all z > 1 and a € N. Since an application of [13, eq. (3.18)] yields

3 % > 10 (% 10 (logllog:c>) log /1),

m<(x/0)8 )V

we obtain

S w2 = (540 (s ) )y ostar

m<(z/0)P )V qlm
(1 logloglogxz\\ p(W)
= <2 + 0 < )) W log(z/?).

(m,V)=1
log log x

Inserting this estimate and (4.5) in (4.4) yields
5 v(q) - 1 logloglogz\ '\ ¢ (W) 2
i VA sl 1 14+ ——
Z #n) H q—v(q) — (2 +0 log log x w og(/{) H * q—2

n<(z/€)8 qln qW
_ 1 40 log log log
2 log log x

) Aoto) " owta/),

Combining the above with (4.3), we find that the count of p < x corresponding to a given ¢ € Jj is
at most

log log log ~ x log log log - Li(z)logz
2 BOBOBTN ) Ag(g) = (2 BOB08T N ) y(g) ) 08T
( +0 < log log x )) 0<g)€10g(m/€) < O ( log log = o(9) llog(z/0)

Summing this on ¢ € J3, we see that the count of p < x in consideration is at most

log log log ~ ) 1
2 —————— ] ) Ap(g)L 1 —_.
( +0 ( loglog >) o(9)Li(z) ngéeZJ Clog(x/0)
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By Mertens’ theorem and partial summation [13, eq. (A.4), p. 488], we have

2 Elogtx/ﬁ) N /J log(lx/t) d (; %)
= |, wtonaer " . s (O (é))
1 @ du 1
" logx /1/2—1/10g10g:c u(l — u) o ((1ogx)2)

1 /a du L0 1
~ logx 12 w(l —u) (log ) loglog =

o) 1 1
=1 O .
(Ogl—aJr (loglogx))logx

Hence, the count of p < x in consideration is at most

<2 log - = ~+0 (M» Ao(g)Li(x).

log log x

Finally, it remains to estimate the number of primes p € § failing the /-test for some ¢ € J;. For
each such p, the order of g mod p is smaller than z'~%. Thus, p | (¢™ — 1) for some positive integer
m < z'7*. The number of distinct prime factors of g™ — 1 is O(mlog |g|). Hence, the number of
primes p € S failing the /-test for some ¢ € J; is at most

Z mlog |g| & g2 log ’g’ — g2 2a+1/B

mgxl—a

Since a € (10/19,1), we have 2 — 2a + 1/B < 1. Thus, 2?"**log |g| is of smaller order than the
main term in (4.2).

Putting everything together, we deduce that the number of p € S having g as a primitive root is

at least
Ai(g) - A :
( 5 log 55" 2log T +0(1) | Ao(g)Li(x).
Since A;(g) > 2/3, our choice of B guarantees that
Ai(g)
—log —— —21 > - —1 —21
5 B 08T 5 s og —— >0,

provided that € (10/19,1) is sufficiently close to 10/19. This proves that p, < x = log” |g| with
B = 19 for sufficiently large |g|.

Remark. Since A;(g) > A;(21) = 4/5 for g > 1, the proof of Theorem 1.2 shows that the exponent
B =19 can be improved to 16 if we focus merely on positive g € G. Besides, if we write g = gym?
with ¢, € Z squarefree and m € N, then A;(g) = 14 o(1) whenever |g| is sufficiently large, provided
that m? = o(|g|) or g1 # 1 (mod 4). Consequently, our proof of Theorem 1.2 yields p, < log'*(2|g|)
for these g € G. In particular, this inequality holds for all squarefree g € G.
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5. THE AVERAGE VALUE OF p,: PROOF OF COROLLARY 1.3

We remind the reader that r is always to be understood as representing a prime number. We let
ry = 2,1y = 3,r3 =5,... denote the sequence of primes in the usual increasing order.

