PRIME POLYNOMIALS OVER FINITE FIELDS
A Thesis
Submitted to the Faculty
in partial fulfillment of the requirements for the
degree of
Doctor of Philosophy
in
Mathematics
by
Paul Pollack
DARTMOUTH COLLEGE
Hanover, New Hampshire

May 29, 2008

Examining Committee:

Carl Pomerance, Chair

Sergi Elizalde

Andrew Granville

Michael Rosen

Thomas Shemanske

Charles Barlowe
Dean of Graduate Studies






Abstract

The ring of univariate polynomials over a finite field shares many foundational arith-
metic properties with the ring of rational integers. This similarity makes it possible
for many problems in elementary number theory to be translated ‘through the
looking glass’ into the universe of polynomials. In this thesis we look at polynomial
analogues of Schinzel’s Hypothesis H and other problems related to the multiplica-
tive structure of polynomial values. We obtain results both in the situation where
the finite field F is fixed and in the more uniform situation where F is allowed to
vary. The most important tool in these investigations is Weil’s Riemann Hypothesis
for global function fields, which yields an explicit form of the Chebotarev density

theorem for such fields.
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Chapter 1

An overview of polynomial

prime number theory

This thesis collects a number of results obtained by the author on the arithmetic
properties of polynomials over finite fields, most of which concern the distribution
of irreducible polynomials. Many of these investigations were motivated by well-
known problems in the setting of ordinary (rational) arithmetic. In this introductory
chapter we set the stage for our results by recounting the history of polynomial prime

number theory.

1.1 The polynomial prime number theorem

It is easy to prove that there are infinitely many (nonassociated) primes in F,[T]; in
fact, Euclid’s familiar argument gives this conclusion for any infinite principal ideal
domain with a finite unit group. It is, of course, too much to ask that such a general
argument offers us any detailed information about the distribution of primes.

For the case of Fy[T7, it is not difficult to formulate a plausible conjecture for



n || m(2;n) | ratio: 7(2;n)/2" | reciprocal ratio
) 6 0.18750000000 5.333333333
6 9 0.14062500000 7.111111111
7 18 0.14062500000 7.111111111
8 30 0.11718750000 8.533333333
9 56 0.10937500000 9.142857143
10 99 0.09667968750 10.34343434
11 186 0.09082031250 11.01075269
12 335 0.08178710938 12.22686567
13 630 0.07690429688 13.00317460
14 1161 0.07086181641 14.11197244
15 2182 0.06658935547 15.01741522
16 4080 0.06225585938 16.06274510

Table 1.1: The number of monic primes 7(2;n) of degree n over Fg, together with
the proportion of irreducibles and the reciprocal of this proportion.

the number of monic primes (irreducibles) of a given magnitude (degree). Table 1.1
shows the number of irreducible polynomials over Fo of degree n for 5 < n < 16.

These data suggest that if we set
m(g;n) == #{A € Fy[T| : A monic, irreducible, deg A = n},

then m(2;n) is approximately 2"/n; at the very least we expect that 7(2;n) ~
2"/n as n — oo. If we put X = 2" then 2"/n is precisely X/log, X, and the
asserted asymptotic bears a startling similarity to the statement of the classical
prime number theorem. (Here and below, log,(-) denotes the base ¢ logarithm.)
Moreover, there is nothing special about ¢ = 2: a bit more experimentation suggests

that for any fixed ¢,

n

W(q;n)w% as n — oo.

(1.1)

If this is true, then it seems to merit being called the ‘polynomial prime number
theorem.’

Perhaps surprisingly, given the difficulty that seems inherent in even the simplest



proofs of the classical prime number theorem, the polynomial version can be proved
in a few lines. For fields with a prime number of elements, the proof appears already
in work of Gauss, who thoroughly investigated the ring of polynomials over F), for
a planned eighth section of his masterwork Disquisitiones Arithmeticae. An early
manuscript of section eight (Disquisitiones generales de congruentiis), attached to
a 1797 draft of the Disquisitiones Arithmeticae, was found after Gauss’s death; this
manuscript appears never to have been translated into English, but is available in
German as an appendix to Maser’s version of the Disquisitiones [53]. For a thorough
discussion, see [49].

Though Gauss worked over F),, the argument runs just as well over an arbitrary
finite field F,. Since each of the ¢" monic polynomials of degree n over F, factor

uniquely as a product of prime polynomials, Gauss reasons that

q" = > (191)(292) ... (n®"),

a1+2a2+3a3+-=n

where Gauss’s notation (7%

) refers to the number of ways of choosing a; monic
irreducible polynomials of degree i, with replacement. This identity can be recast

in terms of generating functions;

ﬁ( 1 >7r(q;j)
; 1—w

j=

0 .
H (1 o 4w ”)ﬂ(qu)
j=1

1
l+qu+ @ +@ud+- =

== (1.2)

Taking the logarithmic derivative and multiplying by u, he deduces that

d
U qu
dr(q;d = .
d>1



Now comparing the coefficients of ©” on both sides, we find that

¢" =) dr(g;d). (1.3)

d|n

Gauss inverts this formula to find (adopting modern notation) that

wlgin) = - (), (14)

dln

The main term in this expression occurs when d = 1, and a crude estimate of the

remaining terms shows that

1 qn/2
W(q;n)zﬁq”JrO — (1.5)

with the implied constant 2. Actually it is easy to do somewhat better: Suppose
n > 1 and let [ be the least prime factor of n. The terms with d > 1 in the sum
on the right of (1.4) are bounded by ¢"/!/n in absolute value, and decrease at least

geometrically with ratio 1/¢ < 1/2. Hence

<21 (1.6)

We refer to (1.4) as Gauss’s formula for w(g;n), and to either of (1.5) or (1.6) as

Gauss’s estimate for w(q;n). We also make repeated use of the tidy upper bound

m(g;n) < ¢"/n,

which we obtain by taking m(¢;d) > 0 for each d < n in (1.3).
There are other elementary paths leading to these estimates for mw(g;n). An

instructive example is suggested by A. Granville (personal communication), and is



based on computing

Z deg A

deg A=n
A monic

in two different ways, first as ng™, and then via the relation

deg A = Z deg P,
P,a
Pa|A

where the sum is over monic irreducibles P and positive integers a. (This is the
polynomial analogue of the well-known formula logn = > din A(d), where A denotes
von Mangoldt’s function.) This leads quickly to (1.3), from which everything follows.
In the next section we will see yet another way of deriving (1.3) which has proved
particularly important for later developments.

Note that we have proved a bit more than (1.1). The estimate (1.5) shows
immediately that 7(q;n) ~ ¢"/n not only when ¢ is fixed and n tends to infinity,
but in any case when ¢ — oo. This uniform perspective will be important when

we state our results below.

1.2 The Riemann Hypothesis for Function Fields and

its consequences

1.2.1 Gauss from the viewpoint of Euler

The Riemann zeta function has proved itself the most fundamental object in the
study of the distribution of rational primes, and so it may be surprising that there
is no zeta function appearing in Gauss’s proof of the prime number theorem for
polynomials. Actually it is lurking just beneath the surface. For a nonzero polyno-

mial A over F, define its absolute value by |A| := ¢4°&4; thus the absolute value



of A measures the size of F,[T]/(A) in the same way that the usual absolute value

of a nonzero integer n measures the size of Z/nZ. Define

Cql(s) = Z ‘Al’.s

A monic

As with the Riemann zeta function, our function (,(s) converges and defines an
analytic function for (s) > 1. Moreover, because |A| is totally multiplicative in A,

there is an Euler factorization (in the region R(s) > 1):

o= I 1—1m (1.7)

P monic, irreducible

All irreducibles of the same degree have the same absolute value, so that we may

reorganize the right-hand product to arrive at

- 1 7(q;d)
H (1 _ qsd) .

d=1

It is easy to obtain an alternate expression for (4(s), which at the same time yields

its analytic continuation. Working first for R(s) > 1, we see that

> 1 1
Cqls) = "= 1.8
a(8) 7?:1 e G (1.8)

But now the right hand side is analytic everywhere except at the obvious poles (viz.

S

s =14 2mim/logq). Putting u = ¢—°, we recover Gauss’s identity (1.2). The rest
of the proof of the prime number theorem can be run as before.

What have we gained? Actually quite a lot; we can now see that the reason the
prime number theorem for polynomials was so easy to obtain is that the appropriate

zeta function has a simple form: it is an easily grasped rational function of ¢—°.



1.2.2 Artin and the zeta functions of quadratic function fields

Artin was the first to obtain results which hinted that this nice behavior of (4(s)
is not an isolated phenomenon. In his 1921 thesis [2], he studies the arithmetic
of quadratic function fields of odd characteristic: Let k be a finite field of odd
characteristic, and let T" be an element transcendental over k. Suppose K/k(T) is
a quadratic extension. Artin studies the integral closure R of k[T] in K and treats

all of the themes that are familiar from the number field setting:

ideal theory of R,

structure of the unit group of R,

determination of the ramified primes in R,

e connection between ideal classes in R and classes of quadratic forms,

division of the ideals of R into genera.

(Actually we have again taken some historical liberties; in his thesis Artin treats
only the case when £ = F,. He worked out, but never published, the analogous
details for general k; see [3].)

These discussions constitute Part I of Artin’s thesis, the so-called ‘arithmetic’
part. More germane for our purposes is the second, ‘analytic’ part, where Artin
introduces the zeta function associated to a quadratic function field. Artin’s zeta
function is defined in analogy with the Dedekind zeta function and, as Artin showed,

encodes much of the same information; e.g.,

e one can prove a class number formula in terms of the residue of the zeta

function at s = 1,



e the L-functions governing the behavior of the distribution of primes in pro-
gressions which come from real characters may be viewed as factors of the

zeta function of a quadratic function field.

Artin proves that the zeta function of a quadratic function field is always a

rational function in u = ¢~ of the form

L(u)
1—qu’

where L(u) is a polynomial in u of predictable degree. He also writes down a
functional equation, which can be viewed as describing symmetries among the co-
efficients of L. Perhaps most stunning of all is that in the roughly forty examples
he is able to compute, all the ‘nontrivial’ zeros of L(u) have absolute value g 2.
(The precise sense of ‘nontrivial” here is unimportant; it arises only because Artin’s
definition of the zeta function is somewhat unnatural, as mentioned below.) In
other words, all the nontrivial zeros of the zeta function lie on the line R(s) = 1/2,
in exact analogy with the classical Riemann Hypothesis.

Artin does not prove such a Riemann Hypothesis, but by adapting function-
theoretic techniques familiar from the number field setting, he is at least able to
show that his zeta function is zero-free on the line R(s) = 1. This already admits

interesting applications. For example, he proves the following version of the prime

number theorem for arithmetic progressions:

Theorem 1.2.1. Fiz polynomials A, M € ¥ [T] with M nonzero and gcd(A, M) =

1. The number of monic irreducible polynomials P of degree n satisfying P = A

1 qn an
¢<M>n+0<n>’

where 8 < 1 is a constant depending only on M.

(mod M) is



Here and below, we write ¢(M) for the size of the unit group (F4[T]/(M))*.

This theorem improves on a result of Kornblum [78], according to which each
such progression contains infinitely many monic primes P. (Actually Kornblum
showed a bit more; see the discussion of his results Chapter 6.) It may seem sur-
prising that Artin is able to obtain a ‘power savings’ in his error term (i.e., that he
can take 6 < 1), given that such a result is still not known for the classical prime
number theorem. The key is that the L-functions in question here are rational

 and so their values remain unchanged if s is shifted by 27i/logq.

functions of ¢~
This periodicity implies that if there are no zeros on R(s) = 1, then all zeros are

bounded away from R(s) = 1.

1.2.3 Weil’s Riemann Hypothesis: statement

Artin’s definition of the zeta function of a quadratic function field K depends on
representing K in the form F,(T)(y/f(T)), and so depends implicitly on the choice
of a transcendental element T'. This defect can be remedied by working not with
ideals but with divisors, as suggested by Schmidt [109]. If K is a global function
field, set

1 1
Cx () ::ZW:HW7

a>0 p
where the sum is taken over the effective divisors of K and the product is over the
prime divisors. The precise definitions of divisor theory can be sidestepped here;
what is important is that we have nailed down a canonical zeta function for every
global function field K. When both definitions apply, Schmidt’s differs from Artin’s
(and the definition of (4(s) that we gave earlier for the rational function field) only

in a finite number of Euler-product factors, corresponding to the poles of T. For



example, the zeta function of the rational function field Fy(T") is precisely

1

CFy(u)(8) = 1_7(1,8@(5) =

(I—g*)(A—g'*)’

which includes an extra factor 1/(1 — ¢—*) with respect to (1.8).

As Schmidt showed in 1931 (ibid.), the zeta function (x(s) is always a rational
function of u = ¢~°. Moreover, if K has genus g, then there is a univariate polyno-
mial Lg with integer coefficients, constant term 1 and degree 2g with the property

that
LK(u)
(1 —u)(1—qu)’

Ck(s) =

where u = g~—°.

For arithmetic applications, it is important to understand the zeros of (x(s)
(equivalently, of Lg(u)). In the case when K = F,(u), we have L (u) =1, and so
there are no zeros. This can be seen as a meta-reason for why the prime number
theorem in Fy[T'] came to us so easily and with such a strong error term.

In general the situation is not so simple; however, we have the following funda-

mental and immensely powerful result, proved by Weil in 1940 (see [128]):

Riemann Hypothesis for Function Fields. If K is any global function field,
then the roots of Cx(s) lie on the line R(s) = 1/2. Equivalently, the inverse of each

root of Ly (T) has absolute value \/q.

Weil’s original proof required a reworking of the foundations of algebraic geom-
etry. The Riemann Hypothesis now admits a more or less elementary proof, due to

Bombieri; see, e.g., [117, Chapter V].

10



1.2.4 Weil’s Riemann Hypothesis: consequences

The Riemann Hypothesis for Function Fields is useful in many circumstances. Here
are two examples which will prove important in the sequel:

First, the Riemann Hypothesis offers a handle on the distribution of power
residues in finite fields. To take a classical example, suppose n > 1, and let ¢; = %1

for 1 <i <mn. If p is an odd prime, how many integers a € [0,p — 1] satisfy

p

for all 1 <4 < n? On probabilistic grounds this number should be roughly p/2";

the Riemann Hypothesis for Function Fields yields a count of

2% +0(?),

where the implied constant depends only on n. This estimate is easy to prove
directly for n = 1 and 2, but nontrivial already for n = 3. (For these cases, see [1,
Chapter 10].) Davenport succeeded in proving the estimate when n = 4 or n =5
but only with the weaker error term O(p3/4). There is reason to believe that the first
result towards Weil’s Riemann Hypothesis, namely Hasse’s proof of the genus 1 case
(which gives the above estimate when n = 4), may have been a result of a challenge
from the problem-solver Davenport to the theory-builder Hasse to put his algebra
to good use! (See [105, §3.3].) In Chapter 3, we will need a result on configurations
of power-residues of a very similar flavor, and we will obtain it from an estimate for
character sums (essentially due to Lenstra and Wan [125]) that comes from Weil’s
Riemann Hypothesis.

Second, the Riemann Hypothesis allows one to produce useful, explicit versions

of various estimates in prime number theory. For example, one can show that

11



6 = 1/2 is permissible in Artin’s Theorem 1.2.1, and at the same time make explicit
the dependence of the implied constant on p, A and M. In fact one can be a bit
more general: as pointed out by Hayes [63] one can obtain analogous formulas for
the number of primes which lie in a given arithmetic progression and whose first
several coefficients are prescribed. We will obtain and apply formulas of this type
in Chapter 2, where additional references are given.

The applications appearing in the second half of this thesis depend heavily on
a function field analogue of the Chebotarev density theorem. An explicit version
of this result, resting on Weil’s Riemann Hypothesis, was used by Cohen [29] and
Ree [99] to confirm a conjecture of Chowla: for prime p > pp(n), there is always an
irreducible of the form T™ + T" 4 a over F,,. These papers were the inspiration for
our work in Chapters 4-7. Cohen has written extensively on this method; see, e.g.,
[30], which discusses some of the same problems considered by Hayes (op. cit.) but

obtains estimates useful in different ranges of the parameters.

Remark. For a complete history of Weil’s Riemann Hypothesis, see the series of

papers by Roquette ([104], [105], [106]).

1.3 Hypothesis H and its polynomial analogue

Since the number of all primes is infinite ...we have the question of
whether the number of primes, which for example are contained in the
form aa + 1, is also infinite . ... If these are also infinite, one could also
ask the same question for the primes of the form a* + 1 or a® + 1, etc.

— L. Euler [48]

...1 do not mean to deny that there are mathematical truths, morally

certain, which will defy and will probably to the end of time continue

12



to defy proof, as, e.g., that every indecomposable integer polynomial

function must represent an infinitude of primes. — J. J. Sylvester [119]

1.3.1 The classical situation

At this point in our historical survey we narrow our focus to a specific class of
problems in prime number theory, those concerning prime values of polynomials.
As the quotation from Euler demonstrates, particular problems of this type have
long been of interest; however, the first formulation of a precise conjecture had to

wait until Bunyakovsky in 1857 [14]:

Conjecture 1.3.1 (Bunyakovsky’s conjecture). Suppose f(T) is a nonconstant
polynomial with integer coefficients and positive leading coefficient. Moreover, sup-
pose that f is irreducible in Z[T| and that there is no prime p which divides f(n)
for every integer value of n. Then f(n) is prime for infinitely many positive integer

values of n.

The condition on the primes dividing f(n) is needed to exclude examples like
f(T) =T? + T + 2, which assumes only even values.

Bunyakovsky’s conjecture was later generalized to a finite family of polynomi-
als by Schinzel, who with Sierpiniski [108] gave several applications to elementary

number theory:

Conjecture 1.3.2 (Hypothesis H). Suppose f1(T), ..., f-(T) are nonconstant poly-
nomaals with integer coefficients and positive leading coefficients. Moreover, suppose

that each f; is irreducible in Z[T), and that there is no prime p for which

fitn)fa(n)--- fr(n) =0 (mod p)

for every value of n. Then there are infinitely many positive integers n for which
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fi(n),..., fr(n) are simultaneously prime.

In the case of a single linear polynomial, Hypothesis H amounts to Dirichlet’s
1837 theorem on primes in progressions. Several other cases of Hypothesis H corre-
spond to well-known problems in number theory; e.g., when r = 1 and f; = T% + 1
we have exactly Euler’s conjecture mentioned above, and when f1 =T, fo =T + 2,
we have the celebrated twin prime conjecture. But Dirichlet’s theorem remains the
only proven case of Hypothesis H. In this respect the situation is unchanged from
when Sylvester made his rather gloomy prediction.

Despite the difficulties in proving any qualitative conjecture of this type beyond
Dirichlet’s theorem, it is easy to go a bit further and formulate quantitative predic-
tions along the same lines. The first plausible predictions of this type are due to
Hardy and Littlewood [59], via a heuristic application of the circle method. How-
ever, similar predictions can also be derived by purely probabilistic reasoning. Let
us consider the problem of estimating the number of twin prime pairs p, p + 2 with
p < x. The prime number theorem can be viewed as asserting that a number near
n is prime with probability roughly 1/logn. Thus we expect, under the assumption

of independence, that

1 .
(n)log (n+2)’

<zx: 2 pri ~
#{p <z :p,p+2 prime} ng;log

this last sum is easily shown to be asymptotically x/ log? z.

However, the assumption of independence is clearly untenable in this case; e.g.,
if n > 2 is prime, then n is odd, and so n + 2 is automatically odd. Thus n + 2
already has a leg up on being prime!

To obtain a precise conjecture, we need to understand these deviations from

independence. An integer is composite exactly when it has a nontrivial prime factor.
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This suggests we compare the probability that neither entry of a random pair of
integers is divisible by the prime p with the probability that neither element of our
special pair (n,n + 2) is divisible by p. The former occurs (ignoring the niceties
required to quantify ‘random’) with probability (1 — 1/p)?, and the latter with

probability (1 — p(p)/p), where
p(p) :=#{nmodp:n(n+2)=0 (modp)}.

When p > 2, we have p(p) = 2, and so

(1 —p(p)/p) 1-2/p _, 1

(1-1/p?  (A-1/p? — (-D*

On the other hand, when p = 2 we have p(p) = 1, and the corresponding ratio is
precisely 2. This argument, coupled with a healthy dose of optimism, motivates the

following prediction:

Conjecture 1.3.3 (Quantitative twin prime conjecture). If mo(x) denotes the num-

ber of twin prime pairs p,p + 2 with p < x, then

7r2(:c)~2H<1— (p11)2> L wsroo

log?

This argument appears to originate with Selmer in 1942 [111]. Whatever one’s
opinion of this reasoning, Conjecture 1.3.3 is supported by a massive accumulation
of numerical evidence. See, e.g., the online tables of Nicely [88].

Hardy and Littlewood never formulated a quantitative conjecture of the same
generality as Hypothesis H, though this seems to have been within their power.

This was left to Bateman and Horn [8]:
Conjecture 1.3.4 (Hardy and Littlewood, Bateman and Horn). Suppose that
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(D), ..., fr(T) € Z[T] are nonassociated polynomials with positive leading coef-

ficients, all irreducible in Z[T). For each prime p, define

p(p) = #{nmod p: fi(n)fo(n) - fr(n) =0 (mod p)}.

Assume that p(p) < p for all p. Then

S(fi,.... fr) =
[T;_, deg fi log"z’

#{n<z: fi(n),..., fr(n) are all prime} = (1 + o(1))

as © — 0o. Here the “singular series” &(f1,..., fr) is defined by

S(f1,..., fr) :=H<1—p;p)> (1—;>_T.

p

We leave to the reader the straightforward task of generalizing the heuristic
argument given for the twin prime conjecture to this more general context.

One can show that the singular series &(f1,..., f,) is always positive under
the hypotheses of Conjecture 1.3.4, so that Conjecture 1.3.4 implies the qualitative
Hypothesis H (Conjecture 1.3.2). Conjecture 1.3.4 is proved only in the case of
a single linear polynomial, where it coincides with the prime number theorem for

arithmetic progressions.

1.3.2 A surprise in characteristic p, and the work of Conrad, Con-

rad, and Gross

Is there a plausible function field analogue of Hypothesis H, and if so, what is it?
Here the situation is sufficiently complicated that we content ourselves with a dis-
cussion of the single-polynomial (Bunyakovsky) situation. Guided by our intuition

from the number field setting, it is tempting to conjecture the following;:
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Conjecture 1.3.5 (Naive Bunyakovsky/Bateman-Horn conjecture over Fy[u|). Let
f(T) be a polynomial in Fyu][T]. Suppose that f(T) is irreducible in Fqu][T],
and that there is no prime P of Fylu] that divides f(g(u)) for every polynomial
g(u) € Fylu]. Then there are infinitely many g(u) € Fylu] for which f(g(u)) is

irreducible over Fy. Moreover, the number of such g(u) having degree n is

(1 + 0(1)) G(f) (q — 1)qn as 1 — 0o.

degp f n

Here

o0-T(-57) (-m)

where p(P) = #{g(u) mod P : f(g(u)) =0 (mod P)}.

Once again, the singular series G(f) can be shown to be positive under the given
hypotheses, so that the quantitative half of this conjecture is indeed a strengthening
of the qualitative part.

One could quibble a bit with our formulation of Conjecture 1.3.5: Bunyakovsky’s
conjecture is a prediction about prime values of f(n), where n ranges over positive
values. One might argue that for the sake of analogy, in Conjecture 1.3.5 we ought
only to sample over monic g. We ignore this objection for now but will return briefly
to it later.

Is Conjecture 1.3.5 as well-supported by the numerical evidence as Conjecture
1.3.47 For many polynomials, computations (carried out by Conrad, Conrad, and
Gross [34]) do appear to confirm the prediction of Conjecture 1.3.5. Indeed, this
seems to be the case whenever f(T') is separable over Fy(u), i.e., whenever f(T') is

not a polynomial in 7?7 (where p is the characteristic of F). In the remaining cases
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n count | prediction | ratio n count | prediction | ratio

9 1624 1168.3 | 1.390 9 1404 1458.0 | 0.963
10 4228 3154.5 | 1.340 10 7776 3936.6 | 1.975
11 11248 8603.2 | 1.307 11 10476 10736.2 | 1.001
12 31202 23658.7 | 1.319 12 0 29524.5 0

13 87114 65516.5 | 1.330 13 82140 81760.2 | 1.005
14 || 244246 | 182510.2 | 1.338 14 || 455256 | 227760.4 | 1.999
15 683408 | 511028.6 | 1.337 15 || 637440 | 637729.2 | 1.000
16 || 1914254 | 1437268.0 | 1.332 16 0| 1793613.4 0

Table 1.2: Left hand table: number of g of degree n for which g(u)'2+(u+1)g(u)%+u?
is irreducible over Fg3, vs. the number expected from Conjecture 1.3.5. Right hand
table: number of g of degree n for which g(u)3+wu is irreducible over F3, vs. expected
number.

the conjecture sometimes appears correct, but there are also apparent counterex-
amples. See Table 1.3.2 for two such examples over F3, taken from [35]. Note that
in the first example, the ratio appears to be tending not to 1, but to 4/3. In the
second example, the ratios appear to be converging to limits depending on n mod 4,
which go in the cycle 0, 1,2, 1.

As pointed out in [34], the falsity of Conjecture 1.3.5, even in its weaker, qual-
itative form, is implied by work of Swan [118] from 1962. Let ¢ be a power of 2.
Taking m = 3 in [118, Example, p.1102] we see that for every g(u) € Fg[u], the
polynomial

g(u)® +u?

is either divisible by u, or has an even number of prime factors in F[u]. In either
case g(u)® +u? is reducible. This is true even though (as is easily checked) 7% 4 u3
satisfies all the conditions of Conjecture 1.3.5. Swan does not point out that his
formulas falsify the naive polynomial analogue of Hypothesis H, but given that
Schinzel’s hypothesis had appeared in print only five years before, this omission is

certainly understandable.
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Driving Swan’s result is a formula for the Md&bius function of a polynomial in
characteristic 2. (The Md&bius p function of a polynomial is defined to be zero if
the polynomial is not squarefree, and (—1)" otherwise, where r is the number of its
monic irreducible factors.) Here Swan is generalizing a result that had been derived

much earlier in odd characteristic:

Corollary 1.3.6 (Pellet [92]). If f(T) € F4[T] is a nonzero polynomial of degree n

over F, where q 1s odd, then

where x is the quadratic character on F, and x(0) = 0.

(The existence of formulas of this type is rather surprising, as over Z, no algo-
rithm for determining the M&bius function is known which improves on factoring.)
Conrad, Conrad, and Gross observe (see [35, Example 4.3]) that one can use this
theorem of Pellet to cook up examples similar to Swan’s over any finite field of odd
order. Set f(T,u) := T4 + %=1 € F,[u,T]. The irreducibility of f(7T,u) follows
from Capelli’s theorem quoted below (p. 24), and the local condition of Conjecture
1.3.5 is immediate since f(0,u) and f(1,u) are relatively prime in F,[u]. However,
one can use Pellet’s formula to show that p(f(g(u))) = 0 or 1 for every g(u) € Fy[u].
Thus f(T,u) is a counterexample to the analogue of Bunyakovsky’s conjecture.
The last two examples are quite extreme; the polynomials f involved admit no
prime specializations at all. In both cases, this can be traced to the Mébius function
only assuming the values 0 or 1 along the F[u]-specializations of f. That is, the
Mobius function is as biased there as possible. It is reasonable to expect that less
severe biases of the Mobius function on the values f(g(u)) might skew prime-value

statistics also, and that by quantifying these biases one could understand the more
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complicated and puzzling behavior of the examples in Table 1.3.2.

The idea that studying such Md&bius biases could lead to a plausible analogue
of Hypothesis H was first developed by Conrad, Conrad, and Gross. (But see [31],
where Cohen notes that a similar explanation can be given for anomalous counts
of irreducible ‘windmill polynomials.”) We have already recorded their observation
that if f is not a polynomial in TP, then both the qualitative and quantitative
predictions of Conjecture 1.3.5 appears correct. So we may assume f is a polynomial
in TP. In this case Conrad, Conrad and Gross are able to prove a formula for the
Mobius function at the specializations of f. If p > 2, or if p = 2 and f is a

polynomial in 7% and not merely T2, this formula implies a certain periodicity in

the values u(f(g)):

Theorem 1.3.7 (see [34, Theorem 4.8]). Let f(T') be a squarefree polynomial in
F,[u][T] with positive T-degree. Assume, moreover, that f(T') is a polynomial in
TP when p # 2 and is a polynomial in T* when p = 2. When p # 2, let x be the
quadratic character on F.

Then there is a polynomial M = My, in Fylu]' such that for g1 = cyu™ + ...

and go = cou™ + ... in Fylu] with sufficiently large degrees nqi and na,

g1=g2 (mod M), n3=ny (mod4), x(c1)=x(c2)= p(f(g1))=nu(f(g2))

when p # 2 and

gr=g2 (mod M), mny=mny (mod4) = p(f(g1)) = pn(f(g2))

when p = 2.

LThis M is not unique; e.g., if M works in this theorem, then so does any multiple of M. It can
be shown that there is a choice of M of minimal degree which divides all such M.
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Thus when g is sufficiently large, p(f(g(7"))) depends only on g mod M, n mod 4
and the quadratic character of the leading coefficient of g (when p # 2). The last
dependence is our excuse for not insisting that g be monic from the start; it would
have prevented us from observing an interesting phenomenon.

We can now describe the correction to Conjecture 1.3.5 proposed by Conrad,
Conrad, and Gross: Suppose f(T') satisfies the hypotheses of Theorem 1.3.7. Choose

a polynomial M = My, as in Theorem 1.3.7 and define

2deg g=n(f(9),M)=1 H(f(9))

Ay(fin):=1— ’
q(f; n) Zdegg:m(f(g)vM):l |M(f(g))|

Work of Poonen [98] implies that the denominator here is positive for large n;
moreover, for large n the value of Ay(f;n) is independent of the particular choice
of M. So the tail-end of this sequence is a well-defined sequence of real numbers in
the interval [0, 2].

The role of A, is clarified by imposing a probabilistic interpretation. Let f(T)
be as in Conjecture 1.3.5. For g(u) € F,[u] of sufficiently large degree, the de-
gree of f(g(u)), say N, behaves linearly in n (and, in particular, is independent of
the particular choice of g(u)). Then A4(f;n) is approximated by the quotient of

probabilities

Prob(u(f(g)) = —1 for degg = n | f(g) squarefree, ged(f(g), M) = 1)
Prob(u(A) = —1 for deg A = N | A squarefree, gcd(A, M) =1)

Indeed, for large N the denominator here is nearly 1/2; an elementary computation
gives an estimate of 1/2+ Oy (¢ =N N*¥~1), where k is the number of distinct monic
irreducible factors of M. And if one replaces the denominator here with 1/2, it is
easily checked that we obtain A4(f;n) on the nose.

Using the proof of Theorem 1.3.7, Conrad, Conrad and Gross deduce that
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Ay(f;n) is eventually periodic with minimal period length dividing 4.

Conjecture 1.3.8 (Conrad, Conrad, and Gross). Suppose ¥, is a field of odd
characteristic, and let f(T) € Fyu][T] have positive T-degree. Then f(g(u)) is
irreducible for infinitely many g(u) € Fylu] if and only if the following conditions

hold:
(i) f(T) is irreducible in Fq[u][T],
(ii) no irreducible P in Fylu] divides f(g(u)) for every g(u) € Fqlu],

(iii) f(T) & Fy[u][TP], or f(T) € Fyu][T?], but the periodic part of the sequence

Ay(f;n) is not identically zero.

If these conditions hold, then the number of g(u) of degree n for which f(g(u)) is

irreducible is

S(f) (¢—1Dg"
degr(f) n

(1+0(1))Aq(f37) (n — o0), (1.9)

where Ay(f;n) is interpreted as being identically 1 if f(T') & Fyu][TP]. This asymp-
totic formula also holds when ¥y has characteristic 2, if in (iii) we assume that

F(T) & Fg[u][T?], or that f(T) € Fylu][T").

Unfortunately when p = 2 and f(T') € F,[u, T is a polynomial in 72 but not in 7,
there is still no satisfactory conjecture (see the remarks in [34, §5] and [33]).

One can prove (see [34, Examples 6.9, 6.10]) that in the first example of Table
1.3.2, Ay(f;n) = 4/3 for large n, and that in the second example, Ay(f;n) cycles
over 1,2,1,0. The data of Table 1.3.2 thus serves to confirm Conjecture 1.3.8.

We conclude by remarking that it is not necessary to restrict to the Bunyakovsky
situation where only irreducible specializations of a single polynomial are in view;

analogous predictions can be given in the more general Hypothesis H scenario.
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One expects that the naive generalization of Hypothesis H (as well as the direct
quantitative analogue of Conjecture 1.3.4) should be correct whenever dealing with

a finite family of separable polynomials.

Remark. For a more detailed survey of the results of Conrad, Conrad, and Gross,

see K. Conrad’s article [35].

1.3.3 Other recent approaches to Hypothesis H in positive charac-

teristic

As we have seen, there are polynomials in Fy[u|[T] which do not admit a single
irreducible specialization. It is natural to wonder what conditions could be imposed
to preclude this rather unpleasant behavior. Conjecture 1.3.8 of course gives condi-
tions of this type, but does not seem at all easy to prove. In this direction we have

the following theorem of Bender and Wittenberg [9]:

Theorem 1.3.9. Let fi, fo,..., fr € Fylu, T be irreducible polynomials whose total
degrees deg(f;) satisfy p t deg(f;)(deg(f;) — 1) for all i. Assume that the curves

C; € P%(F,) defined as the Zariski closures of the affine curves

filu,T) =0

are smooth. Then for all large s, there are a,b € Fys such that the polynomials

filu,au+0b), ..., fr(u,au+b) € Fys[u] are all irreducible over Fys.

The way we have stated this result, the irreducible specializations are produced
only over an extension Fgs of the ground field. However, it appears from the proof
that if ¢ is large compared to the total degree of fi - -- f,., then one may take s = 1.

The next result we wish to highlight here is perhaps the most surprising encoun-

tered so far. Recall that the naive polynomial analogue of Hypothesis H appears
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to hold for any finite family of separable polynomials over Fy; in particular, over
any field satisfying the necessary local conditions, there should be infinitely many
pairs of irreducibles P, P 4+ 1. These conditions are satisfied whenever ¢ > 2; but
fail when ¢ = 2, as one of P or P + 1 always has zero constant term.

It therefore appears reasonable to conjecture that when g > 2, there are infinitely
many ‘twin prime pairs’ P, P41 over F,. Remarkably, given the difficulty associated
with the classical twin prime conjecture, this polynomial version can be proven. The

following result appears in Hall’s 2003 doctoral thesis [57] (see also [58]):

Theorem 1.3.10. If F, is a field with ¢ > 3 elements, then there are infinitely

many pairs of monic irreducibles P, P + 1 € F,[T)].

This leaves open the case ¢ = 3, but as we will see in Chapter 3, this case can
be handled by a small variation in the argument.

The most startling aspect of Hall’s theorem is its simple, short proof. Hall
bases the argument on the following irreducibility criterion of Capelli (see, e.g., [79,

Chapter VI, Theorem 9.1]):

Theorem 1.3.11 (Capelli). Let F' be any field. Then the polynomial T™ — a is

irreducible over F unless one of the following holds:
(i) for some prime | dividing n and some b € F, we have a = b,
(ii) 4 divides n and a = —4b* for some b € F.

To give the flavor of Hall’s proof we describe the ¢ = 7 case. There are only
three cubes in F7: 0, 1, and —1. For each k =0,1,2,3, ..., consider the polynomial
T3 — 2 € F;[T)]. As a binomial, if it is to factor, it must factor for one of the two
reasons given in Capelli’s theorem. But since 2 is not on our list of cubes, this is

impossible; hence T3 — 2 is irreducible for every value of k. By the same argument,
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73" — 3 is irreducible over F7 for each k. But now we are staring at a twin prime
pair: 73" —3 and T3" — 2. Varying k, we see we have proven an F; analogue of the

twin prime conjecture!

1.4 Miscellaneous results

There are a number of results on the distribution of irreducible polynomials over
finite fields on which we have not yet touched; here we survey some representatives
examples.

Perhaps surprisingly, quite a bit can be done under very limited hypotheses.
Knopfmacher and Zhang (see [74], [75]) develop much of analytic and probabilistic
number theory in the framework of ‘arithmetic semigroups satisfying Axiom A#’.
The monic polynomials over a finite field form one of the motivating examples of
such semigroups, and so all of their results are applicable in this context. This
includes, e.g., the Hardy-Ramanujan inequality and Erdds-Kac theorem, estimates
for the maximal order of various arithmetic functions, theorems on mean values of
multiplicative functions, and quite a bit more. A similar approach is taken in the
pair [82] of articles by Liu.

Various authors deal more directly with the polynomial setting. For example,
sieve methods are independently generalized to the polynomial setting by Cherly
[26], Webb [127], Hsu ([70], [71]), and Bareikis ([6], [7]). From the numerous results
obtained by these authors, we choose to quote two ‘almost-prime’ results. The first

is due to Cherly (op. cit.).

Theorem 1.4.1. All of the following hold, with multiple irreducible divisors counted

multiply:

(i) Let Fy be a finite field, and suppose ¢ > 2. Let A be a polynomial of degree n
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over Fg. If n is sufficiently large, then A can be written in the form P + Q,
where deg P = n — 1, deg@ = n, and each of P and Q have at most four

monic irreducible factors.

(ii) Let Fy be a finite field, and suppose ¢ > 2. For each a € Fj, there are
infinitely many polynomials P over Fy for which both P and P + a have at

most four monic irreducible factors.

(ili) Fiz a finite field Fq with ¢ = 3 (mod 4). Then there are infinitely many
polynomials A over ¥, for which A% +1 has at most siz monic irreducible

factors.

As stated, item (ii) is superseded by the results on twin irreducibles discussed
in §1.3.3. (Indeed, whenever {P, P + 1} is a monic twin prime pair, multiplying by
a gives us a pair as in (ii).) In Chapter 3, we will prove that there are infinitely
many irreducibles of the form f2 + 1 over every field F, with ¢ = 3 (mod 4), and
so a similar comment applies to (iii). Nevertheless, the quantitative lower bounds
implicit in the proofs of Cherly’s results remain of independent interest.

The most intricate applications of sieve methods in the polynomial setting are
due to Car. For example, in [17] she proves the following generalization of Chen’s

famous theorem on the Goldbach problem:

Theorem 1.4.2. Let F, be a finite field, where we suppose first that ¢ > 2. Then
every A € Fo[T] of sufficiently large degree n can be represented as P+ @, where P
s an irreducible polynomial of degree < n, and Q) is either irreducible or the product

of two irreducibles. Moreover, the number of such representations is at least

0331 (1+ =) I (1= o) 5

P|A PtA
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where the products are indexed by monic irreducibles P. The same holds if ¢ = 2,

if we only consider polynomials A(T) divisible by T(T + 1).

In [18], Car adapts work of Iwaniec on the half-dimensional sieve to obtain the

following result (which we state in a simplified, qualitative form):

Theorem 1.4.3. Let M be a nonzero element of Fo[T|, and suppose that T(T + 1)
divides M if ¢ = 2. Then there are infinitely many irreducible polynomials over F
of the form M + N, where N is the norm (from F g down to Fy) of an element of
F [T].

For example (taking ¢ = 3, M = T, and viewing Fg as F3(y/—1)), there are
infinitely many irreducible polynomials over F3 of the form T + X (T)? + Y (T)?,
where X (T'),Y(T) € F3[T].

There has also been progress adapting the circle method to study problems in
additive prime number theory. In 1966, Hayes proved the first result of this type,

an analogue of Vinogradov’s 3-primes theorem [64]:

Theorem 1.4.4. Let A be a polynomial of degree n over F,. Suppose o, 3,7 are
nonzero elements of ¥y for which a4 3+ agrees with the leading coefficient of A.
If ¢ = 2, suppose also that gcd(A, T(T + 1)) = 1. The number of ordered triples of

monic irreducible polynomials Py, Pa, P3 over Fy of degree n with

aP + (P +yP3=A

18

Q

[ g L ) o)

PlA PIA
Moreover, for A as above, the coefficient of ¢*"/n? is bounded below by an absolute

positive constant.
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A similar (but somewhat weaker) result was later independently established by
Car [15]. In the same paper she goes on to estimate the exceptional set in the

corresponding binary problem:

Theorem 1.4.5. Let F, be a finite field with ¢ > 2. Then for every h > 0, the
number of polynomials A of degree n > 1 over F, which cannot be written in the

form P+ Q, where P and @ are irreducibles of degree < n, s

n

q
<<m,

where the implied constant depends at most on q and h. The same holds if ¢ = 2,

provided we only consider polynomials A divisible by T'(T + 1).

Theorem 1.4.5 is the analogue of the result, proved independently by Chudakov
[28], van der Corput [121], and Estermann [47], that < x/log”" z even integers < z
are not the sum of two primes. A sharpening of Theorem 1.4.5 is presented in
Chapter 7.

In [22], Car studies the number of representations of a polynomial in the form
A1 Py + A Py + A3 P3, where the P; are irreducible and (in contrast to Hayes’s result
above) the A; are not restricted to be constant.

Effinger and Hayes ([43], [42, Chapter 7]) study a variant of the three primes
problem. Call a monic polynomial A of degree n over F, a 3-primes polynomial if
it can be written as a sum of three irreducibles, P; + P> + P53, where P; has degree
n and P,, P3 have smaller degree. They prove that every monic polynomial A(T")
of degree n > 2 (assumed coprime to T(T + 1) in the case ¢ = 2) is a 3-primes
polynomial, unless A(T) has the form T2 + « and ¢ is even. This is as complete a
classification as one could hope: being prime to T(T + 1) in the case ¢ = 2 is the

polynomial analogue of being ‘odd’, while the exceptional polynomials 72 + « are
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just “too small” to admit a representation. The result of Effinger and Hayes may be
compared with the theorem of [38], which asserts that if the RH holds for Dirichlet
L-functions, then every odd integer n > 5 is a sum of three rational primes.
Applications of the circle method to additive problems mixing primes and powers
appear in the work of Webb [126] and Car [16], [19], [20]. Of course the circle
method also has applications outside distribution of primes; a recent example in
the polynomial context is the work of Liu and Wooley on Waring’s problem [83].
We conclude this section by mentioning the recent work of Thorne. In [120],
he shows that Maier’s ‘matrix method’ (introduced in [84]) can be applied in the
polynomial setting. As evidence, he presents analogues of two familiar results: the
first is Maier’s construction (ibid.) of intervals with either significantly more or less
primes than probabilistic considerations suggest, and the second is Shiu’s result [113]
that there are arbitrarily long runs of consecutive primes in any coprime arithmetic

progression.

1.5 Summary of later chapters

Chapter 2 treats two problems. In the first half, we revisit the polynomial prime
counting function. Suppose p is a prime; then there is a natural correspondence

between nonnegative integers and polynomials over F,,, given by sending

ao+a1p+--~+ajpjf—>ao+a1T+-~+ajTj7

where we assume that the left hand-integer is written in base p (so 0 < a; < p).
Define 7,(X) to be the number of integers 0 < n < X which encode irreducible
polynomials. Gauss’s prime number theorem gives us information about m,(X) as

X goes through powers of p, or through multiples of these powers by 0,1,2,...,p—1,
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and it is natural to wonder about the behavior of m,(X) for general X.
We prove an unconditional result analogous to the estimate

i 21/21
/ log + O( ogx),

which was proved by von Koch [77] under the assumption of the Riemann Hypoth-

esis. We also prove an analogue of the asymptotic series expansion

T T

x x
m(x) = + 1! +otrl—e—+0 <>
(z) log x log? = log" ! "\log"? z

Our estimates are obtained without assuming p fixed; an easy consequence of our
results is that m,(X) ~ X/log, X whenever log,, X — oco.

The second half of Chapter 2 treats a version of the polynomial twin prime
problem. Let n be a positive integer and M a nonzero polynomial over F, of degree
< n. We consider the number of (not necessarily monic) prime pairs P, P + M,
where P has degree n. For large g, one expects on probabilistic grounds that this is

n+1 1 -1
()
QM

where the product extends over those monic primes Q) dividing M. Among other
results, we show that this approximation holds as an asymptotic whenever q/n? —
00. Our results both strengthen and generalize work of Hayes [61], who considered
the special case when deg M =n — 1.

In Chapter 3, we systematize Hall’s strategy in his attack on the twin prime

problem. We take aim at the following conjecture, which is a restricted polynomial

analogue of Hypothesis H:

Conjecture 1.5.1. Let fi(T), ..., f-(T) be irreducible polynomials belonging to
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F,[T]. Suppose that there is no prime P € Fy[T] for which every g(T) € F,[T]

satisfies

filg(D)) - £(g(T) =0 (mod P). (1.10)

Then the specializations f1(g(T)),..., fr(g(T)) are simultaneously irreducible for

infinitely many monic polynomials g(T') € F4[T.

The hypotheses here are more stringent than in the conjectures of §1.3.2, since
now we are only considering polynomials in 7" with constant (i.e., F) coefficients.
This restriction lifts the burden of worrying about the anomalies of that section,
as irreducible polynomials over F, cannot be polynomials in 77. So we expect
Conjecture 1.5.1 to hold, and we even believe the analogue of Conjecture 1.3.4 holds
without the need for any new correction factors. Note that we have re-introduced in
Conjecture 1.5.1 the policy of sampling only over monic g(7'); this has the merits of
leading to a stronger statement than otherwise, being the true analogue of Schinzel’s
Hypothesis H (Conjecture 1.3.2), and being easily accommodated in our proofs
below.