Lemma 5.1. For a certain constant o > 1, we have

I1 (1 _ M) _ ok gk oo,
r

r<rg
Lemma 5.1 and the prime number theorem together imply that

IT (1= 222 = exp- 2+ o)t 1/ 06, 51)

as y — oo. We make repeated use below of this form of Lemma 5.1.

Proo f of Lemma 5.1. We will prove the lemma for a constant g constructed in terms of the moments

1
of £r=1)
r—1

We start by observing that £ (T b <
(r—1) (r—1) __ 1
Odd7 < £ = Hp‘rfl (1 — 5)

for all primes r. This is clear for r = 2 while when r is
. " < 5. Now for each real 6 with |§] < £, and each positive
integer M, we have log(l —0) = — ngM — + O(27M). Thus, if we deﬁne Lj by the equation

HTSrk(l - @) = eXp(—Lk), then

L= % 3 <M)m + 0@ M),

Here M is a positive integer parameter at our disposal.

Continuing, note that (cp(?";l))m — (‘pi’":ll))m < + for all primes r and all positive integers m < M.
Hence, for all £ > 2,

=) - Z ( :__11 ) +Ou (Zr—l) + 0@ M)

m<M r<rg r<rg

Z Z ( elr = 1) ) + On(loglogry) + O(2~Yk). (5.2)

r—1
m<M r<ry
According to Lemma 4.4 of [19], if we set

o= TL(1- 2200, (5:3)

p

then

) <%> = 0ti/ log g + Op (71 /(logT4)?).

r<rg
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(In [19, Lemma 4.4], the moments of p(r —1)/(r — 1) are estimated excluding = 2; including r = 2
does not change the asymptotics.) By the prime number theorem with the de la Vallée-Poussin
error bound,

Omrr/10g T + Op(re/(logri)?) = 0w (%) + Op(ri/(log ri)?)
= ko, + O (k/logk).

Substituting into our earlier expression (5.2) for Ly yields
Li=k Z — 4+ On(k/logk) + 02 ME). (5.4)
m<M

Inspecting the product definition (5.3) of o,,,, we see that 0 < g, < 27" for each positive integer
m. (Note that the p = 2 term in (5.3) is precisely 27.) It follows immediately that ) '~ | 2=
converges to a positive number gy, say. Dividing (5.4) through k& and sending k to infinity, we find
that both lim sup,_,., Li/k and liminf,_,, Ly /k are within O(2=M) of > m<nr Om/m. Sending M
to infinity, we conclude that limy_ o, Li/k = po. That is, -

L= (1+0(1))kpy, as k— oc.

So if we define p := exp(go), then

r—1
H (1 . o - )) = exp(—Ly) = Q7(1+o(1))k7
r<rg

as desired. 0

Put L = logz/loglogz. Let 6, be defined as in (1.6), and set M, = [[,, 7. Then p, = p precisely
when g belongs to one of d,M, residue classes modulo M,,. Since M, < 37,

#{g: |g] <z :py=p}=20,x+0(3").

As #[—z,2]\ G < 22 it follows that

dpg=>p> 1=>p (Zl>+0(xl/2)

9€g p<L g€gG p<L lg|<z
lg|<z lg|<z Pg=p

po<L Pg=p
=2 Zp(5p + O(ZP(BP + xl/Z))

p<L p<L
=2z pd, + O(z'°L?). (5.5)
p<L

We now extend the sum on p to infinity, using Lemma 5.1 to estimate the resulting error. By (5.1),

8, = wﬂ (1 _elr =) ) <1I ( elr = 1)) = exp(=(1 + o(1))(log 0)p/ log p),

r<p r<p
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where the final estimate holds as p — co. Consequently, if we fix ¢ = %log o (for instance), then
d, < exp(—cp/logp) for all primes p, and