Since a polynomial over a field cannot have more roots than its degree, the
number of distinct g(7") mod P satisfying the congruence (1.10) is bounded by the
degree B (say) of the product fi--- f,. So we obtain a weakened form of Conjecture
1.5.1 if we replace the local condition there by the assumption that ¢ > B. The
main result of Chapter 3 is a proof that the conclusion of Conjecture 1.5.1 holds
under the stricter hypothesis that ¢ > max{3, 2" ~2B2}.

Chapter 4 introduces, for us, the Chebotarev density theorem as a tool for
counting the number of irreducible polynomials of a specified form. Let f(7T,u) be
an absolutely irreducible polynomial in F4[T’, ], monic in T. We give conditions
which allow us to assert that there are about ¢/n values of a € F; for which the

specialization f(T, a) is irreducible over F;. The methods used to prove this theorem

31



allow us to establish the following result in the additive theory of prime polynomials:
If F, is a finite field of characteristic # 2, 3, then infinitely many monic irreducibles

in Fy[T] have a representation in the form
P} + P} + Py,

where the P; are also monic irreducibles, and where deg P; > max{deg P»,deg P3}.
In Chapter 5, we develop the method of Chapter 4 to investigate the following

quantitative analogue of Conjecture 1.5.1:

Conjecture 1.5.2. Suppose that f1, ..., fr are nonassociate irreducible one-variable
polynomials over ¥, with the degree of the product fi--- f, bounded by B. Suppose

that there is no prime P of ¥ [T for which the map

g(T) — fi(g(T)) - fr(9(T)) mod P

1s tdentically zero. Then

#{g(T) : g monic, degg =n, and fi(g9(T)),..., f-(g(T)) all prime}

6(f17"'7f7‘) qn

= (1+o0p(1)) [T, deg f; s

as q"* — oo.
Here the local factor S(f1,..., fr) is defined by

St f=11 TI 1-p(P)/q"

m=1 deg P=m (1 N 1/qm)”'

P monic, prime

where

p(P):=#{Amod P: fi(A)--- fr(A) =0 (mod P)}.
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A key departure from Conjecture 1.3.5 and from Conjecture 1.3.8 is that the
asymptotic is stated in a uniform manner: rather than fixing ¢ and studying asymp-
totics as n tends to infinity, Conjecture 1.5.2 proposes an asymptotic formula valid
whenever either g or n tends to infinity.

A heuristic argument for Conjecture 1.5.2 is given in §5.2. The remainder of
Chapter 5 is devoted to obtaining an estimate which confirms Conjecture 1.5.2 when
q is large compared to n and B and satisfies ged(g, 2n) = 1. Actually we obtain a
more general result; in a similar range of ¢ and n, we are able to describe the joint
distribution of the factorization types of fi(g(T)),..., fr(g9(T)). (The factorization
type of a polynomial is the unordered list of degrees of its irreducible factors.)

Both of these results have a number of applications, which we explore in Chap-
ter 6. For example, our result towards Conjecture 1.5.2 gives us a handle on the
distribution of irreducibles in certain short intervals (in a certain range of ¢); such
a result allows one to prove that, in a similar range, irreducible polynomials are
Poisson distributed in a sense analogous to that considered by Gallagher [52]. Us-
ing the more general result on factorization types mentioned above, we investigate
smooth specializations of polynomials and sequences of consecutive smooth polyno-
mials, and we confirm polynomial analogues of conjectures appearing in the work
of Martin [85] and of Erdds and Pomerance [46].

We conclude the thesis in Chapter 7 with some remarks on a polynomial analogue
of the Goldbach conjecture. Let n be a positive integer, and let o and 3 be nonzero
elements of Fy. Set v := a4 . If v # 0, we suppose that A is a polynomial of
degree n with leading coefficient 7; otherwise we suppose A is a nonzero polynomial
of degree < n. Let R(A) be the number of pairs of irreducibles P;, P» of degree n

and respective leading coefficients «, 8 for which P, + P, = A. Heuristically, one
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expects that

w10 ) L0 -qaree) i o

P|A PtA

(Here, as usual, P is restricted to monic prime values.) In fact, one expects that
this holds as an asymptotic whenever ¢" tends to infinity. We show that (1.11) is a
good approximation for most A, by estimating the second moment of the difference
between the left and right-hand sides.

One consequence is an improvement on Car’s Theorem 1.4.5. Conditional on
the Riemann Hypothesis for L-functions, Hardy and Littlewood [60] proved that
the exceptional set in Goldbach’s problem has counting function < z/2+€, for each
fixed € > 0. We prove an unconditional polynomial analogue. Our proof uses the
circle method in the form applied by Hayes to the 3-primes problem.

We also prove, in the same spirit and by the same methods as in Chapter 5, that
(1.11) holds as an asymptotic when ¢ is much larger than n and ged(q, 2n) = 1.

This dissertation is largely a synthesis of results that are on their way to being
published: The second half of Chapter 2 (from §2.4 onward) is taken from [96].
Chapter 3 is substantially reproduced from [95], which also contains an appendix
with the heuristic argument for Conjecture 1.5.2. The main result of Chapter 5, as it
relates to Conjecture 1.5.2, appears in [97]. The more general result on factorization
types, along with most of the applications of Chapter 6, can be found in [94]. The
exceptions are Theorems 6.1.1 and 6.1.2, which appear already in [97]. Chapters 4

and 7 originate with this thesis.
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1.6 Notation

For ease of reference, we collect here frequently needed definitions. More localized
notation will be defined as it appears.

We write 7(g; n) for the number of monic irreducibles of degree n in Fy[T']. The
term Gauss’s formula for mw(q;n) refers to (1.4), while Gauss’s estimate refers to
either of of (1.5), (1.6).

Throughout we make free use of standard notation from elementary and ana-
lytic number theory, such as the usual symbols for arithmetic functions and the
Bachmann/Landau/Vinogradov symbols (O(-), o(+), <, etc.) for indicating orders
of magnitude.

If A is a polynomial over F,, we write |A| for ¢%84 which is the size of the
ring Fy[T]/(A), and we write ¢(A) for the size of the corresponding unit group. We
write ¢q(A) for this latter quantity when the ground field is ambiguous. We write
w(A) for the Mobius function of A, defined as zero when A is not squarefree, and as
(—1)" otherwise, where r is the number of monic irreducible factors of A. Finally,
we use w(A) for the number of distinct monic irreducible factors of A.

We reserve the letters P and @ for irreducible polynomials. We will often (but
not always) additionally restrict P and @ to monic values; e.g., this is always the

case when they are indexing a product.
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Chapter 2

Two applications of Hayes’s
theory of primes in congruence

classes

2.1 Introduction

In 1965, Hayes investigated the distribution of monic irreducible polynomials in
congruence classes which are more general than those considered by Kornblum and
Artin. We begin by recalling some results of Hayes’s paper [63] in the sharp form
derived by Rhin [100] on the basis of Weil’s Riemann Hypothesis. (Even sharper
estimates than these are now available in papers of Hsu [69] and Car [23], but these
are not required in the sequel.)

We give two applications of these results. The first is a prime number theorem
for F4[T'] that refines the classical Gauss formula for the number of irreducibles of
a given degree. Our second application both corrects and extends work of Hayes

[61] concerning a polynomial analogue of the Goldbach conjecture; here we give an
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asymptotic formula, valid in a certain range of ¢ and n, for the number of prime
pairs of degree n over F, with a certain fixed difference. In §2.4.6 we use sieve

methods to prove an estimate of the same character valid over all ¢ and n.

Notation

Throughout this chapter ) always denotes a monic irreducible element of F[T7.

2.2 The distribution of primes in congruence classes

Let M be the (multiplicative) monoid of monic polynomials over F,. If I > 0 and
M € M, we define a relation R; s on M by saying that A = B (mod Ry /) if
and only if A and B have the same first [ next-to-leading coefficients and A = B
(mod M). Then R; s is a congruence relation on M, i.e., an equivalence relation

satisfying

A=Bmod Ry = AC=BCmod Ry forall A ,B,Cec M.

Thus there is a well-defined quotient monoid M /Ry . It can be shown that an
element of M is invertible modulo Ry s if and only if it is coprime to M. Thus,
the units of this monoid form an abelian group of size ¢'¢ (M), which we denote by
(M/Rypr)* (cf. [63, Theorem 8.6]).

One of the principal results of Hayes’s paper [63, Theorem 1.2] is that the monic
irreducibles are uniformly distributed in the unit group modulo Ry p;. (When ! =0,
this reduces to Artin’s version of the polynomial prime number theorem in arith-
metic progressions.) We now outline a proof of this uniform distribution statement
with an explicit error term, optimized to take advantage of Weil’s Riemann Hy-

pothesis.
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2.2.1 An explicit formula

Fix an integer [ > 0 and M € M. Let x be a character of (M /Ry r)*, and lift
X to a function on M (defining x to vanish at elements of M that are nonunits of

M/Ry ). For u € C with |u] < 1/q, define

L(u,x) = [J(1 = x(Qu®=?)~". (2.1)
Q

If x is nontrivial, it may be shown that L(u, ) is a polynomial in u, and that for

some integer a(y) <+ deg M, we have a factorization

a(x)

Lu,x) = [[(1 = 8w, (2.2)

=1

where from Weil’s Riemann Hypothesis and the work of Rhin [100, Chapter 2] we
know that |5;(x)| < ¢*/? for 1 < i < a(x). (Cf. the proof of [42, Theorem 5.7].)

From the Euler product representation (2.1), we deduce

A(Qui®
Zdeg@ E @)

=> u" Y x(Q))degQ,

n=1 deg Qi=n

while from (2.2), we have

Py N ogen | & (W
“Tux) = 2T aogn =2 | A0

)
X =1
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Comparing coeflicients in these two expansions, we conclude that

a(x)
> x(@Q)degQ=—) " Bi(x)"
deg Qi=n =1

On the other hand, if x = xo, then

1 deg @ 1 a(xo)
g — eg - _ .

for certain roots of unity 3;(xo) (say), the number of which, say a(xo), is exactly

Zdeg@ < deg M.

QIM
Proceeding as above we find
) a(xo)
> xo(@)degQ =q"— > Bilx0)"-
deg Qi=n i=1

It is worth noting for future use that the right hand sum is always nonnegative,

since Zdeng:n deg Q@ = ¢", by (1.3).
Combining these results with the orthogonality relations for characters, we de-

duce the following explicit formula for primes in residue classes modulo Ry as:
Lemma 2.2.1. Let A be a polynomial prime to M. Then
a(x)
q'o(M) > degQ =q" = > _x(A) > B
X i=1

Q'=A (mod Ry p)
deg Qj =n

where x runs over all characters modulo Ry pr. Here a(x) < 1+ degM for all x,

and each |B;(x)| < ¢/2.
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2.2.2 A prime number theorem for progressions

As a straightforward consequence of the explicit formula, we obtain the following

result (cf. [42, Exercise 3, p. 83|):

Lemma 2.2.2. Let M be a monic polynomial over Fy and | a nonnegative integer.
Then the number of monic irreducibles of degree n belonging to a given unit residue

class modulo Ry nr s

n

I gq
n qlp(M)

qn/2
+O | (l+degM +1) — -
Proof. The right hand side of Lemma 2.2.1 differs from ¢™ by an error which is
O(q'p(M)(1 + deg M)q"'?),

so that

E degQ = = 4 +O((l+degM)q"/2).
i ¢'o(M)
@=A (mod Ry,
deg Q7=n

The terms of the sum for which j > 1 contribute

< dn(gpd) < gt <247

din dln

d<n d<n
Hence

n
n Z 1:lq7+0((l+degM+1)q"/2).
_ q'p(M)
Q=A (mod Ry )
deg Q=n

Dividing by n gives the result. O
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2.3 The prime number theorem for polynomials

2.3.1 The polynomial analogue of von Koch’s theorem

Colloquially, the classical prime number theorem asserts that a number n is prime
“with probability roughly 1/logn.” Of course this can only be sensibly interpreted
as a heuristic device, but it has proved surprisingly useful in that capacity. For
example, it predicts that the number of primes up to X should be well-approximated

by the sum

> o

oimex logn
and we know from the work of von Koch [77] that that this approximation is good
to within O(X'/2log X) if and only if the Riemann Hypothesis holds. Here we show
that an analogue of von Koch’s estimate holds (unconditionally) in the polynomial
setting, as a consequence of Weil’s Riemann Hypothesis.
For the sake of simplicity, we initially formulate our result only for finite fields
of the form F,,, with p a prime. Notice that the nonnegative integers are in bijection

with the univariate polynomials over F), via the map
anp” + ano1p" T+t ap +ag — anT" 4 a1 T+ -+ ar T + ag,

where the integer represented on the left hand side is assumed written in its base p
expansion (so that 0 < a; < p). If the integer a corresponds to the polynomial A,

we will write ||A|| = a. For an interval of real numbers I, we define
(1) := #{P € F,[T] : |P|| € I and P is irreducible},

and we set

mp(X) = ([0, X)).

41



Gauss’s formula implies that a degree n polynomial over F), is prime with proba-
bility roughly 1/n, which leads us to expect that m,(X) should be well-approximated
by
>
i=x o8/

deg f>0

This is indeed the case. We prove the following;:

Theorem 2.3.1. Let p be a prime and X > p. Let n = |log X/logp| (so that

n>1). Then
1 7
X)) = D degf T O /2,
IIfI<X
deg >0

where the O-constant is absolute.

Remark. The inside of the O-term in our theorem is =<, X 1/210g X, in exact analogy
with von Koch’s result.

For the proof of Theorem 2.3.1 we may (and do) assume that X is an integer.

-1

Write X = anp™ + apn_1p" " + -+ 4+ a1p + ag, with each 0 < a; < p. Then we have

the basic decomposition

n

mp(X) = mp(0,0") + mp (" anp™) + D ([ Yo @' Y a')), (23)

J=1

induced by partitioning the integers 0 < n < X according as to how far their base p
expansion (starting from the p™ position at the left) agrees with that of the bound

X. We treat the three terms of (2.3) separately.

Lemma 2.3.2. We have

n—l m
L
m

m:l

([0, p") O(p™ /2 ).
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Proof. We have the exact expression 7,([0,p")) = (p—1) 32", 7(p;m). The result

m=

follows now from Gauss’s estimate for 7 (p; m). O

Lemma 2.3.3. We have
pTL
o[ ™)) = (= )+ 0@/ /).

Proof. The left hand side counts the number of irreducibles of degree n with leading

coefficient one of 1,2,...,a, — 1, so that
n nyy _ - ]Ln n/2 _ - ]Ln n/2+1
T an")) = (an — 1) (24 0("/2/m) ) = (an —~ )2+ OG> ). T

Lemma 2.3.4. For every 1 < j <mn, we have

j—1

T ([Zj:] aip’, Zj:j_l aipi)) = aj_lpjT + 0 ((n —Ji+ 2)pn/;+1> .

Proof. The left hand side represents the number of degree n primes whose first
n — j + 1 leading coefficients are a,,a,—1,...,a;, and whose T~ coefficient is one
of the a,_1 values 0,1,...,a,_1 — 1. For each fixed value of the 77~ !-coefficient,
the number of such irreducibles is the same as the number of monic irreducibles
belonging to a certain prescribed congruence class modulo R, _;41 1. By Lemma

2.2.2, each such congruence class contains

n

| n/
%p]_l +0 ((n —j+ 2)“)

such irreducibles. Summing over the a;_; possible coefficients of T771 yields the

lemma. O
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From the decomposition (2.3) and Lemmas 2.3.2-2.3.4 we obtain that

n—1
X —p" p™ n
mp(X) = - +(p—1)ZE+O(”P /2,
m=1

But the main term here coincides precisely with ZHf||<X,degf>O 1/deg f, and so

Theorem 2.3.1 follows.

2.3.2 An asymptotic series for m,(X)

The estimate of von Koch alluded to before is more often written in the form

(X)—/th+0(X1/2lo X)
m ~Jy logt 82

which is permissible since the integral here (traditionally denoted li(X)) differs by a
bounded amount from the sum » 3y, - 1/logn. In seeking to approximate li(X),

one is led (by repeated integration by parts) to the approximation

X X X X X
- + 1 +21 ol 0, [(—2— ), (24
log X log? X log® X log" ™t X r<logr+1X> (24)

li(X)

valid for every r > 1. (This is one of the canonical examples of an asympotic series;
for background see, e.g., [37, Chapter 1.5].) Since the difference between 7(X) and
li(X) is known (unconditionally) to be O(X/log" X) for every r, it follows that
m(X) has the same asymptotic expansion.

It is natural to wonder if there is any analogue for 7,(X). We prove the following:

Theorem 2.3.5. Let p be a prime, and X > p an integer with X =3 ", a;p', and

0<a; <p for each i. Assumen > 2. Forr > 2, we have

X < p" Pt P
Wp(X) = g + Z(l — l/p)Ap,k‘ﬁ + O (npn/2+l + APJ‘_FQW + g Ap,k) .
k=2 k=1
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Here the constants Ay are defined by

0 k—1

Apr = Z m — -

m
m=1 p

Remark. From the definitions it is clear that for every fixed value of £ > 1, the A4, ;,
are well-defined constants, decreasing in p. Consequently, Theorem 2.3.5 implies

that (in the stated range)

X | < p" p"
k=2

In particular, Theorem 2.3.5 makes transparent that
mp(X) ~ X/log, X

whenever log,(X) — ooc.

Most of the groundwork for the proof of Theorem 2.3.5 has already been laid
in the course of proving Theorem 2.3.1. The only new ingredient required is the

following, which is a minor variant of a result of Lenskoi [80]:

Lemma 2.3.6. For eachr > 1 and n > 2, we have

n—1 pm r pn_l 1 T pn—l
Z ‘m - ;A ik nk +0 n;AP»k + 0 (Ap,r+2nr+1) )

m=1

where the constants Ay are defined as in the statement of Theorem 2.5.1.
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Proof. We largely follow Lenskoi. We have

-1 . - n—1 1
P Z P ph—1—m _ m—1
L R 1 (m = m)p
n—1 00 _ i 1 n—1 mkil
- - nk m—1
m=1 k=1 n m=1 p
We split this last expression into three parts
io: 1 n—1 mk_l r 1 n—1 mk_l . oo 1 n—1 mk_l
nk m—1 Z nk m—1 Z nk m—1
n n n
k=1 m=1 p k=1 m=1 p k=r+1 m=1 p
r 1 ) r 1 00 mk_l oo 1 n—1 mk_l
=2 ik T mz el Dl 1
p p
k=1 k=1 m=n k=r+1 m=1

The first sum yields the main term in our theorem, and it remains to show that

the latter two contribute only error terms. The first double sum is just

—1+ -1 11 <
anlz n S771122 ml:in—leJg’
np np k=1

klml

using

-1 —1
m-ldn_, m

<1 —-1) =
. <1+ (m-1)

This corresponds to the first O-term above.

To estimate the remaining double sum, notice that

00 1 n—1 mk—1 1 e 1 n—1 ms+r
k:;&-l ﬁ m=1 pm_l N nr ; E m=1 pm_l
1 = omr 1 i, m
_nr+1m:1pm—11_m/n_nr+1mz::1pm 1< n—m>



Since m/(n —m) < m, this is bounded above by

n—1 n—1
1 m” m" Ap,rJrl + Ap,r+2 Ap,r+2
2 it < < 2R
nr+1 pmfl pmfl — nr+1 — nr+1

m=1 m=1

1

Multiplying through by p"~", we obtain the second O-term in the estimate of the

theorem. O

We can now prove Theorem 2.3.5. According to Lemma 2.3.6, we have

p" PY p"
(1 — 1/p)Ap’kﬁ +O <n ZAp’k> +O (AP’T+27’LT+1> . (25)
k=1

Now the k£ = 1 term in the right-hand sum contributes exactly

(013 ) =

m=1

so that inserting (2.5) into the result of Theorem 2.3.1 yields Theorem 2.3.5.
While Theorem 2.3.5 gives an asymptotic expansion of m,(X), it is not imme-

diately obvious that the terms of this expansion have much in common with the

corresponding terms in the asymptotic expansion of 7(X) in (2.4). To highlight the

similarity, we note the following estimate for the constants A, :

Lemma 2.3.7. If p is a prime and k is a positive integer, then

Proof. We have Api :==p> 7, mF~1p=™. The Euler-Maclaurin summation for-

mula shows that

oo o o0 d
> mblpm = / "~ exp(—tlogp) dt + O (/ ’dt (t’“‘l exp(—tlogp))' dt) :
0

m=1 0
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A change of variables gives a main term of precisely

r(k) (k-1

(logp)k  (logp)*”

while the unimodality of the original integrand ensures that the error term is

< rilzagc t*Lexp(—tlogp) = tF1 exp(—tlogp)|t:(k_1)/logp =
_ _ k—1)!logp
k—1)/e)r! logpk1<<( .
((k=1)/e)*"/(logp) TN
In the last line we have applied Stirling’s formula to estimate (k — 1)!. O]

Now suppose that X = p™ is a power of p; as the proof of Lemma 2.3.6 makes
clear, it is these values of X which give rise to the tail of the expansion of Theorem

2.3.5. By Theorem 2.3.5, we have

m(X) = 300~ 1/p) Ak 2+ O ),
k=1

where r > 2 is an integer parameter at our disposal. By Lemma 2.3.7, the kth term

in this expansion is

0D g (10 (V) =00 (-0 ()

If k is large compared to logp, then it makes sense to say that the main term here

is
X

(p—1)(k— 1)!@-

This coincides with the kth term in the asymptotic expansion of 7(X), except

for a factor of p — 1. This factor can be attributed to m,(X) counting all primes
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irrespective of their leading coefficient, whereas m(X) counts only positive primes.

2.3.3 The case of arbitrary finite fields

When ¢ is not prime, then there is no longer an obvious correspondence between the
integers 0,1,2,...,¢ — 1 and the elements of F,. However, if we pick any labeling
of the elements of F, by {0,1,...,¢ — 1} in which 0 corresponds to 0, then all the
results of this section remain true, with O-constants uniform in both ¢ and the

choice of labeling. The proofs require only trivial modifications.

2.4 A polynomial analogue of the twin prime conjecture

2.4.1 A uniform conjecture

Let M be a nonzero polynomial over a finite field Fy, and let R(n;M,q) denote
the number of ‘twin prime pairs’ P, P + M, where P runs over the irreducible
polynomials of degree n. Reasoning in analogy with the usual heuristic arguments
offered for configurations of rational primes (compare, e.g., with [101, pp. 409-411}),

we are led to expect that for n > deg M,

R(n; M, q) = Ro(n; M, q), (2.6)
where
ssta-a S I ) T 8) ()

The factor of ¢ — 1 in front stems from the fact that P is not restricted to monic
values.

There are various ways one might attempt to make the approximation (2.6)
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precise; perhaps the most obvious is to fix ¢ and M, and to read (2.6) as an asymp-
totic estimate as n tends to infinity. Various special cases of such a conjecture were
proposed by Effinger, Hicks & Mullen (see [44]). Little is known in this direction;
in fact it was only recently that Hall [58, p. 140] showed the existence of infinitely
many twin prime pairs P, P + M over F, in the special case when M is constant
(and ¢ > 3), but his clever proof only yields very weak lower bounds on the num-
ber of such pairs. Hall’s result together with some generalizations is discussed in
Chapter 3.

A different approach is suggested by another result from the same paper of
Effinger, Hicks & Mullen. A special case of these authors’ Proposition 1 (op. cit.)
is that for M a nonzero constant polynomial, one has R(n; M, q) > 0 for ¢ > 2n.
Thus they are able to guarantee the existence of twin prime pairs not over a fixed
finite field F,, but when ¢ is large compared to the degree n of the polynomials
in the sought-after pair. This suggests that R(n; M, q) may be more amenable to
study as a function of multiple parameters. Once in this frame of mind, it is easy
to formulate a more uniform conjecture, justified by the same classical heuristic

alluded to above:

Conjecture 2.4.1. Let M be a nonzero polynomial of degree < n over F,. Then

R(n; M,q) = (14 0(1))Ro(n; M,q) as q" — oo,

uniformly in M. In other words: For every e > 0, there is a constant B = B(e)
with the property that whenever M is a nonzero polynomial over F, of degree < n

and q" > B, we have

‘R(na Mv Q) - RO(n;M7 Q)‘ < 6R0(7’L; M: Q)
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Here we use the explicit formula of §2.2.1 to prove an estimate for R(n; M, q)
which confirms Conjecture 2.4.1 whenever g/n? tends to infinity (uniformly in the
choice of M € F,[T] of degree < n). In §2.4.6, we use Selberg’s upper bound sieve

to derive an upper estimate for R(n; M, q) valid uniformly in n, M and q.

2.4.2 Statement of the main result

Considering again the right hand side of the approximation (2.6), we observe that

each factor in the second product is 1 + O(]Q|~2). From this one may deduce that

M) = (i L)
Ro(n: M,4) = (1 + 0(1/a) ;}4(1 a)

In particular, Conjecture 2.4.1 would imply that as ¢ — oo, we have

n+1 1 -1
R(m:aLg) = (1 +o(1) L o ] (1 - @‘) | (2.7)
QM
uniformly in n and M (with 0 < deg M < n).

We can now state our main result. Recall that 1_[Q|]\4(1—1/|Q\)_1 = |M|/p(M).

Theorem 2.4.2. Let k > 0 and n > 2 be integers with 0 < k < n. Let M be a

polynomial of degree k over F,. Then

qn |M| qn/l+1

M| g™ " .4
<Rn:M,q)— LT oL
n (M) n? — (n; M ) o(M) n? =4 n n

where | is the least prime divisor of n.

In the omitted case k = 0 and n = 1, the pair P, P+ M is counted by R(n; M, q)

for every linear polynomial P, so that R(n; M, q) = ¢*> — q.
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Remark. As a consequence of Theorem 2.4.2, we see that

R(n; M, q) < 1+O(n2/Q),

1009 < TRp o any gt <

uniformly in n, M, and ¢. Thus if ¢" tends to infinity in such a way that n?/q tends
to zero, we have the asymptotic for R(n; M, q) predicted by (2.7), while the lower
bound aspect of this asymptotic holds already if n/q tends to zero. These estimates

can be compared with the uniform upper bound

M| ¢!
R(n; M,q) < 8——
(n7 7q) — SO(M) nQ

(2.8)

which follows from an application of Selberg’s upper-bound sieve, as developed in
the polynomial setting by Webb (see [127]). The details of the proof of (2.8) are

supplied in §2.4.6.

When k£ = n — 1, a weaker version of Theorem 2.4.2 was stated by Hayes [61,
Theorem 2|. However, the proof of his lower bound on R(n;M,q) contained a
gap [62], and he salvaged his main result only under additional hypotheses. Our
argument for the upper bound in Theorem 2.4.2 closely follows Hayes. Our proof of
the lower bound rests on a simple averaging argument applied to the estimate (1.6)
for the number of prime polynomials of a given degree.

Finally, we remark that if we let P run over only monic primes, then we still
believe the analogue of Conjecture 2.4.1, but obtaining an analogue of Theorem 2.4.2
appears substantially more difficult. A weaker result in this direction is contained

in Theorem 7.1.4 of Chapter 7.

Notation

For the remainder of this chapter, [ denotes the least prime factor of the integer n.
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2.4.3 A heuristic

Let M be a polynomial of degree k over Fy and suppose n > k. Let h(T") range over
a set of representatives of the units modulo R,,_1_j ar, and let Nj, be the number of
monic primes of degree n congruent to h(7") modulo R,,_;_j ps. (If we choose our
representatives h(T') from the set of monic, degree n polynomials, then N}, can be
interpreted as the number of prime polynomials in the g-element set {h(T") + aM},
where o ranges over F.) Then ), N, ,% is precisely the number of monic prime pairs
Q, Q" of degree n whose difference is an Fg-multiple of M. If Q' — Q is nonzero
for such a pair, then necessarily Q' — Q = oM for some « € FqX. But then o~ 'Q
and a~'Q’ form a pair of primes differing by M. Thus, removing the pairs where

Q = @', we find that

R(n; M,q) =) N} —w(g;n). (2.9)
h

There are a total of ¢" (M) /| M| monic, degree n polynomials which are prime to M,
of which about ¢"/n are irreducible. Thus, a random monic, degree n polynomial
coprime to M is irreducible with probability about n~!|M|/p(M). Hence it is
natural to guess that Ny, is roughly (q¢/n)|M|/@(M) for each h, and this leads us to

expect that

>N & (a/n)?(IM/o(M))*# (MR 1) =
h

q72 ’M‘Q qn—l—ktp( ): ’M| qn+1
n? p(M)? p(M) n?

2.4.4 Lower bound of Theorem 2.4.2

To obtain a lower bound it is not necessary to understand the numbers N, individu-
ally. Since every monic prime of degree n belongs to some unit residue class modulo

R,_1_;m, we have ), N, = m(g;n), so that by the Cauchy-Schwarz inequality
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and Gauss’s estimates,

, , 2 TR CREY)
1 N7 > N, > — —4—

and so

Y

2n n(1+1/1)
ZNF% 1 i qT _4q 2
- ¢ Fe(M) \ n n

The relation (2.9) now implies that

‘M‘ qn+1 ‘M| qn/l+1
R(n;M,q)Z(p(M) — —4@(M) —— = n(gn). (2.10)

The upper estimate 7(g;n) < ¢"/n completes the proof of the lower bound.

2.4.5 Upper bound of Theorem 2.4.2

From Lemma 2.2.1, if h represents a unit residue class modulo R,,_1_j as, then

¢"Fo(M)nN, < ¢ Fp(M) > deg Q@
Q]Eh (mOd R'nflfk,]\/f)
degQi=n

a(x)
=q" =S x> B0
X =1
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Now square both sides and sum over h:

a(x)
n2q2(n717k)80(M)2 ZNF% < Zq2n —2¢" Z ZY(}Z) Z 51(X)n
h h h X =1
+ ZZY(h)Y(h) Z Bi(x)" B (X)"-

h XX 1<i<a(x)
1<i<a(x’)

Interchanging the sums over h with the sums over x and x’, and using the orthog-

onality relations once again, we find that the right hand side simplifies to

a(xo)
¢ (M) = 2¢" " Fe(M) Y Bilxo)"
=1
+ (M)t kz > BB
1<z<a(x)
1<j<a(x™1)

As noted on p. 39, the first sum appearing here is nonnegative, and so the entire
term it belongs to is nonpositive and can therefore be ignored, since we are looking
for an upper bound. Moreover, since |3;(x)| and |8;(x™!)| are bounded by ¢'/2,
and both a(x) and a(x~!) are bounded by n — 1, the final term here is bounded in

absolute value by
(qn—l—k@(M))2(qn/2)2n2 — an—2—2kg0(M)2n2‘

Thus

3n—1—k 3n—2—2k 2.2
ZN%SQ o(M) +q o(M)*n

h n2q2n—2-2k o(M])2 ’
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so that

R(n; M,q) = Y Nj —w(q;n)
h

|M| g™t
~ (M) n?

+q" —m(gn).
Inserting Gauss’s lower estimate for m(g; n) completes the proof of the upper bound.

2.4.6 An upper bound for twin prime pairs in F [T

In this section we establish the following estimate:

Proposition 2.4.3. Let n > 2 be an integer, and let M # 0 be a polynomial of

degree < n over the finite field Fy. Then

n

M| q

#{P : P,P+ M are both monic irreducibles of degree n} < 8@?

As a corollary, we have

‘M| qn—H
s M, q) <8——
.R(n, JQ)_-8¢(A4) n2

whenever 0 < deg M < n.

The estimate of Proposition 2.4.3 is analogous to an explicit upper bound on
generalized twin prime pairs obtained by Riesel and Vaughan ([102, Lemma 5]),
but working in the polynomial setting enables us to give a much simpler proof. We
begin with a statement of Selberg’s upper-bound sieve for polynomials (cf. [127,

Theorem 1]).

Lemma 2.4.4 (Selberg’s A%-sieve for Fy[T]). Let A be a multiset of polynomials

over Fy, and let Q be a finite set of monic irreducibles over Fq. Suppose that
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[ is a multiplicative function defined on the squarefree divisors of HQGQQ with
1< f(Q) <|Q| for each Q € Q, and write

d 1= ;,(ﬁg) + Rp. (2.11)
AcA
DJA

Let D be any nonempty subset of the monic divisors of HQEQQ which is divisor

closed (i.e., every monic divisor of an element of D belongs to D). Then

1< #A
L Zoen D) M g (1- £@7)

-1

AcA
ng(A7HQ€ o Q)

+ Z ‘XDlXD2R[D1,D2]’7
D1,D2€D

where .

Ycenpie (O ge (1—f(@)7)
>cep F(O)7! HQ\C (1 - f(Q)il) -

Before proceeding we introduce a bit more notation. Let A be a nonzero poly-

Xp = (D) f(D)

nomial over F,;. Then we can express A uniquely in the form

A:&‘Qil 52... er

r o

where € € FqX, the Q; are distinct monic irreducibles, and the e; are positive integers.
We define the arithmetic functions (), d(+), and rad(-) in analogy with their integer

counterparts by setting

Q(A) = Ze d(A) = ]]J(ei +1), rad(4):= HQi.

i=1

Proof of Proposition 2.4.3. In the case when ¢ = 2, we may assume that T'(7" 4 1)
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divides M, since otherwise there are no prime pairs P, P + M of degree n. Thus

|Q| > 2 for every prime @ not dividing M. Define the multiset
A:={A(A+ M) : A monic,deg A = n}.

Let Q be the set of monic primes of degree < n/2. Then the number of monic,
degree n prime pairs P, P + M is precisely the number of elements of A coprime to
[Igeg @ a quantity which may be estimated with Lemma 2.4.4.

We take D to be the (divisor-closed) set of squarefree, monic polynomials of
degree < n/2. Define the multiplicative function f appearing in Lemma 2.4.4 by

setting (for monic primes Q)

|Q|/2 if @ does not divide M,

Q| if Q divides M,

and extending f to be a completely multiplicative function on the monoid of monic
polynomials. It is easy to check that if the squarefree polynomial D has degree < n,
then (2.11) holds without any error term, i.e., with Rp = 0.

Since the least common multiple of any pair Dy, Ds € D has degree < n, we

obtain from Lemma 2.4.4 the following clean inequality:

A
> 1< — (2.12)
S pen F0) g (1-1@7")

AcA
ng(AvnQGQ Q):l

To proceed we need a lower bound on the denominator in this expression. For

each D € D, write D = DDy, where D divides M and D, is prime to M. Then
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we have

_ 1\ ! 1 2
o [T -r@7) =11 o1l g%

QD Q|D1 Q|D2
using |Q| > 2 for every @ dividing Dy. Thus we have reduced the problem to

obtaining a lower bound on

Y g

DeD Q|D; Q|D2

1 1 1 2 4 8
- T (gtoetor ) I (o 0e *gn )

DeD Q|D; Q|D2

We may rewrite this expression as

202(A2)
1
T X b
A monic DeD
rad(A)=D

where Ay denotes that part of A supported on the primes not dividing M. The

inner sum is at least 1 whenever deg A < n/2, which yields a lower bound of

264(A2) 1
—_ 2.13
T2 A 219
2 monic 1 monic
deg Aa<n/2 deg A1<n/2—deg A>
ged(Az,M)=1 rad(Aq)|M
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Now 22(42) > d(A,), while for the inner sum we have

1 (M) 3 1 11 < 1 )‘1
Y- (-
A1 monic |A1| |M’ A1 monic |A1| QM |Q|

deg A1<n/2—deg A2 deg A1 <n/2—deg A2
rad(Aq)|M rad(Aq1)|M

_ p(M) 1 S
a2 TA] 2 TH
deg A1<n/2—deg A2 rad(B)|M
rad(A41)|M

p(M) 3 d(C)

C monic
deg C<n/2—deg Az
rad(C)|M

Y

Assembling these results, we find that (2.13) is bounded below by

p(M) d(A)
S, A
deg A<n/2

But (cf. [24])

Do dy=3 > 1= 3 > 1

A monic A B|A B monic A:B|A
eg A=k B monic deg B<k

T
and so our last-displayed sum is just
2
n
> o(kt+1) > 5
0<k<n/2

so that (2.13) is bounded below by (¢(M)/|M|)n?/8. Since the numerator in (2.12)

is #A = ¢", we obtain the stated result. O
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Remark. Let Z,(n) denote the set of monic irreducibles of degree n over F,;. Then
our argument shows that for any nonzero polynomial M (without any restriction
on its degree) there are at most 8(|M|/¢(M))q™/n? values of P € Z,(n) for which

P+ M is free of prime factors of degree < n/2. As a consequence, there are at most

1M £+qtn/zj+1

p(M) n?
values of P € Z,(n) for which P+ M is irreducible, where the gl"/2+ 1 term can be
omitted unless M has degree n and leading coefficient —1. (The extra term is due
to irreducible values of P+ M which are nevertheless removed in the sieve because

deg(P+ M) <n/2.)

61



Chapter 3

The substitution method

3.1 Introduction

In Chapter 1 we alluded to the following finite field analogue of Schinzel’s Hypoth-

esis H:

Conjecture 3.1.1. Let fi(T), ..., f-(T) be irreducible polynomials belonging to
F,[T]. Suppose that there is no prime P € Fy[T] for which every g(T) € F[T]
satisfies

fg(T)) -+ fr(9(T)) =0 (mod P). (3.1)

Then the specializations fi1(g(T)),..., fr(g(T)) are simultaneously irreducible for

infinitely many monic polynomials g(T') € F4[T).

The first nontrivial result towards this Conjecture is due to Hall ([57]; see also
[58]), who settled (in the affirmative) the cases when f1(T) =T, fo(T) =T + 1 and

q > 3. The first theorem we prove here is an extension of this result:

Theorem 3.1.2 (Twin prime polynomial theorem). For every q # 2 and every

a € F7, there are infinitely many monic twin prime polynomials f, f + a in F,[T].
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Note that in contrast to the results of §2.4, in this theorem we produce infinitely
many twin prime pairs over a fized finite field F.
The main result of this Chapter is that Conjecture 3.1.1 holds for an arbitrary

family of polynomials, provided ¢ is large in a suitable sense:

Theorem 3.1.3. Let fi(T),..., fr(T) be irreducible polynomials over Fq. If q is
large compared to both r and the sum of the degrees of the f;, then there is a prime

l dividing ¢ — 1 and an element 3 € F for which every subsitution
T—T" -8 with k=0,1,2,...

leaves all of f1,..., fr irreducible. Explicitly, the above conclusion holds provided

g > max {3, 92r=2 (Z;l deg fi)Q} . (3.2)

Actually we obtain the theorem for ¢ satisfying a slightly weaker (but more
complicated) inequality than (3.2). It may be initially surprising that we have not
included a local condition in our statement of Theorem 3.1.3. But such a condition
is actually implicit in our requirements on ¢: the number of incongruent solutions
to (3.1) is bounded by the sum of the degrees of the f;, so that the local condition
of Conjecture 3.1.1 is automatically satisfied for ¢ > Y, deg f;, an inequality less
stringent than (3.2).

Treating smaller ¢ appears more difficult. Here we restrict ourselves to some
remarks concerning those cases when r» = 1 and ¢ is fixed. This corresponds to
searching for irreducible specializations of a single polynomial, so to a polynomial
analogue of Buniakowsky’s conjecture.

Our best result is conditional on the following well-known conjecture of Masser

and Oesterlé (see [89]):
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abc Conjecture. Let € > 0, For any three coprime positive integers a,b and c

satisfying a + b = ¢, we have

1+e€

c<e | [ »

plabe

Conditional on this conjecture, we can prove the following. Below [,(m) denotes

the multiplicative order of @ modulo m.

Theorem 3.1.4. Fiz a finite field F,. For each d > 2, define

A= {f € Fy[T] : deg f = d; for some prime 1| ¢* ~ 1,

f(le) is irreducible for k =0,1,2,...},

and let £; denote the set of monic irreducibles of degree d not in Agq. Then for any

e >0,

#E5 < ¢*/d? (unconditionally), (3.3)

< gt (assuming the abc Congecture). (3.4)

Moreover, if we assume that

Z ! < 00, (3.5)

2
r prime lq(T )
riq

then Eq is empty for almost all d (in the sense of asymptotic density).

The complicated-looking assumption (3.5) asserts, in crude terms, that there
are not too many g-Wieferich primes (i.e., primes r for which ¢"~! = 1 (mod r?)).

For example, in order for (3.5) to hold, it suffices that there be < (logz)'~® such
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primes up to x; the natural conjecture is that there are only < loglogxz. We note
that in the case ¢ = 2 an assumption equivalent to (3.5) already appears in the

work of Granville & Soundararajan (cf. [56, Theorem 4]).

Notation and conventions

We use rad(n) := ], p to denote the radical of the positive integer n and rad’(n)

pln
to denote the odd part of rad(n), i.e., rad’'(n) := [1,np>2p- We remind the reader

that I,(m) denotes the multiplicative order of a modulo m.

3.2 The substitution method: Overview

Suppose f(T') is an irreducible polynomial over a finite field. Under what conditions
is the composition f(g(7)) also irreducible? At the heart of the substitution method
is the observation that this question has a simple answer when ¢(7") is a binomial
polynomial T™ — j3.

Since the linear substitution T' — T — (8 always preserves irreducibility, to un-
derstand the effect of binomial substitutions it suffices to study the case when
g(T) = T™. This question was considered by Serret in the case of prime fields
[112] and Dickson in the general case ([40], p. 382; see also [41], §34). Since it is
somewhat simpler and suffices for us, we restrict ourselves to the case when m is a
prime power. Recall that the order of an irreducible polynomial f(T") € F [T, not

an associate of T, is the multiplicative order of any of its roots.

Lemma 3.2.1 (Serret, Dickson). Let f be an irreducible polynomial over ¥, of
degree d and order e. Let | be an odd prime. Suppose that f has a root o € F

which is not an lth power, or equivalently that

| divides e but | does not divide (¢* —1)/e. (3.6)
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Then the substitution T — T leaves f irreducible for every k = 1,2,3,.... The

same holds for the prime | = 2 under the additional hypothesis ¢> = 1 (mod 4).
The proof depends on the following well-known elementary result:

Lemma 3.2.2. Let a be an integer and suppose a = 1 (mod ), where I is an odd

prime. Then for every pair of positive integers k and r, we have

T
—1
l’“|a71<:>lk|r.

The same holds in the case when | = 2, if we suppose now that a =1 (mod 4).

Proof. Write v;(+) for the [-adic valuation; then we are claiming that

u(r) = v, <"’T - 1) . (3.7)

a—1

We consider first the case when r = [. Suppose that | = 2. Thena =1 (mod 4),

and
a?—1

a—1

=a+1=2 (mod 4),

which implies (3.7). If | > 2, write @ = 1 + lk. Then a' =1+ ikl (mod /%), and so

l

[y

a—1

a—1

: I(1—1)
b=
a + 5

kl=1 (mod I?),

i=0
and again (3.7) holds.
Next consider the case when [ does not divide r. Then

r—1

7"_1 3
¢ :Zalzr (mod 1),

a—1

~

so that (3.7) holds in this case as well.
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We now consider the general case: write r = l/rg, where [ {ro. Then

a" —1 J al'm — 1 a™ —1
a—1 ]‘_Ilali_lm—l Ca—1

1=

Using the above, v;((a" —1)/(a — 1)) = {:1 1=j=uv(r). O

Proof of Lemma 3.2.1. Clearly o« # 0. Let k be a positive integer, and let § be
an [*-th root of o taken from the algebraic closure of F,. Showing that f (le) is
irreducible is equivalent to showing that § has degree dI* over F,. This, in turn, is
equivalent to showing that

BY =3 = dl* | i.

We first show that ﬁqd_l is a primitive I*-th root of unity. Since ﬁlk = « and
ad’—1 = 1, it is clear that ﬂqd*I is an [*-th root of unity. Moreover, since « is not

an [th power it must be that [ divides #F;d =¢% — 1, and that

lk71

<5qd—1) =D/ £

Thus the order of ﬁqd_l must be a divisor of I¥ that is not a divisor of *~1; since [
is prime, the only possibility for this order is I* itself, giving our claim.
If ﬁqi = (3, then raising both sides to the I*-th power we find that ad' = «; since

a has degree d, this implies that d divides 7. So write ¢ = di’. Then

./
qdz 1

1 = e g = e (1) T =1

From the above, the last equality holds precisely when

di/fl

q
¥ .
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By Lemma 3.2.2 (applied with the prime I and the integer a = ¢%), this last pos-
sibility holds if and only if I* divides #/, which in turn holds if and only if dI*

divides 1. O

Applied to polynomials of the form T'— 3, this Lemma immediately yields the fol-
lowing result (which can also be deduced from Capelli’s classification of irreducible

binomials; see, e.g., [79, Chapter VI, Theorem 9.1]):

Corollary 3.2.3. Let | be an odd prime. If 8 € Fy is not an lth power, then
" B s irreducible over Fy for every k =0,1,2,....

The same result holds for 1 =2 if also ¢ =1 (mod 4).

How are these results useful? Consider, e.g., the problem of producing twin
prime pairs f, f + 1 over a finite field. With [ a prime to be chosen conveniently, we
consider the binomials 7" +a and T + a+1. Corollary 3.2.3 tells us that whether
or not both of these polynomials are irreducible depends (at least if [ > 2) only on
the [th power character of @ and o+ 1. (In particular, there is no dependence on
k!) Thus, if we can choose [ and « appropriately, then varying k gives us an infinite
family of twin prime pairs. This was Hall’s strategy, and it is also our strategy in
proving Theorem 3.1.2.