Zp5 < exp ( — —L/ log L) < exp(—(log x)1+o(1))'

p>L
Referring back to (5.5), we deduce that

> py= QxZ pd, + O(x exp(—(log z)'°M)). (5.6)

geg
lg|<z
pgSL

Next, we bound the sum of the p, taken over g € G, |g| < x, having p, > L. If p, > L, then ¢
belongs to one of ¢ M residue classes mod M, where

M::Hr, and 5:—H<1—@).
r<L r<L
The number of such g with |g| < 2 is < &(x + M) < &z, noting that M < 3% = 2°). By another
application of (5.1), £ < exp(—cL/log L). (All of this is being claimed for large enough values of
x.) Thus,
#{g:|g| <x,p;>L} < xexp(—cL/log L), (5.7)
so that by Theorem 1.2,

> 0o < (maxp)#{g: lg| < x.p, > L}
9€9 lg|<z

lg|<z
pg>L

< (logz)*(z exp(—cL/log L))
< zexp(—(log z)ToW),
Putting together the contributions,
Z py = 2x Zpé + O(z exp(—(log z)ToM)).

geg
lg|<z

Corollary 1.3 follows because the function in (1.7) is > pd, + O(exp(—(log x)He)y),

6. AN UNCONDITIONAL TAMED AVERAGE: PROOF OF THEOREM 1.4

Our main tool for this proof will be Montgomery’s “arithmetic large sieve” inequality introduced in
Section 4. Using Montgomery’s sieve, Vaughan showed [19, eq. (1.3)] that for every pair of integers
M, N with N > 0, we have p, < N'/2 for all g € [M + 1, M + N] apart from O(N'?(log N)'~)
exceptions, where « is an explicit positive constant (see [19, eq. (1.4)] for its precise definition).
Earlier Gallagher [6] had shown such a result with 1 in place of 1 — «. The next proposition implies
that N'/2 can be replaced by a large power of log N, if one is willing to slightly inflate the exponent
1/2 on N in the size of the exceptional set.

Proposition 6.1. Let M, N € Z with N > 100. LetY be a real number satisfying

logloglog N )

log? N <Y < log N
©8 - _exp(og log log N
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The count of integers g in [M + 1, M + N]| with p, >Y does not exceed
loglog log N
NY2exp [ O ( log N280808 ) exp(ulogu),
log log N

1log N
2logY "’

where u ;= Here the O-constant is absolute.

Note that if Y = log™ N for a fixed K > 1, then the upper bound in the conclusion of Proposition
6.1 assumes the form N31+H1/K)+e) a9 N — 0.

Proof of Proposition 6.1. We may assume N is sufficiently large. We apply the arithmetic large
sieve from Section 4 with @ = N'/2, taking v(p) = p(p—1) for p <Y, and v(p) =0 for Y < p < Q.
It suffices to show that with these choices of parameters, the denominator

1= % e [IEE (6.1

n<N1/2 pln
PT(n)<y
in the sieve bound satisfies
log log log N
J > NY%exp (O (log N%)) - exp(—ulogu). (6.2)

Let R be the number of primes p € [1Y,Y] for which the smallest prime factor of 25 exceeds Y/°.
By the linear sieve and the Bombieri-—Vinogradov theorem, R > Y/(logY)2. (This application of
the linear sieve is ‘isomorphic’ to the one described at the start of [3, Chapter 8|. Here 1/5 may
plp—1) _

be replaced by any constant smaller than 1/4.) Let p be one of these R primes. Then o~

%Hflp—L roo(1=1/0) > $(1 —y=1/5)* > 2/5 (for instance). Hence, @ > 1, and pffap(;i)l) > 1
Let ug = [log(N'/2)/log Y| (so that ug = [u], with u as in the statement of Proposition 6.1). By
considering the contribution to the right-hand side of (6.1) from products of ug distinct primes p

of the above kind, we see that J > 270 (ﬁ) Now R > Y/(logY)? > (log N)3/? > ug. Since

(0)- I )

for each pair of integers n, k with n > k > 0, we conclude that

: (R) > (R/2u0)" > (R/2)" exp(—ulogu).