Consider now the situation of Theorem 3.1.3. Thus we are given irreducibles
fi,..., fr over Fy and we seek a prime [ and a § € F, for which each fi(le -0B)
is irreducible (for all £ > 0). If [ is a prime for which the hypotheses of Lemma
3.2.1 are satisfied simultaneously with respect to every f;(T"), then our job is easy:
use this [ and take 3 = 0. Of course there is no guarantee that such an [ exists.

We prove Theorem 3.1.3 by showing that we can always satisfy the hypotheses of
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Lemma 3.2.1 for some [ if we allow ourselves to replace the given family {f;(T)}/_,
by the translated family {f;(T"— 3)}/_, for an appropriate 8 € F,.

To summarize, in both cases our success hinges on the existence of an appropriate
configuration of [th power nonresidues. In the proof of Theorem 3.1.2, the arguments
guaranteeing that these configurations exist are usually combinatorial. To prove
Theorem 3.1.3, we take a different tack, detecting configurations of nonresidues via

estimates for character sums.

3.3 Proof of Theorem 3.1.2

The following near-trivial combinatorial lemma is at the heart of Theorem 3.1.2:

Lemma 3.3.1. Let a be a nonzero element of F,. Suppose that for every pair a,b
of elements of Fy which differ by o, either a or b belongs to some given set S. Then

#S > q/2; i.e., S contains at least half the elements of Fy.
Proof. Indeed, in this case F, C SUS’, where S :={s —a:s € S}. O

The remainder of the proof is divided into three cases:

3.3.1 Casel: ¢ >4 AND ¢ =1 (mod /) FOR SOME ODD PRIME [

Theorem 3.1.2 for a given a then follows from Corollary 3.2.3 if we can produce a
pair of [th power nonresidues of F differing by a. The set of I[th powers in F; has
cardinality 14 (¢—1)/l, and this is strictly smaller than ¢/2 except when ¢ = 4 and
[ = 3 (which will be treated in CASE III). We now appeal to Lemma 3.3.1, taking
for S the set of Ith powers in F; this finishes the proof whenever ¢ — 1 has an odd

prime divisor and g # 4.
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3.3.2 CASE II: ¢ >5 AND ¢ = 1 + 2¥ FOR SOME k

One can show elementarily that the only prime powers ¢ meeting this requirement
are ¢ = 9 and the Fermat primes greater than 5 (see [114], p. 374, Exercise 1). We
apply Corollary 3.2.3 with [ = 2, noting that all the ¢ under consideration satisfy
g =1 (mod 4). It is straightforward to check directly that every nonzero element
of Fy is a difference of nonsquares. To treat the case when ¢ is a Fermat prime, we
note that if p is any odd prime and a any nonzero element of F,, then the number

of pairs of nonsquares in F,, differing by « is

v CE)e(5)-

a (mod p)
a#0, a+a#0 (mod p)

i, 2, 006 -0-6)-0-6G))

a (mod p)

Simplifying this expression using the evaluation ) (%) (‘“rTa) = —1 of the Jacobsthal

sum (cf. [10], Theorem 2.1.2) gives a count of

6 6)

which is always positive if p > 5. This settles all cases when ¢ — 1 has no odd prime

divisor, except those corresponding to ¢ = 3 and ¢ = 5.

3.3.3 Caselll: ¢g=3,40R5

The cases not covered by the above analysis are handled by a direct appeal to
Lemma 3.2.1. For each ¢ and «, we find a pair of twin prime polynomials f, f + «
and a prime [ for which the conditions of Lemma 3.2.1 hold simultaneously for both

f and f+a. The pairs f, f +« and the information needed to verify the hypotheses
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q ‘ « ‘ Twin Prime Pair f, f + « ‘ Orders ‘ ¢“—1 ‘ l
3 1 T°-T+1,T3-T+2|2-13,13 | 2-13 [ 13
4 1 T-8,T-p+1 3,3 3] 3
Bl T>+(B+D)T+1,T>+(B+1D)T+p+1 53-5| 3-5| 5

B+1 >+ BT +1,T>+B8T+p| 53-5| 3-5| 5

5 1 T+2,T+3 22 22 22| 2
2 T3 +T+4,T3+T+1|31,2-31|2%2-31 |31

Table 3.1: Explicit monic twin prime pairs for small ¢, where § is such that Fy =
F3(3). In odd characteristic we include only one of {a, —a}.

of the lemma are presented in Table 3.1. For example, the first line of Table 3.1

describes the proof that the polynomials
T3‘13k . TlS’“ 11, T3'13k . T13k +2

form a twin prime pair over Fg for each k =1,2,3,.... O

Without giving the details, we mention the analogous theorem for prime triplets:

Theorem 3.3.2 (Prime triplet theorem). Let F, be a finite field with ¢ > 3. If
a and 8 are distinct elements of ¥, then there are infinitely many monic prime

triplets f, f +a, f + B in Fy[T].

That such a result is valid for all but finitely many ¢ is immediate from Theorem
3.1.3; all that remains is to check the validity of this result over the remaining
“small” finite fields F, as in our Table 3.1. This is a straightforward (if somewhat

tedious) computation.
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3.4 Proof of Theorem 3.1.3

3.4.1 A character sum estimate

The following consequence of Weil’s Riemann Hypothesis appears as [125, Corollary

2.2):

Lemma 3.4.1 (Lenstra). Suppose we are given an n-dimensional commutative Fy-
algebra A, an element © € A and a character x of the multiplicative group A*

(extended by zero to all of A) which is nontrivial on F4[x]. Then

Yo xB+a)|<(n-1)va

BER,

Lemma 3.4.2. Let f1(T),..., fs(T) be nonassociate irreducible polynomials over
F,. Fix roots ai,...,as of fi1,..., fs, respectively, lying in an algebraic closure of
F,. Suppose that for every 1 < i < s we are given a multiplicative character x; of

F,(a;) and that at least one of these x; is nontrivial. Then

D xalar+8) - xslas +8)| < (D= 1)/, (3.8)

BeF,
where D is the sum of the degrees of the f;.

Proof. We argue as in [125, Corollary 2.4]. Define F' := [[;_, f; and set A :=
F,[T]/(F). Thus A is generated over F, by the residue class 7"mod F. By the
Chinese remainder theorem, we obtain a multiplicative character xy on A by setting
x(g mod F) :=[[;_; xi(g9(a;)). Since some y; is nontrivial on Fy(a;), we see that x
is nontrivial on A. Moreover, for 3 € Fy, we have x((8+7) mod F) = [[7_; x(c; +
B3). The result now follows from Lemma 3.4.1, since A is an Fg-algebra of dimension

deg F=>7 ,degf; =D. O
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3.4.2 Proof of Theorem 3.1.3

We now turn to the proof of Theorem 3.1.3. We may assume that the f; are
nonassociate. We will prove that the conclusion of Theorem 3.1.3 holds provided

q > 3 and

q+ <2’“ —1—271 "deg fi> Vi—2"1r>o. (3.9)
=1

Note that if the condition (3.2) from Theorem 3.1.3 holds, then (3.9) also holds. To

see this, write D = " deg f;. If (3.2) holds, then \/g > 2"~'D; thus

q+ <2T —1-2! Zdegﬁ) Va=+va(ya—2"'D) + q(2" - 1)
=1
> /(2" —1) > (27ID)(2" —1) > 2 (20 — 1) > 27
which gives (3.9).

Choose roots aq,...,a, of f1,..., fr, respectively, from a fixed algebraic closure

of F,. We can fix [ so that one of the following two conditions holds:
(i) 1 is an odd prime dividing ¢ — 1,
(ii) I=2and ¢ =1 (mod 4).

Indeed, since ¢ > 3, if there is no [ for which (i) holds, then the choice | = 2 always

satisfies (ii).

Lemma 3.4.3. Assuming the above notation and hypotheses, there always exists

an element B € Fy with the property that for every 1 <i <,
a; + (3 is not an lth power (vanishing or otherwise) in Fq(a;).

Proof. For eachi =1,2,...,r, fix a multiplicative character y; of order [ on Fy(c;).
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Consider the sum

> (1 =xalar + )1 = x2(a2 + ) -+ (1 = xr(ar + B)). (3.10)

BEF,

Multiplying this out, it is

g+ > > ITxila+5).

Zc{1,2,...,r} BeFq i€l
T#0

By Lemma 3.4.2, we can bound this from below by

- > }(—I—FZdegfi)\/E]

Ic{1,2,...r i€T
TA0

=g+ (2 —1)y/g— > degf; >oo1|va
i=1 Tc{1,2,...,r}
i€l

=q+ (2" —1)/q—2"! (i deg f1> Va>2""tr, (3.11)
i=1

using (3.9) for the last inequality. Suppose the lemma is false and so for each § € Fy,
there is an ¢ = () for which «;+ 3 is an {th power in Fy(«;). If a;+ 3 is nonzero for
this ¢, then the summand corresponding to 3 in (3.10) vanishes, while if a; + 3 = 0,
then the corresponding summand has absolute value at most 2"~!. Since the latter
is possible for at most r values of 3, the sum (3.10) is bounded above by 2"~ 1r,

contradicting (3.11). O

Proof of Theorem 3.1.3. With 3 as in Lemma 3.4.3, apply the substitution T" +—
T—j to the sequence of polynomials f1, ..., f.. This yields a new sequence hq, ..., h;,

(say) of irreducible polynomials over F, with corresponding nonzero roots aj +
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B,...,a, + (. By Lemma 3.2.1 all the polynomials
h(T) = (T = 3), .. b (TY) = £(T = B) for k=0,1,2,...

are irreducible, which proves the theorem. ]

X.

¢ we show that there are infinitely many

Ezample. Let a be any nonsquare in F
monic primes in Fy[T] of the form f? — a. By Theorem 3.1.3 (with 7 = 1 and
fi(T) = T? — a), we know this is true for all large ¢; referring to (3.9) shows that
g > 3 is large enough. When ¢ = 3, we must have « = —1, and we can treat this
case directly. Indeed, the irreducible polynomial (T'+ 1) + 1 has order 8 = 3% — 1,

and so Lemma 3.2.1 shows that (TQIC + 1)2 + 1 is irreducible over F3 for every

k=0,1,2,....

Ezxample. Let f(x,y) be an irreducible binary form over F, of degree n > 2. We
claim that if ¢ > n?, then f(A, A + 1) is irreducible for infinitely many monic A.
Since n > 2, we may express f as the homogenization of an irreducible degree n

polynomial g:
fla,y) =y g(x/y), where ¢(T)=anT" +an1T"" + - +ap.

The polynomial f(7,T + 1) has degree n and leading coefficient g(1) # 0. Let «
be a root of f(T,T + 1); since f(—1,0) = an(—1)" # 0, we have o # —1. Now
a/(a+1) is a root of g and so has degree n over F,. But then o must also have
degree n, which yields the irreducibility of f(7,7+1). The original assertion is now
obtained by applying Theorem 3.1.3 to f(T,T + 1). Actually for ¢ > 16(n + 2)2,
the same statement holds even if we require also that A and A + 1 are prime, as we

see by applying Theorem 3.1.3 to the three polynomials 7', T'+ 1, and f(T,7 +1).
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3.5 Proof of Theorem 3.1.4
Lemma 3.5.1. Fiz a finite field ¥y. For each d > 2,

¢’ —1
rad' (¢t —1) d

#E4 < (3.12)

Proof. Let E be the set of elements of F 4 whose minimal polynomials belong to
£;. By Lemma 3.2.1, each « in E is an Ith power for every odd prime I | ¢¢ — 1, so

is an Lth power for

L:= H l =rad' (¢ —1).
{ odd prime
l)g%—1
Thus #E < #((F;d)L) = (¢* — 1)/L. But the action of Gal(F/F,) partitions E

into orbits of length d, each of which corresponds to a single element of £;. This

proves (3.12). O

Before proceeding we recall an 1886 result of Bang [5] (see, e.g., [103] for a

modern proof):

Bang’s theorem. Let a and n be integers > 1. There is a prime | which divides

a™ — 1 but not a™ — 1 for any m < n, except in the following cases:

Proof of the upper bounds (3.3) and (3.4) on #&4. By Bang’s theorem, if d > 6 (as
we can assume), then there is a primitive prime divisor [ of ¢ — 1. Then [ = 1

(mod d), and so in particular L > [ > d. Lemma 3.5.1 now gives (3.3). The abc
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Conjecture implies that for each € > 0,
1
L> §rad(qd —1) >, =971,

and this proves (3.4). O

Remark. Actually one can do a bit better unconditionally than stated in Theorem
3.1.4; for example, the results of Stewart & Yu toward the abc Conjecture [116] imply
that rad’(¢¢ — 1) > d3+°¢(1) as d — oo, leading to a corresponding (unconditional

but no longer elementary) upper bound of ¢¢/d**+°«(1).

Proof that &g is empty for almost all d, assuming (3.5). It is enough to prove that
for almost all d, no element of F 4 of degree d over Fy is an Lth power for L :=

rad’(¢% — 1). Suppose, on the contrary, that « is such an element. Let

-1
Q= 4 T and let m :=1,(Q).

Then trivially m < d. Now a® =1 (as « is a nonzero Lth power), so that

Thus o has degree < m over F, and sod <m <d. Som = d.

Now fix a large positive number B. We may restrict attention to those d with
a prime factor > B, since the exceptional d have density 0. Given d of this type,
let [ > B be its largest prime factor. As m = d, it follows that [ divides m = 4(Q),
and so [ divides l;(R) for some prime power R || Q. If R is a power of the prime 7,
then necessarily 7 > 1 > B, and from r | Q we deduce that

qt —

L g
—1

| rQ =
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so that l,(r?) | d.

Thus d is divisible by l,(r?) for some prime r > B. But the number of such

d<uxis
1
< epx, where ep:= Z ek
r>B q(r?)
T prime
riq

So the upper density of such d is bounded by eg; but (3.5) implies that eg — 0 as
B — oc. O

Ezxample. In practice it is rare that d = m, which as we have just seen is forced
upon us if £; # (. Consider, e.g., the case ¢ = 2. At the time of writing, the first
d for which the complete factorization of 2¢ — 1 is not known is d = 787 (see [12]).
Using the known factorizations for smaller d, one can calculate that m < d for all

d < 787, except for d = 364. In that case

2364 -1

. _ 1093 and 15(1093) = 364.
rad (2561 — 1) and - [2(1093)

Thus the only polynomials f(7') of degree 364 over Fy for which Buniakowsky’s
conjecture can fail are those with a root o € Foses with o' = 1. Now if f(T) has
this property, replace f(T') with f(7°— 1). This has the root o + 1, and we cannot
have both

" =1 and (a+ 1) =1 in Fye,

since one can compute that the resultant
Res(T'%% — 1,(T+ 1)1 —1) 20 (mod 2).

So Bouniakowsky’s conjecture must hold for f(7'—1), and so also for our original f.

We conclude that Bouniakowsky’s conjecture holds for every irreducible of degree
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d < 787.

3.6 Other applications of the substitution method

Consider the problem of studying F,[T]-points on algebraic sets defined over F,. In

other words, suppose that we have a system of equations

f’i(Xla"'aXN) =0

where each f; belongs to Fy[Xi,...,Xy]. Suppose that (Ai(T),...,An(T)) €
F,[T]V is an initial solution. Then trivially, (A1(g(T)),...,An(g(T))) is also a
solution for every polynomial g(7"). It follows that if there is a single F,[T]-valued
point on this algebraic set, not having all its coordinates constant, then there are
infinitely many. The importance of Theorem 3.1.3 is that it allows us to obtain
results of the same kind when some of the coordinates X; are restricted to irreducible
values, provided that ¢ is large compared to the sum of the degrees of the initial
solution (Ay(T),..., An(T)).

For example, suppose we are interested in exhibiting infinitely many irreducibles
which are sums of three irreducible cubes. Then we are looking for solutions to the
equation

X3+ X3+ X3 =X, (3.13)

where all of Xy,..., X4 are prescribed to be irreducible. If we can write down a
single solution to (3.13) with all the X; small (say of absolutely bounded degree),
then Theorem 3.1.3 implies that as long as ¢ is large enough, this equation has
infinitely many solutions. Moreover, the solutions provided by Theorem 3.1.3 arise
from the initial solution in a very explicit way, so that properties of the initial

solution translate predictably to properties of the entire family of solutions. (For
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example, if all the X; in the initial solution are monic, then so are all the X; in the
infinite family, etc.)

Following this strategy, in Chapter 4 we will prove the following result:

Theorem. IfF, is a finite field with characteristic > 3, then infinitely many monic

primes P over Fy have a representation in the form

P=A+B3+C3 where A,B,C are monic primes,

deg A > max{deg B,deg C'}.

The difficulty in proving this result lies in showing that for any field F, of
characteristic # 2,3, one can find an initial solution to (3.13) with each X; of
bounded degree.

If one is content in proving the preceding theorem for a positive proportion of

fields, then the proof is much easier: Start with the universal identity
T3+ (T+1)3 + (T? +1)* = T® + 37* + 273 + 6T + 3T + 2. (3.14)

The polynomial on the right-hand side of this identity has Galois group over Q the
full symmetric group on six letters. Moreover, its splitting field has odd discrimi-
nant, and so is linearly disjoint over Q from the splitting field Q(7) of T'(T+1)(T?+
1). So by the Chebotarev density theorem for number fields, the four polynomials
involved in the identity (3.14) are irreducible modulo ¢ for precisely % . % = % of
all primes ¢. And for these primes ¢, we may take (3.14) as our initial input to
Theorem 3.1.3.

To obtain an initial solution for all fields of characteristic # 2,3, we will again

appeal to the Chebotarev density theorem. However, what is needed is not the

number field version applied above, but an effective version for function fields. 1t is
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to this circle of ideas that we now turn our attention.
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Chapter 4

Preliminary applications of the

Chebotarev density theorem

4.1 Introduction

In this chapter we show how the Chebotarev density theorem for function fields
can be used to settle certain problems concerning the distribution of irreducible
polynomials over finite fields. The proofs exhibit a similar structure to the applica-
tions towards Hypothesis H that will be given in the next chapter, but the technical
details are far less daunting.

We take as our primary target an analogue of the classical Hilbert irreducibility
theorem. In its simplest form, that theorem asserts that if f(7,u) is a polynomial in
two variables irreducible over Q, then there are infinitely many choices of a € Q for
which f(T,a) is irreducible as a one-variable polynomial over Q. It is not obvious
how to formulate a finite field analogue; if f(T', ) is irreducible over Fy, there need
not be any values of a € F, for which f(7',u) is irreducible. (For example, 7" — u

is always irreducible over F,, but if n is coprime to ¢ — 1 then 7™ — a always has a
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linear factor.)

The following theorem can be seen as a partial result in this direction:

Theorem 4.1.1. Let f(T,u) be an absolutely irreducible polynomial in two variables
over ¥y, monic in T, with degp f(T',u) = n and deg, f(T,u) = m. Suppose that the
characteristic of Fy exceeds n. Assume further that the T-discriminant of f(T,u)

is squarefree in Fylu]. Then there are
g/n+ O(nimq'/?)

values of a € Fy for which f(T,a) is irreducible in Fy[T]. Here the implied constant

is absolute.

Theorem 4.1.1 is no doubt far from optimal in both the conditions imposed on f
and in the shape of the error-term. However, formulating a satisfactory conjecture

at any level of generality appears difficult.

Ezample. Fix a positive integer n > 2. Chowla conjectured [27] that for p > po(n),
one can always find an irreducible polynomial over F,, of the form 7™ 4T +a, where
a € F). Moreover, he predicted that the number of such a is asymptotically p/n as
p — 00, and proved this in the first nontrivial case, when n = 3.

Theorem 4.1.1 is immediately applicable to this problem. Let p be a prime larger

than n. The T-discriminant of T" + T + w is
(~)E) L 4 (1 )Y,

which is squarefree in Fj[u] since p t n — 1. It follows from Theorem 4.1.1 that
the number of a € F,, for which 7" + T + a is irreducible is p/n + O(n!p'/?). This

confirms Chowla’s predicted asymptotic formula, and at the same time shows that
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one can take po(n) = C((n + 1)!)? for an appropriate constant C. In fact, a bit of
attention to detail in the proofs below shows that one may take C' = 2. We expect
that in fact, po(n) < nlogn.

Chowla’s asymptotic formula was confirmed independently but almost simulta-
neously by Cohen [29] and Ree [99], using the theory of algebraic function fields and
an effective version of the Chebotarev density theorem for such fields. (However,
neither author made explicit the dependence on n to obtain a value for C.) The
proof of Theorem 4.1.1 was inspired by these authors’ arguments and exhibits a
very similar structure.

The second goal of this chapter is to establish the following result, alluded to in

Chapter 3:

Theorem 4.1.2. If F, is a finite field with characteristic > 3, then infinitely many

monic primes P over F, have a representation in the form

P=A*+B3+C3 where A, B,C are monic primes,

and deg A > max{deg B, deg C'}.

The proof technique was already hinted at in the preceding chapter: For suffi-
ciently large ¢, the substitution method shows that is enough to exhibit an identity
of the shape

P(T) =T? 4+ (T + 1) + (T? + a)?,

where a € Fy, and both P(T) and T? + a are irreducible. Were it not for the
requirement that 72 + a be irreducible, such a result would follow (for large ¢ and
with certain restrictions on the characteristic) from Theorem 4.1.1 applied to the
polynomial f(T,u) = T3+ (T + 1)® + (T? + u)3. While Theorem 4.1.1 cannot be

applied as it stands, we shall see that it is possible to modify its proof to yield
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Theorem 4.1.2.

4.2 Preparation for the proof of Theorem 4.1.1

4.2.1 Algebraic function fields

The proof of Theorem 4.1.1 depends on the arithmetic theory of global function
fields: finite extensions of the field of rational functions over a finite field.

For the convenience of the reader, we summarize some of the relevant defi-
nitions. Readable introductions to the theory of algebraic function fields include
Stichtenoth’s monograph [117] where the subject is developed alongside applications
to coding theory, Rosen’s textbook [107], and the very thorough recent treatment
of Villa Salvador [123].

We say that K is an algebraic function field over k if K/k is a finitely generated
extension of transcendence degree 1. A global function field is an algebraic function
field K/k with k finite. If K/k is a function field, the set of elements of K algebraic
over k is called the field of constants of K. Henceforth we adopt the usual convention
that whenever we are given a function field K/k, the field k is the full field of
constants of K. (To satisfy this requirement, it suffices to replace k with its algebraic
closure in K.)

To each function field K /k there is an important nonnegative integer invariant,
known as the genus of K. When k = C is the field of complex numbers, this admits
a topological interpretation: One can identify the function field K/k as the field of
meromorphic functions of a compact Riemann surface (uniquely determined up to
conformal equivalence). Such a Riemann surface is a compact orientable 2-manifold,
and so is homeomorphic to a g-holed torus for a unique integer g > 0; this integer g

is called the genus of K. For an arbitrary function field K/k, the definition of the
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genus of K goes through the theory of the adeles of K, and is too complicated to
be given here. (See [123, §3.3] for the details.)