210 \ g

Furthermore, using again that R > Y/(logY)3,
(R/2)" > (R/2)"' 2 Y" ' (2(log Y)*) ™ = N2y !(2(log Y )*) ™.

The assumed bounds on Y ensure that Y ~!(2(log Y)?)™* = exp (O (log N%) > Our desired

lower estimate (6.2) then follows by combining the last two displays.

Proof of Theorem 1.4. Fix K > 2 withn+3(141/K) < 1. We start by estimating the contribution
of g € G, |g| < z, having p, < log™ (3x).
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Let L = logx/loglogx. We showed in (5.6) that (as x — 00)
Z pg =2z Zp(SP + O(z exp(—(log z) M),

9€g, |g|<z p
pgSL

Furthermore (see (5.7)), the count of g € G, |g| < x with p, > L is O(zexp(—cL/log L)), where
c= %logg > 0. Hence,

> py < log(3x) exp(—cL/log L) < wexp(~(log) +).
9€g, lgl<w
L<pg<log (3z)

Combining the last two displays,

E min{p,, 2"} = E py = 2x E pd, + O(x exp(—(log z)remyy,
9€g, lg|<z 9€g, |g|<z P
pg<logX (3z) pg<log” (3z)

as r — 0OQ.

Therefore, the proof of Theorem 1.4 will be completed once it is shown that

Z min{p,, ="} = o(x),

9€9, lgl<=z

pg>logK(3x)
as © — oo. For this we apply Proposition 6.1. Choose M and N with M + 1 = —|z] and
M+ N = |z]; then [M +1, M + NJ is the set of all integers g with |g| <z, and N =2|z|+1 < 3.
Thus, if p, > log™ (3x), then Dy > log™ N. By Proposition 6.1, the number of such g, |g| < z, is
at most z2(1+1/K)+e() Tt follows that the sum appearing in the last display is bounded above by
2" - 22K o() which is o(z) by our choice of K. O

Remark. Our proof of Theorem 1.4 does not make essential use of the restriction g € G: If we
average min{p,, "} over all integers g with |g| < x, the same arguments show that the limit is
again Zp pd,. For this unrestricted average, % is a natural boundary for n, in that even, square
values of g will send the average of min{p,, x%“} to infinity for any fixed € > 0. One might hope
to push 7 past % after restoring the condition that g € G, but it is not clear how to work the

restriction of g to G into the proof of a result like Proposition 6.1.

7. ALMOST-PRIMITIVE ROOTS

Recall from the introduction that ¢ is called an almost-primitive root mod p when ¢ generates a
subgroup of (Z/pZ)* of index at most 2. Define p} analogously to p, but with “almost-primitive
root” in place of “primitive root.” We then expect that

p, < oo for every nonzero g € Z. (7.1)

This seems difficult to establish unconditionally, but it can be seen to follow from GRH by a
modification of Hooley’s argument. As we are not aware of a reference, we include a short
GRH-conditional proof of (7.1) at the end of this section.

Our final main result is an upper bound on the frequency of large values of py.

Theorem 7.1. For all x > 2, there are O(log® x) integers g, |g| < x, with py > log* .
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Most of this section will be devoted to the proof of Theorem 7.1, but we start with a few words
about the application of this theorem to the average of p¥. Put F(p) = L2p(E2) + o(p — 1), so
that F'(p) is the number of almost primitive roots mod p. Let

5;:&’)1'[(1—@).

p r<p

Reasoning as in the introduction, we expect py to have mean value Zp pd,. Under GRH this could
be proved analogously to our Corollary 1.3. Using Theorem 7.1, we obtain (unconditionally) that
for each positive ¢ € (0,1), the average of min{py, r'7¢} tends to >, po,. For this, follow the
argument for Theorem 1.4 but plug in Theorem 7.1 in place of Proposition 6.1.

We turn now to the proof of Theorem 7.1. This requires a new ingredient, Gallagher’s “larger sieve”
(see [7] or [5, §9.7]).

Larger sieve. Let N € N, and let D be a finite set of prime powers. Suppose that all but 7(d)
residue classes mod d are removed for each d € D. Then among any N consecutive integers, the
number remaining unsieved does not exceed

(ZA(d)—logN)/(Z%—logN), (7.2)

as long as the denominator is positive.

We call § € (0,1) admissible if, for all large enough values of Y, we have
<Y: PP |—|>Y" > :

s=yr (7)) 2

(The implied constant here is allowed to depend on 6.) As remarked in the proof of Proposition 6.1,
the Bombieri—Vinogradov theorem in conjunction with the linear sieve implies that any 6 < ;11 is

admissible. It is known that there are admissible values of 6 > %; for instance, [5, Theorem 25.11]
shows that 6 = % is admissible.

Proof of Theorem 7.1. We prove a somewhat more general result. Fix an admissible 6 € (0, 1). Let
x be a large real number, and define

y = ((log z)(loglog #)*)"/*. (7.3)
We show that
#og:lgl <zpi >y <y (7.4)

Theorem 7.1 follows from (7.4) upon choosing an admissible 6 > i.

We sieve the N := 2|z | + 1 integers in the interval [—x,z]. Let

-1
D:{primesp:3<p§y,P_ <pT) >y9}.

Since 6 is admissible,

#D»L

log”y’
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For each p € D, we remove every residue class except 0 mod p and the classes corresponding to
integers whose multiplicative order mod p does not exceed

2= y1_9
Then, in the notation of the larger sieve,

v(p) =1+ > o(f). (7.5)

flp—1
f<z

Suppose the integer g, |g| < z, is removed in the sieve. In this case, there is a prime p € D not
dividing g for which the order of g mod p, which we will call e, exceeds z. Then
r—1 vy _y

< =< -=-=y".
e e z

Since every odd prime divisor of p — 1 exceeds 3, the ratio 2% cannot be divisible by any odd
prime. Thus, pel = 27 for a nonnegative integer j. Since 27 | p— 1 and p =3 (mod 4), either j =0
or j = 1. That is, e = p%l or p— 1. Hence, ¢ is an almost-primitive root mod p. In particular,
P, <p<uy.

Therefore, the number of g, |g| < x, with p; > y is bounded above by the count of unsieved

integers, which can be approached with the larger sieve. The arguments below draw inspiration
from Gallagher’s proof of [7, Theorem 2].

By the Cauchy—Schwarz inequality,

2

(Z?é?)(Z v(p 1ogp> <Zlogp> (log y)#D)? > —Z—. (7.6)

10
p€D peD peED gy

(We use here that log p > logy for each p € D, which follows from P‘(’%l) > 1%.) On the other
hand, referring back to (7.5),

> w(p)logp <> logp+ > o(f) > logp

peD peD <z peED
p=1 (mod f)
< (logy)#D +1logy Y @(f)#{p € D:p=1(mod f)}.
f<z

Brun’s sieve implies that #D < y/log®y. Brun’s sieve also handles the counts appearing in the
sumon f: f p€ D, p=1 (mod f), and p > ¢, then t := p%l < y/f, and both tf + 1,¢ have no
odd prime factors up to y?. Brun’s sieve shows that the number of such ¢ is

y L+ Ly y 1\ y
<Y <1_—T) <« (1__) -
/ 2<1:<[y9 r flog’y 1} r (f)log”y
Since there are trivially at most y’/f primes up to ¢’ in the residue class 1 mod f,
Y
#peD:p=1(mod f)} K ————,
p(f)log™y

and
Yz

logy > @(f)#{p€D:p=1(mod f)