If L/l and K/k are two function fields, we say that L/l is an extension of K/k
if K is a subfield of L and [ N K = k. We say that L/l is a geometric extension of
K/k if | = k. One can show that if L is a finite (resp. algebraic) extension of K,
then [ is a finite (resp. algebraic) extension of k ([123, Propositions 5.1.8, 5.1.9]).
As a consequence, if k is algebraically closed, then every algebraic extension of K
is geometric.

To each function field K/k, there is an associated theory of divisors, which
plays a foundational role analogous to the role of ideals in the number field setting.
(See [123, Chapters 2, 3].) The theory of the decomposition of prime divisors
under extensions is quite analogous to the corresponding theory for prime ideals.
For example, if L is a finite extension of K, then every prime P of L lies over a
unique prime P of K. Moreover, in this case there are well-defined positive integers
e(P/P) and f(P/P), the ramification index and residual degree, respectively (cf.
[123, Definition 5.1.5, Proposition 5.1.8]). A prime P of K is said to be unramified
in Life(p/P) = 1 for every prime ‘B of L that lies over P. We say that the prime P
of K is tamely ramified in L if for every prime B of L above P, the characteristic of
K does not divide e(3/P). We say that L/K is unramified (resp. tamely ramified)
if every prime P of K is unramified in L (resp. tamely ramified).

Suppose L/K is a Galois extension of function fields. If P is a prime of K
unramified in L, then proceeding as in the number field case, one can define the
Frobenius of P in L/K, denoted (L/K,P); it is a well-defined conjugacy class
of the Galois group of L/K. Moreover, such Frobenius elements are “uniformly
distributed” in an appropriate sense; i.e., there is an analogue of the Chebotarev

density theorem in this context. (See [123, §11.2].) We shall meet a precise version
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of this last result in §4.3 below.

4.2.2 A criterion of Hayes

Here we establish a criterion for certain Galois groups to be the full symmetric group
on n letters. This can be considered as making explicit results which are already,

for the most part, implicit in Hayes’s paper [65].

Lemma 4.2.1. Let K be a rational function field and L a finite, geometric, tamely
ramified extension of K. Let P be a prime of K of degree 1. Suppose that L/K is

unramified except possibly at primes lying above P. Then L = K.

Proof. Let PBq,...,P, denote the primes which lie above P. Since L/K is tamely
ramified and unramified except at the P;, writing e; = e(;/P) we have that the

different D,k is given by

T

Dk =Y (ei— P

=1

(See [123, Theorem 5.6.3].) Thus, by the Riemann-Hurwitz genus formula ([123,

Theorem 9.4.2]),

T

29; —2=[L: K](29x —2) + > (ei — 1) deg ;.
=1

But K is a rational function field, so that gx = 0. Moreover, since P has de-
gree 1, we have degPB; = f(PB;/P). Making these substitutions and recalling that
Y e f(Pi/P) = [L: K], we find that

r

291 —2=—2[L: K]+ [L: K] = > f(:/P)
i=1

<—[L:K]-r.
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Since g7, > 0, we must have r = 1 = [L : K], so that L = K as claimed. O

Before proceeding we recall Hensel’s lemma in the form in which we need it (see

[123, Theorems 2.2.20, 2.3.14]):

Hensel’s lemma. Let K be a field complete with respect to a discrete, nonar-
chimedean valuation, O the valuation ring, M the mazimal ideal, and k the corre-
sponding residue field (so that k = O/M). Suppose f(T) € O[T] is a polynomial
with leading coefficient not in M. Let f(T) := f(T) mod M € k[T], and suppose
that f(T) = h(T)g(T) with h(T), g(T) € k[T] and h(T), g(T) relatively prime. Then
there exist H(T'),G(T) € O[T with

and

deg H(T) = degh(T'), degG(T) = degg(T).

The next two lemmas constitute the main results of this section:

Lemma 4.2.2. Let f(T,u) be an absolutely irreducible polynomial in F [T, u] which
is monic in T of T-degree n, where n is coprime to q. Let K be the splitting field
of f(T,u) over Fy(u), and let K = KF be the splitting field of f(T,u) over Fy(u).
Suppose that

(i) the prime Ps corresponding to the (1/u)-adic valuation on F,(u) is tamely

ramified in the extension K /Fq(u),

(ii) for each B € Fq, the polynomial f(T,3) has at most one multiple root, which
is then a root of exact multiplicity 2.
Then Gal(K /F,(u)) is the full symmetric group on the n roots of f(T,u). Conse-

quently, Gal(K /Fg(u)) is also the full symmetric group on the roots of f(T,u).
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Proof. Since n is coprime to ¢, the (absolutely irreducible) polynomial f(7,u) is
automatically separable, so that K /Fy(u) (as well as K/F,(u)) is Galois. Let G
denote the Galois group of K /Fq(u), and let H be the subgroup of G generated
by the decomposition groups of all the ramified primes of K that do not lie over
Ps. Let F be the fixed field of G. Then F/F,(u) is unramified except possibly at
primes above P, where (by hypothesis) the ramification is tame. (See [117, II1.8.3.
Theorem|.) Moreover, since Fy is algebraically closed, F/F,(u) is geometric. By
Lemma 4.2.1, we must have F' = F,(u), so that H = G.

Now to complete the proof that G is the full symmetric group, it suffices to
show that H is generated by transpositions. (Here we use that the symmetric
group has no proper transitive subgroups generated by transpositions — see [123,
Lemma 14.4.13].) Let P be a ramified prime of K. Then B lies over a prime of
F,(u) corresponding to the (u — (3)-adic valuation for some 3 € Fy; call this prime
Ps.

The decomposition group of B/ Pg can be canonically identified with the Galois
group of the extension of local fields Ky/Fq(u)p, ([123, Theorem 5.4.10]). By
Hensel’s lemma and our hypothesis (ii), all but two of the roots of f(T’,u) belong to
Fy(u)p,, so that Gal(Ky/F,(u)p,) is generated by a transposition of the remaining
two roots.

Thus Gal(K /F,(u)) is the full symmetric group. Since Gal(K /F,(u)) injects
(via restriction) into Gal(K/F4(u)), this latter group must also be the full symmetric

group. ]

Lemma 4.2.3. Under the same hypotheses as Lemma 4.2.2 (and with the same

notation), the extension K/F,(u) is geometric.

Proof. In the proof of Lemma 4.2.2 we saw that restriction induces an isomorphism

between Gal(K /F,(u)) and Gal(K/F,(u)). Suppose that o € K is algebraic over
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F,; then « is fixed by every element of Gal(K /F,(u)) and so also by every element
of Gal(K/Fg4(u)). The latter forces o to belong to F,(u). But since « is algebraic

over F, it follows that o belongs to F,. O

4.2.3 Remarks on the conditions of Lemma 4.2.2

Let f(T,u) be an absolutely irreducible polynomial over F,,. Suppose moreover that
f is monic in 7" and that deg, f(T,u) = n, where n is coprime to q. We make a few
remarks in connection with Theorem 4.1.1 about the additional conditions (i) and
(ii) on f(T,u) imposed in Lemmas 4.2.2 and 4.2.3.

First, condition (i) of Lemma 4.2.2 is automatically satisfied if p > n. Indeed,
in this case Py 1is, for trivial reasons, tamely ramified in each of the degree n
extensions obtained by adjoining a single root of f(T,u) to Fy(u). That Ps is also
tamely ramified in their compositum K now follows from repeated application of

the following result (see [123, Theorem 12.4.4]):

Abhyankar’s lemma. Let F'/F be a finite separable extension of function fields.
Suppose that F' = F\Fy is the compositum of two intermediate fields F C Fy, Fy C
F'. Let P be a prime of F' and P’ a prime of F' lying above P. With P; := P' N F;
fori=1 and 2, assume that at least one of the extensions P1/P or Py/P is tame.
Then

e(P'/P) =lcmle(Py/P),e(P/P)].

In particular, if both Pi/P and Py/P are tamely ramified, then so is P'/P.

Second, condition (ii) of Lemma 4.2.2 holds provided that

discr f(T,u) is a squarefree polynomial in u.

To see this, we recall Zeuthen’s rule, as it appears in [34, Lemma 4.6] (with
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minor changes in notation):

Zeuthen’s rule. Let g1(T,u) = 0 and go(T,u) = 0 be (possibly empty) plane curves
over an algebraically closed field K, and assume that these zero loci do not share a
common irreducible component and that the leading T-coefficients of g1 and go do
not have a common zero at 3 € K. Then the resultant resy(g1,g2) vanishes at 3 to

order

Z i(c,3)(91, 92),

ceK

where ix(g1,92) is the intersection number of the curves g1 and go at the point x.

Remark. For the definition of the intersection number and a discussion of its prop-
erties, see [51, Chapter 3, §3]. For our purposes the following suffices: Let K be
an algebraically closed field and suppose g1 and go are two affine plane curves over
K. Let x € A2(K). Then the intersection number ix(g1,92) of g1 and go at x is
either a nonnegative integer or oo, the latter occurring exactly when x belongs to
a common component of g; and go. Also, ix(g1,g2) > 1 if and only if x belongs to
the intersection of g1 and g2, and equality holds precisely when x is a nonsingular

point of both g; and g2 and g; and g have distinct tangent lines at x.

We are assuming that f(7',u) is absolutely irreducible, monic in T" of T-degree

n, and that n is coprime to ¢. It follows that

disep f(T,u) = (=1)""D/2 resp <f(T, u), %f(T, u))

vanishes at u = § to order

. 0
Z i(c,8) (f, 8Tf) ;
ceFy

where i g)(f, % f) is the intersection number at (c,3) of the affine plane curves
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f(T,u) =0and 8@Tf(T7 u) = 0. Suppose 3 € F is such that either f(7,3) has more
than one multiple root or f(7,3) has a root of multiplicity > 3. In the former case
at least two of the above intersection multiplicities are positive, and in the latter
case some intersection multiplicity is > 2. In either case, discy f(T,u) vanishes at

u = [ to order > 2, so that discp f(7,u) is not squarefree.

4.3 Proof of Theorem 4.1.1

We now make precise the connection we alluded to before between the factorization
of (u — a) and the irreducibility of f(7T,a). The following is one version of a result

often useful in the theory of global fields (cf. [123, Theorem 5.8.2]):

Kummer’s theorem. Let F'/k be a function field. Suppose we are given an ex-
tension F' = F(a), where « is integral over the valuation ring Op corresponding to
the prime P of F. Let w(T) € Op[T] be the minimal polynomial of o over F, and
suppose that the reduction of ©(T) factors, over the residue field F := Op/P, into

distinct irreducibles:

(1) = [[ (D).
=1

Then P is unramified in F', and there are r distinct places Py, ..., P, of F' that
lie over P which can be ordered so that the residue field corresponding to P; is
isomorphic to F[T)/(v:(T)). In particular, the P; can be ordered so that f(P;/P) =

deg;(T).

Lemma 4.3.1. Suppose f(T,u) € Fy[u,T] is monic in T of positive T-degree and
irreducible in Fq(u)[T] (or, what amounts to the same thing by Gauss’s lemma, in

F,[u][T]). Assume that a € Fy is not a root of the polynomial

Z(u) :=discr f(T,u) € Fylu].
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Then f(T,a) is irreducible over ¥ if and only if the prime of Fq(u) corresponding
to the (u — a)-adic valuation remains prime when a root of f(T,u) is adjoined to

F,(u).

Proof. Let P be the prime corresponding to the (u — a)-adic valuation on F,(u).
Then Op/P = F,, and under this identification the reduction of f(T’,u) modulo
P becomes f(T,a) € Fy[T]. Kummer’s theorem now shows that the conclusion of
the corollary holds for all values of a except possibly those for which f(7,a) has a

multiple root. Any such value of a is a zero of Z(u). O

Our hypothesis that Z(a) # 0 is a mild one for large ¢, excluding at most
(2n — 1)m values of a. Indeed, one can express Z(u) as the determinant of a
(2n — 1) x (2n — 1) Sylvester matrix, from which it follows immediately that the
degree of Z(u) is at most (2n — 1)m. Moreover, Z(u) is not identically zero: if it
were, then f(T,u) would have a multiple root in the algebraic closure of F,(u). But

we have already noted that f(T,u) is a separable irreducible polynomial over Fy(u).

Lemma 4.3.2. Suppose f(T,u) € Fylu,T] is monic in T of positive T-degree,
irreducible in Fq(u)[T] and separable over Fy(u). Let K be the splitting field of
f(T,u) over Fy(u). Suppose that a € Fy is not a root of Z(u) = discy f(T,u).
Then f(T,a) is irreducible over F, precisely when the Frobenius conjugacy class
(K/Fy(u), P,) coincides with the conjugacy class of n-cycles. Here P, denotes the

prime of Fy(u) corresponding to the (u — a)-adic valuation.

Proof. Everything is trivial unless n > 2, so we assume that here.

Since a is not a root of Z(u), the polynomial f(T,a) is squarefree. Thus by
Kummer’s theorem, the prime P, is unramified in each extension obtained by ad-
joining a single root of f(T',u) to F4(u), and so also in their compositum K. In

particular, (K/F4(u), P,) is a well-defined conjugacy class of Gal(K/Fq(u)).
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Let o be any element of the conjugacy class (K/F,(u), P,). Let a be a root of

f(T,u), and let Ko := F,(u)(c). Then P, stays prime precisely when

- n

-1
Gal(K/F,(u)) = Ul:o Gal(K/Ky)o'. (4.1)

(Compare with [72, Theorem 2.7].) This, in turn, holds precisely when o acts an
n-cycle on the roots of f(7T,u). Indeed, suppose that o acts as an n-cycle: then for
any 1 € Gal(K/F,(u)), there is a unique 0 < [ < n for which 1o~ fixes a, and this
implies (4.1). Conversely, if (4.1) holds then o ¢ Gal(K/Kj), so that ¢ must move
«. Thus in the decomposition of ¢ into disjoint cycles, & must occur in a nontrivial
cycle. If this cycle has length [ < n, then both ¢! and ¢° belong to Gal(K/K),

and this contradicts that (4.1) is a disjoint union. O

By Lemma 4.3.2, to complete the proof of Theorem 4.2.2; it suffices to estimate
the number of a for which the Frobenius of P, belongs to the conjugacy class of
n-cycles. This is precisely the sort of estimate that comes out of the Chebotarev
density theorem. The following explicit form of that theorem is a consequence of
Weil’s Riemann Hypothesis. (The proof is implicit Fried & Jarden’s treatment of

the Chebotarev density theorem; cf. their proof of [50, Proposition 6.4.8].)

Explicit Chebotarev density theorem for degree one primes. Suppose that
M/Fy(u) is a finite Galois extension having full field of constants F p. Let C be a
conjugacy class of Gal(M/Fq(u)) every element of which restricts down to the qth
power map on Fp. Let

M = {ﬁrst degree primes P of Fq(u) unramified in M : <W> N C} .
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Then

C C
i q| < 2#7(9611/2 +g+[M:Fp(u)),

#M*[M:qu(u)] ="M :Fo(u)]

where g denotes the genus of M/FqD
To take advantage of this result we need an estimate for the genus of K/F,.

Lemma 4.3.3. Let f(T,u) satisfy the hypotheses of Lemma 4.2.2. Suppose more-
over that the characteristic of Fy is odd. Then the genus of K/F, is O(nn!m), with

an absolute implied constant.

Proof. Since F, is separably generated over Fy, the genus of K/F, coincides with
the genus of of K/F, (see [123, Theorem 8.5.2]). Thus it is enough to estimate the
latter, which we accomplish by means of the Riemann-Hurwitz genus formula.
The extension K/F,(u) is tamely ramified. Indeed, the prime Py is assumed
tamely ramified in the hypotheses of Lemma 4.2.2, while in the course of the proof
of that lemma it was shown that all other ramified primes had ramification index

2. (Recall that we are supposing F, is of odd characteristic.) Therefore

25 — 2= K Fyw) g0y~ 2+ > I (e(B/P)~1)

P ramified | P

=nl(=2)+ D (e(B/P) =)+ D D (e(P/Ps) —1)
PB| Poo Py ramified 9| Pg
BEF,
1
< —2nl+ Z e(P/Px) + 3 Z Z B/ Ps)
Bl Poo Pg ramified | Pg
BEF,

= nl(M/2 - 1), (4.2)

where M is the number of 3 € F, for which Pj ramifies. If Pz ramifies, then by

Kummer’s theorem, the polynomial f(7,3) has a multiple root, so that (3 is a root
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of discy f(T,u). We showed above that discy f(7,u) is a nonzero polynomial of

degree < (2n — 1)m, so that M < 2nm. The result follows. O

Lemma 4.3.4. Let f(T,u) be an absolutely irreducible polynomial over Fy, monic
in T and with degp f(T,u) = n. Suppose that q is prime to 2n, and that both
conditions of Lemma 4.2.2 are satisfied. Then the number of a € ¥, for which
f(T,a) is irreducible is

q/n+ O(n!mqlﬂ),
where the O-constant is absolute.

Proof. By Lemmas 4.2.2 and 4.2.3, K/F,(u) is a geometric Galois extension with
Galois group the full symmetric group on the roots of f(7',u). We apply the explicit
form of the Chebotarev density theorem to the extension K/F,(u), taking C to be
the (n — 1)!-element conjugacy class consisting of n-cycles.

From that theorem and our estimate for the genus of K/F, (Lemma 4.3.3), we

see that there are

q/n + O(nimq'/?) (4.3)

values of a € F, for which P, is unramified and for which (M/F,(u),P,) = C.
Suppose a is not a root of discy f(T,u); this excludes only O(nm) values of a. Then
by Lemma 4.3.2, any such a for which f(T,a) is irreducible is counted in (4.3).
Conversely, any value of a which is counted in (4.3) either is such that f(7,a) is
irreducible or such that P, ramifies, the latter being possible again for at most
O(nm) values of a. It follows that the number of a satisfying the conclusion of
Theorem 4.1.1 is given by (4.3) up to an additional error term of O(nm), which is

negligible. O

Proof of Theorem 4.1.1. We have already seen that the hypotheses of Theorem 4.1.1
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imply the hypotheses of Lemma 4.2.2. Moreover, unless n = 1 (in which case
Theorem 4.1.1 is trivial) the hypothesis that the characteristic of F is larger than
n implies that F; is not of characteristic 2. The result is therefore immediate from

Lemma 4.3.4. O

4.4 Proof of Theorem 4.1.2

4.4.1 Field-theoretic preliminaries

Theorem on the Newton polygon (see [123, Theorem 12.4.2]). Let K be a field

complete with to the discrete valuation v, and suppose that

f(T) = anT" 4 an 1 T" ' 4+ aeT? + ayT + ap € K[T], where apa, # 0.

Extend v to the splitting field L of f(T) over K. The lower conver hull of the set
of points {(i,v(a;)) : 1 <i < n,a, # 0} forms a polygonal chain called the Newton
polygon of f(T'). This polygon consists of a sequence of line segments Si,Sa, ...
of increasing slopes with the following property: If (r,v(a,)) < (s,v(as)) is a line
segment of slope —m occurring in the Newton polygon of f(T), then f(T) has exactly

s — 1 roots ai,...,qs_r € L for which
v(iap) = =v(as_y) =m.

Lemma 4.4.1. Let Fy be a finite field with characteristic p ¢ S, where S is the
finite set of primes

S:=1{2,3,11,19,53,431, 4434631}. (4.4)

Let

F(T,u) =T+ (T + 1)+ (T? + u)® € F[T,u).
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Then f(T,u) satisfies the hypotheses of Lemma 4.2.2. Consequently, both K /F,(u)
and K/F,(u) are geometric, Galois extensions with Galois group the entire sym-

metric group on the roots of f.

Proof. The polynomial f(7',u) is monic in T of degree 6, and p is coprime to 6 by
hypothesis. So it remains to verify conditions (i) and (ii) of Lemma 4.2.2. We start
with (ii). By the discussion of §4.2.3, it is enough to check that discy f(T,u) is

squarefree in F[u]. By explicit computation, we find that

discy f(T,u) = —746496u° + 1119744u® — 2099520u” + 746496u’ + 559872u°

— 1889568u 4 1154736u> — 26244u* — 813564u + 152361. (4.5)

For p # 2,3 (so in particular for p € 5), this is a polynomial of degree 9, with
discriminant

208 .3105 . 193 . 532 . 4313 . 44346312,

which is nonzero for p ¢ S. Thus discr f(T,u) is squarefree and we have (ii).

Turning to (i), we have to show that P,, is tamely ramified in K. This is
immediate if p exceeds the T-degree of f(T,u). However, this simple sufficient
condition does not cover the cases when p = 5. Therefore we take a different
approach which works uniformly for all p # 2,3. Consider the Newton polygon for
J(T,u) over the completion F' (say) of F,(u) at Ps. This polygon is shown, for
characteristic # 2 or 3, in Figure 4.1. Let L be the splitting field of f(T,u) over F,
and let v be the extension of the P,-adic valuation on F' to L. From the theorem
on the Newton polygon, we find that all the roots a; (1 < i < 6) of f(T,u) in L
have v(a;) = 1/2.

Let Ko be a field obtained by adjoining a root a of f(7T,u) to Fy(u). To prove

that P, is tamely ramified in K, it suffices by Abhyankar’s lemma to show that
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Figure 4.1: The Newton polygon for 7% + (T + 1) + (T? + u)? over the completion
of F,(u) with respect to Px, when F, has characteristic # 2, 3.

P, is tamely ramified in every choice of Kj. So suppose that B is a prime of K
that lies above P,,. We can view the completion E of Ky at B as an extension
of F of degree e(P/Pso)f(P/Pso) = e(P/Pso) (see [123, Theorem 5.4.8]). (Note
that f(/Ps) = 1 automatically since F, is algebraically closed.) Then F = F(«),
as the latter field contains Ky and is already complete (cf. [123, Theorem 5.4.7]).
Consequently, there is an F-isomorphism between E and some subfield F'(«;) of L.

Since v(a;) = 1/2, it must be that 2 divides [F(«a;) : F| = [E : F] = e(P/Px)-
Trivially e(/Px) < [K : Fy(u)] = 6, so that e(PB/Ps) = 2,4, or 6. In every case,
p1e(PB/Po) O

Lemma 4.4.2. Let g(T,u) = T? +u € Fy[T]. If p # 2, then the splitting field of
g(T, u) over Fy(u) is a geometric, Galois extension with Galois group the symmetric

group on the two roots of g. The same holds for the splitting field of g(T,u) over
Fg(u).

Lemma 4.4.2 is straightforward to check directly, but it is amusing to note it
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also follows immediately from our Lemmas 4.2.2 and 4.2.3.

Lemma 4.4.3. Suppose p ¢ S, where S is the set (4.4). Then the splitting fields

of T?> +u and f(T,u) = T3 + (T +1)3 + (T? +u)? are linearly disjoint over F,(u).

Proof. Since each of the splitting fields are Galois over F,(u), it is enough to verify
that their intersection F' (say) is F,(u). This follows from Lemma 4.2.1 once it is
proved that F/F,(u) is tamely ramified and unramified except possibly at primes
above Pyo.

The multiplicativity of ramification indices in towers shows immediately that
F/F,(u) is tamely ramified, since the splitting field of T2 + u is itself a tamely
ramified extension of F(u).

To prove that F' is unramified except at primes above P.,, suppose that P,
ramifies in F. Then P, must ramify in F,(/—u), forcing a = 0. This forces Py
to ramify in the field obtained by adjoining a single root of f(T,u) to Fy(u). By
Kummer’s criterion, this is only possible if the reduction of f(7',u) modulo Py, viz.

T3 + (T 4+ 1)% + 79, has a multiple root in F,. But in Fy,

discr (T3 + (T +1)> + 7% =3%-11-19 £ 0,

since p € S. O

Lemma 4.4.4. Let F, be a finite field of characteristic p & S, and define f(T,u) =
T3+ (T +1)3 + (T? + u)3. Let K be the splitting field of f(T,u) over Fy(u) and
K = KF, the splitting field of f(T,u) over F,(u). Let L be the splitting field of
F(T,u)(T?+u) over Fy(u), and let L = LF, be the corresponding splitting field over

F,(u). Then L/Fy(u) and L/F,(u) are geometric Galois extensions. Moreover, the
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map

Gal(L/Fq(u)) — Gal(K/Fy(u)) x Gal(Fy(v/—u)/Fq(u))
g (U’K=U|Fq(\/fu))
s an isomorphism.

Proof. The last claim follows immediately upon observing that we have a commu-

tative square

U>—>(U|R,o\fq(\/ju))

Gal(L/Fq(u)) Gal(K /Fy(u)) x Gal(Fq(v/—u)/Fq(u))
O’O—>O’|Ll (7'177'2)'—’(7'1|K772|Fq(\/—7u))J/ ) (46)

Gal(L/Fy(u)) TR G (B 1)) x Gal(F (/) /Fg )

in which all the maps except that of the bottom row are known to be isomorphisms.
(The top map is an isomorphism by Lemma 4.4.3; the latter maps are isomorphisms
by counting arguments, since each of the Galois groups has the largest possible size.)

To prove that F,(u) is the full field of constants of L, we mimic the proof of
Lemma 4.2.3: any o € LNF, is fixed by every element of Gal(L/F,(u)); by the
left vertical isomorphism above, « is also fixed by Gal(L/F,(u)), so must belong to

F,(u). But then «, being algebraic over F, is forced to belong to F,. O

Lemma 4.4.5. Let L be as in Lemma 4.4.4, and let g1, be the genus of L/F,. Then

gr < 3241.

Before giving the proof we recall a useful auxiliary result (see [123, Theorem

14.1.3)):

Castelnuovo-Severi inequality. Let F//k be an algebraic function field. Suppose

we are given two subfields Fy /k and Fy/k of F/k satisfying
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(i) F = F1Fy is the compositum of Fy and F3,
(i) [F: F;] = n; and F;/k has genus g; fori=1,2.

Then the genus g of F/k obeys the bound

g <mnigi +n2g2+ (n1 — 1)(n2 — 1).

Proof of Lemma 4.4.5. Let K be the splitting field of f(T,u) = T3 + (T + 1)3 +
(T? +u)? over F,(u). According to equation (4.2) of Lemma 4.3.3, the genus g of
K /F, satisfies

2K — 2 < 6I(M/2 — 1),

where M is the number of 8 € Fq for which Pg ramifies in K. Any such 3 is a root
of the nonzero, degree 9 polynomial discy f(T', u), so that M < 9. Hence gx < 1261.
On the other hand, the splitting field of 72 + u over F,(u) has genus zero. Since

L is the compositum of K and F,(y/—u), the Castelnuovo-Severi inequality yields

gL < [L: Klgi + ([L: K] = ([ : Fg(vV=u)] - 1)

< 212614 (2 — 1)(6! — 1) = 3241,

as we sought to show. O

So far, the results of this section suffice to prove Theorem 4.1.2 for large ¢,
subject to the restriction p € S. We would like to weaken this to the requirement
that p # 2,3. The easiest way to accomplish this seems to be to introduce a minor
change in the initial setup and run through the same arguments; we summarize this

process in the next lemma.
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Lemma 4.4.6. Let F be a finite field of characteristic p ¢ S',where
S":=1{2,3,5,71,89,461, 3469} .
Let K’ be the splitting field of
9(Tyu) = T? + (T + 1) + (T? + T + u)® € Fy(u)[T]

over Fo(u). Then Gal(K'/Fg(u)) is the full symmetric group on the roots of g. Let
L' be the compositum of K' and the splitting field Fy(v/1 — 4u) of T?> + T + u over

F,(u). Then L' /Fy(u) is a geometric Galois extension. Moreover,

Gal(L'/F(u)) — Gal(K'/F,(u)) x Gal(Fq(v1 — 4u)/F4(u))

o — (olk, Op, (=)

is an isomorphism. Finally, the genus g of L' /F 4 obeys the bound gr, < 3241.

Proof. For the most part the proofs run parallel to those already given. We begin

by verifying condition (ii) of Lemma 4.2.2. We have

discy g(T,u) = —746496u° + 3919104u® — 8678016u” + 106142405

— 7899444u° + 3698217u* — 1268460u> + 616734u? — 367416u + 111537,

which is squarefree in Fy[u] for p # 2,3,71,89,3469 (and so in particular for all
p & S"). This implies (ii). Also, since p ¢ S’, we have p > 6 = degy g(T, u), which
shows that (i) also holds.

So by Lemmas 4.2.2 and 4.2.3, K'F,/F,(u) is a geometric Galois extension with

Galois group the full symmetric group on the roots of g(7T,u), and similarly for

103



K'/F,(u). We now check that K'F,, is linearly disjoint from F,(v/1 — 4u). Arguing
as in the proof of Lemma 4.4.3, we observe that the only prime P,, a € F,, that
could possibly ramify in both K'F, and F,(v/1 — 4u) is Py 4. But then

3024621  3%.461
64 26

discr f(T,1/4) = 0,

which is impossible since p € S’. So as before an appeal to Lemma 4.2.1 yields the
desired linear disjointness.

Now arguing as in Lemma 4.4.4 yields that L'/F,(u) is a geometric Galois
extension and that the given map of Galois groups is an isomorphism. The bound

on the genus of L’ is handled exactly as in Lemma 4.4.5. O

4.4.2 Proof of Theorem 4.1.2 for large q

In Chapter 3 we established the following result, which may be considered the kernel

of the substitution method:

Theorem. Let fi(T),..., fr(T) be irreducible polynomials over Fy, and suppose
that

deg f1(T)--- f-(T) < B.

If
q > max{3,2* 2B?},

then there is a prime | dividing ¢ — 1 and an element 3 € ¥, for which every
subsitution

TT" — 3 with k=0,1,2,...

leaves all of f1,..., fr irreducible.
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Lemma 4.4.7. Let F be a finite field with ¢ > 6400. If there is a single a € F for
which both T? 4+a and T3+ (T +1)3 + (T? 4+ a)? are irreducible, then the conclusion
of Theorem 4.1.2 holds for the field F,. The same is true if there is a single a € F,

for which both T?> + T + a and T? + (T + 1) + (T? + T + a)? are irreducible.

Proof. The proofs of both statements are almost identical, so we treat only the first.
Suppose ¢ > 6400 and that both T2 +a and T3+ (T +1)3+ (T? +a)? are irreducible
over F,. Then

P(T):=T3+(T+1)3+ (T?+a)® (4.7)

is a representation of the monic irreducible polynomial P as a sum of three cubes

of monic irreducibles, where
deg (T?% 4 a) > max{deg T, deg (T + 1)}.

We apply Theorem 4.4.2 to the four polynomials T, T + 1,72 + a, and P(T) to
obtain that for

q> 2272 (1+1+2+6)% = 6400,

there is a prime [ and a 8 € F, for which every substitution 7" — T — 0 preserves
the irreducibility of each term of (4.7). Making these substitutions in 4.7 for k =
1k

0,1,2,..., we obtain infinitely many irreducible polynomials P(T*" — /3) which have

representations of the desired form. O

Lemma 4.4.8. Let F, be a finite field of characteristic p # 2,3. Suppose also that

g >5x107. Then the conclusion of Theorem 4.1.2 holds for F,.

Proof. We prove the result first for p ¢ S and then for p ¢ S’. Since SNS" = {2, 3},

the lemma follows.
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Suppose p ¢ S. As before let f(T,u) = T3+ (T + 1) + (T? + u)3 and let K be
the splitting field of f(T,u) over Fy(u). Let a € K be a root of f(T',u).

Suppose a € Fy is not a zero of discy f(T,u). From (4.5) we see this excludes
at most 9 values of a. Then by Kummer’s theorem, P, is unramified and the
factorization of f(7',a) over F, mirrors the factorization of P, in the extension
F,(u)(a). In particular, f(T',a) is irreducible exactly when P, is inert in Fg(u)(c).
By Lemma 4.3.2, this is equivalent to the Frobenius conjugacy class (K/F,(u), Py)
being a 6-cycle in Gal(K/Fy(u)). Similarly, for a # 0, the polynomial T2 + a is
irreducible over F, precisely when (Fy(v/—u)/Fq(u), P,) is represented by a 2-cycle
in Gal(Fy(v/—u)/F,). Putting these facts together and using the isomorphism of

Lemma 4.4.4, we deduce that there is a conjugacy class C of Gal(L/F,(u)) with

#C 50010 1

[L:F,(u)] 6 2 12

which possesses the property that excepting at most 10 values of a € F,
(L/Fy(u), P,) = C <= both f(T,a) and T? + a are irreducible over F,.

By the explicit version of the Chebotarev density theorem given above and the
estimate for the genus of L given by Lemma 4.4.5, we see that the left-hand equality
holds for at least

q

1
29 (3241¢Y/? + 3241 + 1440) — 1
12 12(3 q "+ 3241 + 1440)

values of a € F;. (The —1 comes from taking account of the possible contribution
of the term P,.) This lower bound exceeds 10 for ¢ > 4.3 x 107, and so for these
q there is at least one value of a for which f(T,a) and T? + a are simultaneously

irreducible over F,. The result now follows, when p ¢ S, from Lemma 4.4.7.
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If p € S, then we argue exactly as above but with Lemma 4.4.6 in place of

Lemmas 4.4.4 and 4.4.5. O

4.4.3 Mopping up

It is now straightforward to complete the proof of Theorem 4.1.2 with the aid of
a computer algebra system. One checks that for fields F, with 6400 < ¢ <5 - 107
(and characteristic # 2,3), there is an a € F, for which for which 72 + a and
T3 + (T + 1)3 + (T? + a)?® are simultaneously irreducible. Together with Lemma
4.4.7, this shows that Theorem 4.1.2 holds in the range ¢ > 6400.

The remaining ¢ can be treated individually. One searches for an irreducible

polynomial over F either of the form
T3+ (T +1)% 4+ (T? +a)®, where also T? + a is irreducible,
or of the form
T3+ (T +1)3+ (T? 4+ T +a), where also T? + T + a is irreducible.

In either case we have an irreducible P(T') represented as a sum of three cubes of
monic irreducibles, satisfying the given degree restrictions. Thinking of this as a
‘seed solution,” we seek an [ dividing ¢—1 and a 3 € F for which the Dickson-Serret
lemma (Lemma 3.2.1) guarantees that each substitution 7' — T — 0 preserves the
irreducibility of every term in the representation. This strategy turns out to be
successful except in the lone case of the field with 7 elements.

In that case, one begins with the representation
P(T) =T+ (T +2)* + (T* + 3T + 1)°,
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(which does not belong to either family given above) and uses the Dickson-Serret
lemma to show that each substitution T — T3" + 2 preserves the irreducibility of

all the summands.
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Chapter 5

The Chebotarev density

theorem and Hypothesis H

5.1 Introduction

Having investigated a qualitative finite field version of Hypothesis H in Chapter 3,
we now turn our attention to a quantitative version. Recall that two polynomials
over F, are said to be associates if one is a unit multiple of another; we say that
several polynomials are nonassociate if no polynomial on the list is a unit multiple

of another.

Conjecture 5.1.1 (A quantitative constant-coefficient Hypothesis H). Suppose that
fi,--., fr are mnonassociate irreducible one-variable polynomials over ¥, with the
degree of the product f1--- fr bounded by B. Suppose that there is no prime P of
F,[T] for which the map

9(T) = f1(g(T))--- f(9(T)) mod P
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1s identically zero. Then

#{g(T) : g monic, degg=mn, and fi(g(T)),..., fr(g(T)) all prime}

6(f17---7f7‘)£

= (1 + OB(1>) H’,"—l deg fz nr

as ¢" — oo. (5.1)
Here the local factor S(f1,..., fr) is defined by

SIS y B ) Qe CT

m=1 deg P=m (1 N 1/qm)r

P monic, prime

where

p(P) :=#{Amod P: fi(A)--- fr(A) =0 (mod P)}.

It should be noted that the asymptotic relation (5.1) is conjectured to hold as
q" — o0, so when either g or n tends to infinity. In §5.2 we explain the heuristic
leading us to Conjecture 5.1.1. Two properties of the singular series &(f1,..., fr)

are worth extracting from that discussion:

(i) Under the hypotheses of Conjecture 5.1.1, the product defining &(fi,..., f)
converges to a positive constant. In particular, fixing f1,..., f, (and so also
q) and letting n tend to infinity, we see that Conjecture 5.1.1 implies the

qualitative Conjecture 3.1.1.

(ii) Putting equation (5.5) together with Lemma 5.2.1 yields the estimate

G(fla"'vfr) _
T def, = 1+ 05(1/q). (5.2)

This is useful in explaining the form of Corollary 5.1.3 below.

The primary goal of this chapter is to verify Conjecture 5.1.1 when ¢ is much
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larger than n and satisfies ged(q,2n) = 1. Actually we prove a more general result,
which we now explain.

First some notational preliminaries: We use A to denote a partition of the posi-
tive integer n, i.e., A is a sequence of positive integers (t1,t2,...) with t; >t > ...
and ) t; = n. Alternatively, we may write A = (1%1,2*2,...), where «; is the
number of times j occurs in the sequence of summands ¢;. If d is a positive integer
and A = (t1,t2,...) is a partition of n, we write d x A for the partition of dn given
by (dt1,dts,...).

If f(T') is a degree-n polynomial over a field, the partition corresponding to the
list of degrees of its irreducible factors is referred to as the cycle type or factorization
type of f(T). Similarly, the cycle type of a permutation on n letters refers to the
partition (1%, ...,n%"), where ¢ is the number of j-cycles in its decomposition into
disjoint cycles. We use the notation T'(\) for the proportion of permutations on n
letters with cycle type A. If A = (191,292 ...} is a partition of n, then a classical

formula of Cauchy [25, p. 193] asserts that

1

B 1e1902 .. .nanall .. anl

T(A)

We can now state our main theorem:

Theorem 5.1.2. Let n be a positive integer and let A1, ..., )\, be partitions of the
integer n. Let fi(T),..., fr(T) be nonassociate irreducible polynomials over ¥, of
respective degrees di, . ..,d,, with Y ;_;d; < B. The number of univariate monic
polynomials h of degree n for which f;(h(T')) has factorization type d; x \; for every
1< <ris

¢TI T8 + O((nB)niPq=112),
i=1
provided ged(q,2n) = 1. Here the implied constant is absolute.
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Remark. 1t is worth explaining why Theorem 5.1.2 is stated in terms of partitions of
the form d; x \; and not in terms of arbitrary partitions of d;n. Suppose that f(T")
is irreducible of degree d. Then if h(T") is any polynomial over F, every irreducible
factor of f(h(T)) has degree divisible by d, so that the cycle type of f(h(T")) must
have the form d x A. Indeed, if the prime P(T') divides f(h(T)), then f has a root
in the field Fy[T]/(P). Thus the extension of F, of degree deg P must contain a

copy of the extension of F, of degree d, which gives the claim.

As a corollary, we obtain the promised result towards Conjecture 5.1.1:

Corollary 5.1.3. Let n be a positive integer. Let f1(T),..., fr(T) be nonassociate
irreducible polynomials over F 4 with the degree of the product fi--- f. bounded by
B. The number of univariate monic polynomials g of degree n for which all of

fi(g(T)), ..., fr(9(T)) are irreducible over Fy is
¢"/n" + O((nB)n!Bg"1/?) (5.3)

provided ged(q,2n) = 1.

Proof. Apply Theorem 5.1.2 with each A\; = (n). Since there are precisely (n — 1)!
n-cyles in the symmetric group on n letters, each T'(\;) = (n — 1)!/n! = 1/n, and

the result follows. O

The relationship between Corollary 5.1.3 and Conjecture 5.1.1 is perhaps not so
obvious. To relate the two, we use the estimate (5.2), which shows that the factor in
front of ¢" /n” in Conjecture 5.1.1 is close to 1 when ¢ is large. In fact, this estimate

implies that Corollary 5.1.3 remains true with ¢"/n" in (5.3) replaced by

G(fl,...,fr)ﬁ
H£:1 deg f; n"’
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making evident that Corollary 5.1.3 implies Conjecture 5.1.1 in an appropriate
range. (For example, for fixed B, Conjecture 5.1.1 holds as long as ¢ tends to

infinity faster than any power of n™).

5.2 A heuristic

When ¢ is fixed and n tends to infinity, Conjecture 5.1.1 is totally analogous to the
Bateman-Horn conjecture [8] and is suggested by a completely parallel argument.
In order to explain why we should expect the asymptotic relation (5.1) to hold in the
wider range ¢ — 0o, we need to revisit the heuristic. The following approach leads
to a uniform prediction that looks superficially different from that of Conjecture
5.1.1, but which will be shown identical in Lemma 5.2.1.

Write d; for the degree of f;. Fix roots aq,...,a, of f1,..., f, from an algebraic
closure of Fy. It is not hard to prove (and is a special case of our Lemma 5.5.1 below)
that f;(g(T)) is irreducible over F precisely when g(7') — a; is irreducible over F ;.
Thus the left hand side of (5.1) counts the number of monic, degree n polynomials
g(T) in Fy[T] for which the r-tuple (¢(T') — a1, ..., g(T) — o) has its ith coordinate
irreducible over Fa; for each 1 < ¢ < r. A random monic polynomial of degree n
over F ¢, is prime with probability about 1 /mn. So if our r-tuple behaves randomly
in the appropriate sense, we expect the left hand side of (5.1) to be roughly ¢"/n".

A more precise answer requires us to quantify the deviations from randomness.
To each monic prime P of F,[T], we assign a correction factor Cp, viz. the ratio of
the probability that P is coprime to all the polynomials g(7") — a;; compared to the
probability that P is coprime to all the members of a randomly chosen r-tuple of
polynomials with the ith one in F 4, [T]. (Note that being coprime to P is the same
as being coprime to every prime of F 4, [T] that lies over P.) Since P has coefficients

from Fy, we know that P has a factor in common with g(7") — o precisely when P
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divides

I[I 1) =) = filg(T)).

UEGal(qui /Fq)

It follows that P has a factor in common with some ¢g(7") — «; precisely when ¢(T")
belongs to one of p(P) residue classes mod P.
On the other hand, a random r-tuple of monic polynomials whose ith component
has coefficients from F g has all its components coprime to P with probability
ﬁ (qui (P)

d; deg P °
=1 q

Suppose deg P = m. Over F a;, the prime P splits into (m,d;) distinct monic

irreducibles of degree m/(m,d;), and hence

Pgi (P) _ <1 1 )>(m’di).

qdi degP B qdim/(m,di

We therefore set
1—p(P)/q"

Cp:= |
' Ty (1 — g dim/mdi)) ()

Notice that since the f; are coprime univarate polynomials over F, we can write
p(P) = > pi(P), where p;(P) is the number of incongruent roots of f; modulo P.

Moreover, p;(P) is zero unless d; divides m, in which case p;(P) = d;. Thus

1—=> 1<i<r di/q™

difm 1 —2m
Cp= “m)d; ~ =1+0g(q"*™), (5.4)
[h<i<r(1 = g7m)% 12 (1 — gdim/(m.d)) (™)

as both factors above are 1+ Opg(g~2™).
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‘We now set
0

Gl(fl,---,fr)ZZH H Cp.

m=1deg P=m
Notice that Cp depends on P only through its degree m; thus (5.4), along with
the estimate ¢™/m + O(¢"/?/m) for the number of monic primes of degree m,
together imply that the contribution to the product from degree m primes is 1 +

Op(m~tq=™). Tt follows that the product is absolutely convergent and that

S'(f1,--.. fr) =14 0p(1/q). (5.5)

Since our local condition guarantees every term in the product is positive, we also
have &'(f1,..., fr) > 0.
So our revised guess for the number of monic degree n polynomials g for which

all of f1(g(T)),..., fr(g(T)) are irreducible is

&'(fr,.. .,fr)i—j.

There is perhaps some reason for suspicion here: e.g., we might think that the
product defining &'(f1, ..., fr) should be restricted to primes of degree bounded in
terms of n. However, since the degree m primes contribute 1 + Og(m~1¢™™), as
long as the bound for the degree of P tends to infinity with n, the resulting partial
product is still (1 +0p(1))&'(f1,..., fr) as ¢" — oc.

These considerations suggest the truth of a modified Conjecture 5.1.1, where the

factor &(f1,..., fr)/[l1<i<, di is replaced by &'(f1,..., fr). Hence the derivation

will be complete if we can establish the following identity:
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Lemma 5.2.1. With notation as above,

G(fla"'va)‘

6/(f17""f7") N H1<’< dz

Write (,(s) for the zeta function of the ring F,[T], defined for R(s) > 1 by

1
Cq(s) - Z s’
Al
A monic
For R(s) > 1, the function (4(s) admits the Euler product expansion (4(s) = [[p(1—

g—*%e )=l Moreover,

Gols) =D g I

which provides a meromorphic continuation to the entire complex plane. Note that
(q(s) coincides with the usual zeta function of the rational function field Fq(T") up

to a missing factor from the (1/7)-adic valuation.

Proof of Lemma 5.2.1. Comparing the product definitions of & and &', we see that

(1—1/q™)"
& (fi, o i) =6(fr, oo fr) H 1T dﬁlq/() ey (46)

m=1 deg P=m HZ*

Using @ to denote a generic monic prime polynomial over F i, we have

— H (1 _ 1/q5d1 degQ)—l — H(l _ 1/qsdzm/(m,d1))—(m,dl)’
P

QP P
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where as before we write m for the degree of P. Thus for s > 1,

(1—1/¢g™)" 1
N = Cpa; (s
mnl degl;[ T (1 — g e/ ))(m,dl) Ok E a; (5)

T —s s

a H 1- q B Hl 1 + ql—S 44 q(di_l)(l—s) . (57)

So if we know that the double product (5.7) is continuous for s > 1, then taking

the limit in (5.7) as s | 1 shows that the right hand side of (5.6) is precisely

G(fh ey fr)/nglgr di, as desired.