f<z




COUNTING PRIMES WITH A GIVEN PRIMITIVE ROOT, UNIFORMLY 25

We conclude that

z
> w(p)logp < loy_
g gy

and hence by (7.6),
0

T logp _ y*/log’y _ y
v(p) = wyz/logy  logy

peD
Recalling our definition (7.3) of y, we have that
0

gy > (log z)(loglog z),

which is of larger order than log N. Hence, the denominator in (7.2) is > y?/logy. The numerator
in (7.2) is bounded above by > plogp < (logy)#D < y/logy. Therefore, the number of
unsieved g, |g| < z, is

y/logy 1

yllogy U

This completes the proof of (7.4). O

<

Remark. 1t seems likely that every 6 € (0, 1) is admissible. If so, (7.4) implies that the exponents 3
and 4 in Theorem 7.1 can be brought arbitrarily close to 0 and 1, respectively.

Proof of (7.1), assuming GRH. Fix g € Z, g # 0. If g € {£1}, then p, = 2. So we may assume
that |g| > 1. As before, we let h denote the largest positive integer for which g € (Q*)". Since g is

fixed, we will allow implied constants below to depend on ¢ (and hence also on h, as fixing g fixes
h).

To prove py exists, it is enough to show there is some prime p = 3 (mod 4), p1 g, with the property
that p passes the (-test for every odd prime ¢. Indeed, if p is any such prime and ¢ is the order of g
mod p, then p%l is a divisor of p — 1 not divisible by any odd prime ¢. Hence, ”%1 is a power of 2.
As p =3 (mod 4), we must have p%l =1 or 2, so that t = p%l or t = p — 1. Therefore, ¢ is an
almost primitive root mod p. (We encountered a similar argument in the proof of Theorem 7.1.)

Let = be large, and let P = {primes 3 < p < a: P~(22) > 2'/5}. Then #P > z/(logz)?. We will
show that as x — 0o, all but o(x/(log x)?) primes p € P have the desired property. In particular,
there is at least one such p.

Clearly (once x is large), each p € P belongs to the residue class 3 mod 4. Suppose now that p € P
but that p fails the (-test for an odd prime ¢. As £ | p — 1, we have 2'/° < ¢ < x.

Suppose to start with that ¢ € (2'/°,2'/2/(log x)?]. The number of p € P failing the (-test is
certainly no more than the total number of primes p < z failing the /-test, which can be bounded

by Lemma 3.1. Indeed, using that [Q((, /g) : Q] = (¢ — 1)ﬁ > (% we get from Lemma 3.1 that

there are O(3 1§gm + 2'/%log r) such p. Summing on ¢, the number of p € P failing the (-test for

some £ € (z'/°,21/2/(log x)?] is O(x/(log x)?) = o(x/(log x)?).

Suppose next that p € P fails the (-test for a prime ¢ € (2'/2/(logz)3, v*/?(logx)?]. Write
p =1+ 2(m. Then m < x/2¢ and m avoids the residue classes 0 mod r and —(2¢)~! mod r for
each odd prime r < z'/5; furthermore, these two residue classes are distinct for each . Noting
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that 2'/> < 2/2¢, Brun’s sieve bounds the number of possibilities for m given ¢ (and hence for p

given () as
x 2 T
= 1- ) 2
<o H ( r) < {(log x)?

2<r<gl/5

Summing on ¢ with Mertens’ theorem, we conclude that the number of p € P failing the ¢-test for
some £ € (2'/2/(logx)?, 2'/?(log 2)%] is O(z loglog x/(log z)?) = o(x/(log )?).

Finally, we suppose that p € P fails the (-test for an £ > 2'/?(log #)%. Then the order of g mod p is
at most #'/2/(log x)®. Hence, p | g™ — 1 for a natural number m < z'/2/(log z)3. For each m € N,
the number of prime divisors of g™ — 1 is O(m). Summing on m < x/2/(log x)?, we see that the
number of p arising in this way is O(z/(log 2)°), which is certainly o(x/(logz)?). This completes
the proof. O
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