To prove continuity, it is enough to show that for fixed fi,..., f-, the series

(1—1/q™)"
Zlog 11 [T, (1 — g scm/Cm.di) ) (m.di) (5.8)

m=1 deg P=m

converges uniformly for s > 1. Let ap, =7 — ) d;lm i, so that the term in (5.8)

1<i<r
corresponding to m is
i +0 ¢ - plg™ ™) ) = o Gm Op(m~ g m=1/2)),
m m mgm(s—1)

Note that the partial sums ) a,, are bounded; indeed,

m<x

ZZd —Zd { sz+03(1).

m<zx i=1
di|m

The uniform convergence of (5.8) for s > 1 now follows by Abel summation. O
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5.3 Preparation for the proof of Theorem 5.1.2

5.3.1 Notation

As in the preceding chapter, the proofs go through the theory of algebraic function
fields and the Chebotarev density theorem.

We fix once and for all an algebraically closed field €2, of infinite transcendence
degree over F; and assume for the remainder of the paper that all extensions of F
which appear are subfields of €),.

Our work also requires variants of the usual polynomial resultant and dis-
criminant (as before denoted res and disc), which we introduce as follows: If
f=>"au and g = > im0 bju’ are polynomials in u of degrees at most n and m

respectively over a domain R (so that a, and b,, may vanish), we define

n m
res;"(f,g) := res, ZAZ-ui, ZBjuj ,
=0 3=0 Ao=a0,..., An—=an,Bo=bo,...,Bim—=bm
where the right-hand resultant is computed over the ring R[Ay, ..., An, Bo, ..., Bn]
of polynomials obtained by adjoining the indeterminates A; and B; to R. Similarly,

if f=31", a;T" is a polynomial in T of degree at most n, we define

Y

disc’r(f) := discr <Zn: AZ-Tl)

=0

Ao=aop,...,An=an

the right-hand discriminant being taken over R[Ay, ..., A4,]. If n and m represent
the actual degrees of f and g, respectively, then resy" (f, g) = resy(f, g), and simi-
larly for disc’(f). We work with resy™ and disc. rather than the usual resultant
and discriminant in order to obtain uniform formulas without needing to worry

about “degree-dropping” in intermediate calculations.
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The fundamental property of res;”"" that we need is that res;"" (f, g) is an R[u]-
linear combination of f and g. (This follows from our definitions above and the
analogous result for the usual resultant.) In particular, if R is a field and resy™ (f, g)
is a nonzero constant, then f and g have no common roots in R.

We use Sym(S) to denote the symmetric group on the set S.

5.3.2 Further preliminaries for the proof of Theorem 5.1.2

Since the case n = 1 of Theorem 5.1.2 is trivial, we always suppose that n > 2. We

also suppose the following setup:

fiyoo oy fr nonassociate irreducible univariate polynomials over F,
di,...,d, degrees of f1,..., f, respectively,
01,...,0, fixed roots of fi,..., f-, respectively, from Fq,

(). qu

jth conjugate of 0; with respect to Frobenius, i.e., 0, H

If h(T) is a fixed polynomial of degree n > 2 over F,, we define the function
fields K; ;/Fg, L; j/Fq, and M;/F, (for 1 <i <, 1 < j < d;) as follows, suppressing

in our notation the dependence on h:

K ; field obtained by adjoining a fixed root of A(T) — u — Gl(j) to F 4, (u),
L;; normal closure of K; j over F q; (u),

M; compositum of the fields L; ; for j =1,2...,d;.

We let D be the least common multiple of dy,...,d, and denote with a tilde
the corresponding fields obtained by extending the constant field by F p. (That
is, we set f(m = Ki,quD,zM = L;jFp and ]\Z = MinD.) Finally, we let M
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Figure 5.1: Tower of fields illustrating the inclusion relations between Fy(u), F a, (u),
the Ki,ja the Li,j and .2\4Z
denote the compositum of Ml, el ]\A/fr. The inclusion relations between these fields

are illustrated in Figures 5.1 and 5.2.

Lemma 5.3.1. Assume that h(T) is a polynomial of degree n > 2 over F, which
is not a polynomial in TP, where p is the characteristic of Fy. Then the extensions
M;/Fq(u) are Galois for each i = 1,2,...,r. The same assertion holds for the

extensions ]\Z/Fq(u) and M/Fq(u)

Proof. Observe that M; is the splitting field over Fy(u) of fi(h(T) —u), so that the
first half of the lemma follows immediately once we show that the irreducible factors
of f;(h(T') — u) are separable over Fq(u). Moving to the finite extension F q, (u) of

F,(u) we have
d; )
Fi(h(T) = w) = [T (1) — u—0),
j=1

The d; factors on the right-hand side are pairwise coprime (in Fy(u)[T]), so that it
suffices to verify that each factor h(T) — u — 9§j ) has no repeated roots. Any such
repeated root is also a root of A'(T"). But our hypothesis on h ensures that A’ is not

identically zero, so each root of h'(T) is algebraic over F, while h(T) —u — Hl(j ) has
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Figure 5.2: Field diagram illustrating the inclusion relations between F(u), F b (u),

the IN(M, the Ei,j, M; and M. Here moving to a larger field is signified by moving
outward from Fg(u).
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no roots algebraic over F.
The second half of the lemma is a consequence of the first. Indeed, since
F,p(u)/Fy(u) is Galois, what we have just proved implies that M; = M;F,p =

M;F ;b (u) is also Galois over Fy(u), and thus so is the compositum M of the M;. O

The groups Gal(M/Fq(u)) and Gal(M;/F4(u)) will play an important role and
so we study them in some detail. Let S; ; denote the full set of roots of h(T") —u—ﬂzw
(so that for each i, the set S;; depends only on j mod d;). We begin by observ-
ing that under the hypothesis of Lemma 5.3.1, which ensures that the extensions

appearing below are Galois, we have for each k = 1,2, ..., r a commutative diagram

Gal(M /Fy(u)) —2— Gal(F,0/F,) x [[/—; Sym(U%,S; ;)
O'l—>0"]\/[kl Wl . (5-9)
Gal(My/Fy(u)) —2—  Gal(F 4 /Fy) x Sym(US%, S, ;)

Here the maps ¢1, to are given by

1:0— (J’FqD , U’ujilsm’ o ’J’Ugd'llsr,j)’
Lo 0 +— (J’quk’U‘Ujilsk,j)7
and
T (T,01,...,00) (T|quk’0k)'

Note that ¢; and 1o are embeddings while 7 is a surjection.
The remainder of this section is devoted to an explicit description of the images
of v1 and t9 under a mild restriction on h. This characterization is obtained under

the following two hypotheses:
disc™ ! disch (h(T) — u — Oz(j)) #0 forall 1<i<r, 1<j<d,, (5.10)

122



and

rest—Ln—l (disc%(h(T) —u— 91@), discp(h(T) — u — 61(7/))) #0
whenever i,7’, j, j' are as above and (i, j) # (i',5'). (5.11)
That together (5.10) and (5.11) impose only a mild restriction on A is borne out by

the following lemma, which we prove in §5.4:

Lemma 5.3.2. Let h(T) range over the polynomials of the form T™ + a, 1T" ! +

<o+ a1 T, with all coefficients a; belonging to F,. Assume that q is prime to 2n.

Then both of the following hold:

(i) The number of such h for which (5.10) fails is bounded above by

4n?q" 2, (5.12)
(ii) For any fized pairs of indices (i,j) # (i',5'), the same bound holds for the

number of such h which fail to satisfy (5.11).

Consequently, for all but at most

di+---+d, B
we (1 (M) )

values of h as above, both (5.10) and (5.11) hold for all distinct pairs of indices

(i,4) and (¥, 7).

We now present the promised descriptions of the images of ¢; and t9, beginning

with L9
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Lemma 5.3.3. Let n > 2. Assume that the characteristic of ¥y is prime to 2n.

Suppose h(T) has the form
hT)=T"+ 1TV P+ + a1 T,  with each a; € F,,

and h(T) satisfies both (5.10) and (5.11). Then all of the following hold:

(i) The Li; are Galois over F a; (u) with Galois group Sym(S; ;) for each 1 <1i <

(ii) For every 1 < i < 1,1 < j < d;, the field L;; is linearly disjoint from the

compositum of all other fields L; j with 1 < j' # j < d;.
(iii) F a; is the full field of constants of Mi/qu¢~

(iv) The extension M;/F 4, (u) is Galois with

d; d;
Gal(M;/F o, (u)) = [ [ Gal(Li; /F o; (u)) = [ ] Sym(Si;),
j=1

j=1
the first isomorphism being induced by restriction in each component.

(v) Fizx 1 < i < r. Let Frob denote the qth power map, so that Frob generates
the group Gal(F 4, /Fq). The image of 12 consists of all pairs (Frob*, o) which

obey the following compatibility condition:

o(Sij) C Sij+k- (5.13)

A similar lemma characterizes the image of ¢1:

Lemma 5.3.4. Let n > 2. Assume that the characteristic of Fy is prime to 2n.
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Suppose h(T) has the form
h(T)=T"+ n T V4 o+ T, with each a; € F,,

and h(T) satisfies both (5.10) and (5.11). Then all of the following hold:

(i) The Eiyj are Galois over F b (u) with Galois group Sym(S; ;) for each 1 <i <

ii) For every 1 <1 < r,1 < j < d;, the field L;; is linearly disjoint from the
7]
compositum of all other fields Zi/,j/ with 1 <4 <r;1 <j <dy and (i,j) #

(@, 5.
(iii) F o is the full field of constants of M.

(iv) We have
Gal(M/F b HGalM/F (u))

=1

while for each 1 <i <,

Gal(M;/F 4o ( HGal ij/Fqp HSym i7)

Here all isomorphisms are induced by restriction.

(v) The image of 11 consists of all pairs (Frobk,a) which obey the compatibility
condition

o(Sij) C Sijtk for everyi=1,2,...,r.
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5.4 Proofs of Lemmas 5.3.2, 5.3.3, and 5.3.4

5.4.1 Proof of Lemma 5.3.2

The proof of Lemma 5.3.2 rests on the following elementary bound for the number

of affine zeros of a polynomial:

Lemma 5.4.1. Let E/F, be an arbitrary field extension and let P(T,...,T,,) be
a nonzero polynomial in m variables over E with total degree bounded by d. Then

there are at most dg™ 1 solutions to P(z1,...,2Tm) =0 in Fy.

This lemma is well-known when E = F; (see, e.g., [81, Theorem 6.13]), and the
general case reduces to this one upon writing the coefficients of P with respect to
an Fg-basis of E.

Our computations also require the following evaluation of the discriminants of

certain trinomials:
Lemma 5.4.2. Let R be any integral domain, and let a and b be any elements of
R. Then
diser(T™ + aT +b) = (—=1)(&) ("6 ! 4 (=1)" 1 (n — 1)"1a™).
This is a routine computation and appears, e.g., as [87, Exercise 4.5.4]. A more
general result is established in [118].

Lemma 5.4.3. Let F' be a field of characteristic p relatively prime to 2n. Then

~

P(Ty,...,Tp 1) == disc" ' disch(T" + T 1T+ +TyT —u) € FT1, ..., T 1]
(5.14)

is a mnonzero polynomial over F with total degree bounded by (2n —1)(2n — 3).
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Proof. First suppose that p is also relatively prime to (n — 1). Then successive

application of Lemma 5.4.2 shows that

P(1,0,...,0) = disc” ' disc(T" + T — u)
= disc" ! ((—1)(3) (n”(—u)"_l +(=1)"(n - 1)n—1))

= disc” ' (""" + (n— 1)"1) = £(n — 1) pn(n=2),

which is nonzero. We can therefore assume that p divides n — 1. In this case we

consider
P(1,1,...,1) = disc® " discH(T" +T" " + -« + T — u).
To understand the inner discriminant, note that
(T-)(T"+T" ' - T —u) =T =T — (T - 1)u.
By Lemma 5.4.2; the T-discriminant of the right-hand polynomial is given explicitly

by

n+1

(=02 (0 4+ D" — (w4 1) (5.15)

We can relate this to the discriminant we are after by using the relations

discr(T — D)(T" + T L+ 4T —w))
=+ (T +T" 4+ T —w)|p)  disep(T + T 4+ T — )

=+(n—u)?discp(T" +T" 4 -+ T —u).
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Piecing this all together we obtain

1n+l n__ .n 1n+l
P(1,1,...,1):discz—1<(”+) ' —n(ut 1) >

(u—n)?

Let Q(u) denote the polynomial in u appearing in the argument of disc,, here,
so that @) has degree n — 1 in u. If ]3(1, 1,...,1) vanishes, then @ has a multiple
root, which is necessarily also a multiple root of (5.15). One computes easily that
unless p divides n + 1, the only common root of (5.15) and its derivative is u = n.
If w = n is a multiple root of @), then it must be a root of multiplicity at least 4
of (5.15), which forces the second derivative of (5.15) to vanish at u = n. But this

second derivative is given by

n+1

(D)) ((n+ )" n(n — )2 =™+ 1) (n+ 1))

_ (_1)(71,-2}—1)_’_1”’!171(” 4 1)n'

Since the characteristic p is prime to n, this can only vanish if p divides n + 1. So
we are forced to the conclusion that P(1,...,1) is nonvanishing except possibly if
p divides n 4+ 1. However, p divides n — 1 in the case we are considering, so that p
can divide n + 1 only if p = 2, which is excluded.

To bound the degree of P, observe (from the definition of the discriminant in
terms of the determinant of a (2n —1) x (2n— 1) Sylvester matrix) that the inner 7-
discriminant on the right of (5.14) is a polynomial in u of degree at most n— 1, each
coefficient of which is a polynomial in T, . .., T, 1 of total degree bounded by 2n—1.
These coefficients determine the entries of the (2n — 3) x (2n — 3) determinant used
to compute P, whence P has total degree at most (2n —1)(2n—3) in 71, ..., Tp_1,

as claimed. O
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Proof of Lemma 5.3.2(i). Write h(T) = T™ + a1 T" 1 + -+ a;T. For every pair

of i and j with 1 <7 <rand 1< j <d;, we have
disc™ ! disc?(h(T) —u — 91(‘7)) = disc? ' disc(h(T) —u) = P(ay, ..., an—1). (5.16)

Indeed, the T-discriminant in the first expression differs from that of the second only
)

in that u is replaced by u — 6;”’, and such a shift leaves the outer u-discriminant

unaffected. By Lemma 5.4.3, P is a nonzero polynomial of total degree bounded by
(2n —1)(2n — 3). The bound (5.12) on the number of h which fail to satisfy (5.10)

now follows from Lemma 5.4.1. O]

Proof of Lemma 5.3.2(ii). We proceed as in the proof of Lemma 5.3.2(i). Write
h(T) = T" 4+ an1T" ' + .-+ + 1T as usual. Fix pairs (4,7) and (7/,j') with

(i,) # (i, ') and set
P(ai,...,a, 1) = res? bn1 (disc’TL (h(T) —u— ng)), discp (h(T) —u — 95,”)) .

Arguing as in Lemma 5.3.2(i), we see that there is some polynomial ]3(T1, coyThot)

over F, of degree at most (2n — 1)(2n — 2) for which

~

P(ai,...,an—1) = P(a1,...,ap—1) forallai,...,an—1 € Fy.

Then (5.11) is satisfied (for the fixed pairs (7,) and (i, ;")) as long as P is non-

vanishing. This nonvanishing is easily checked: indeed, the constant term of P
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is

P(0,...,0) = rest " (diser (T — u — 09)), disep (T — u — 697))
= res" " (diser(T™ — u), discp (T™ — u + GZQ) —697))

()

_ ( 1)n+1 n(2n—2) (9(]) 0(] ) 7& 0.
Lemma 5.4.1 now implies that P has at most (2n—1)(2n—2)¢" 2 zeros in Fo-t O

5.4.2 Proofs of Lemmas 5.3.3 and 5.3.4

Our fundamental tool is the following criterion of Birch and Swinnerton-Dyer [11]
for certain polynomials to have the full symmetric group as their Galois group.
We state their result in an alternative form attributed by the same authors to

Davenport:

A Criterion of Birch and Swinnerton-Dyer. Let hA(7T) be a polynomial of
degree n > 2 with coefficients from a finite field F' whose characteristic is prime to

n. Suppose that with v an indeterminate over F', we have
disc” ! disch(h(T) — u) # 0. (5.17)

Then the Galois group of h(T) — u over the rational function field F(u) is the full
symmetric group on the n roots of h(T) — u. Consequently, if F is any algebraic

extension of F', then the Galois group of h(T')—u over E(u) is also the full symmetric

group.

Proof (Hayes [65]). We apply Lemma 4.2.2, taking f(7,u) := h(T) — u. To verify
its hypotheses, recall from the discussion of §4.2.3 that condition (ii) of that lemma

follows immediately once one knows that discy f(7, u) is squarefree. This, in turn,
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follows at once from (5.17) if discy f(7,u) has degree n — 1 in w. In fact this
last polynomial has leading term £n"u""!, which one sees easily upon viewing the
discriminant as the determinant of the (2n — 1) x (2n — 1) Sylvester matrix.

Thus it is enough to verify condition (i) of Lemma 4.2.2, that the first-degree
prime P = P,, of F(u) is tamely ramified in the splitting field L (say) of f(T,u)
over F(u). In fact we show that if 3 is any prime of L that lies above P, then
e(P/P) = n.

Since F is algebraically closed, we can write this ramification index as the degree

of an extension of completions, viz.

e(PB/P) = [Ly : F(u)p]. (5.18)

Let v be the exponential valuation on F(u) corresponding to P; then v induces a
valuation on the completion of F(u) at P, and it extends uniquely to a valuation
on Egp, which (by abuse of notation) we continue to denote by wv.

If y is any root of h(T) — u in L, then v(h(y)) = v(u) = —1. Since v is non-
Archimedean, we easily deduce that v(y) = —1/n, which shows that y has degree
n over F(u)p. Let K be the field obtained by adjoining y to F(u)p. By (5.18), it
now suffices to show that K is all of qu. Equivalently, we would like to show that
h(T) — u splits completely over K.

We make a simple change of variables: it is enough to show that the polynomial
y "h(yT) —y "u (5.19)

has all its roots in K. The reason for this change of variables is to allow the
application of Hensel’s lemma (p. 88): in the residue field associated to v, which

may be identified with F, the polynomial (5.19) has the shape ¢;T™—cs for constants
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c1,c2 € F and ¢; # 0. Since p does not divide n, this splits completely into linear
factors over F. Hensel’s lemma now implies that (5.19) splits completely into linear
factors over K.

The last claim follows immediately from the observation that the Galois group
of h(T) —u over F(u) injects (via restriction) into the Galois group of h(T) —u over

E(u). O

Proof of Lemmas 5.53.3(i) and 5.3.4(i). Suppose that h satisfies conditions (5.10)
and (5.11). Then part (i) of Lemma 5.3.3 is immediate from the criterion of Birch
and Swinnerton-Dyer. Since E” is the splitting field of A(T) — u — Hl(j) over F b,

the same argument also establishes Lemma 5.3.4(i). O

Before continuing we extract a result from the proof given above for the Birch

and Swinnerton-Dyer criterion:

Lemma 5.4.4 (Hayes). Let h(T) be a polynomial of degree n > 2 over the finite
field ¥, which satisfies the hypotheses of the Birch and Swinnerton-Dyer criterion
with F = F,. Let L be the splitting field of h(T) — u over Fy(u). Let Px be the
prime of Fy(u) corresponding to the (1/u)-adic valuation on Fy[1/u], and let P be
any prime of L lying above above Py,. Then e(P|Px) = n, where e(P|Px) denotes

the ramification index of P over P.

Proof of Lemmas 5.3.3(ii) and 5.8.4(ii). Define the constant field extensions

o~

I?i,j = Ki,qu, Ei’j = Li,qu, and M;:= Min.

Thus E” is the splitting field of A(T') — u — Gz(j) over F,. To prove Lemma 5.3.3(ii),

it suffices to show that for each fixed 1,

Zi,j is linearly disjoint from the compositum of Ei,j’ for 1 <j' #j<d;. (5.20)
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Indeed, once (5.20) is known, we may deduce that
Gal(M; /F,(u)) = Gal(Li1 /Fy(u)) x - - x Gal(Lyq, /Fq(w)).

By the Birch and Swinnerton-Dyer criterion the right-hand Galois groups each have
size n!, so that the left-hand Galois group has size n!%. But the left-hand Galois
group injects (via restriction) into Gal(M; /F ja; (u)), and degree counting shows that

this injection must be an isomorphism; thus

[M; : Fa;(w)] = [LinLig- - Lig; : Fa; (u)]

=[Lig : Fpa; (W)][Li2 : Fpa; (w)] -+ [Liyg, « Fpa; ()],

which implies Lemma 5.3.3(ii).

To prove (5.20), consider the intersection N of E” with the compositum of
the fields Ei,j/ for 1 < j # j' < d;. The only primes of Fy(u) that can ramify in
N ramify in both I?z}j and some I/(\'m/ with 1 < j # j/ < d;. But by (5.11), the

polynomials
discr(h(T) — u — GZQ)) and  discp(h(T) —u — ng/)) have no common roots,

and so the only prime that can possibly ramify in both extensions is Py,. By Lemma
5.4.4 and repeated application of Abhyankar’s Lemma (p. 90), Py is tamely ramified
in Ei, ; and hence also in N. (Here we again use our hypothesis that ¢ is prime to n.)
Thus N is a finite, tamely ramified geometric extension of F,(u) unramified except
possibly at primes above the degree 1 prime Ps. It follows that N = F,(u) (by
Lemma 4.2.1). This proves (5.20) and together with the above argument completes

the proof of Lemma 5.3.3(ii).
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The proof of Lemma 5.3.4(ii) is nearly identical but is based instead on the claim

that
Ei,j is linearly disjoint from the compositum of Zi/,j/ for (i,7) # (¢, 5");  (5.21)

we omit the details. O

Proof of Lemma 5.3.3(iii) and 5.8.4(iii). In the course of proving Lemma 5.3.3(ii),

we showed that restriction induces an isomorphism
Gal(M;/Fy(u)) = Gal(M;/F q, (u)).

If « € M; NFy, then « is fixed by every element of the left-hand Galois group
appearing above, and so must be fixed by all elements of the right-hand Galois
group. But this forces a to lie in the field of rational functions F q; (u). Since a
is algebraic over Fg, it must belong to F a;. So F 4, is the full field of constants
of M;. Lemma 5.3.4(iii) can be proved similarly, using that restriction induces an

isomorphism Gal(M;/F,(u)) 2 Gal(M /F b (u)). O

Proof of Lemmas 5.3.3(iv) and 5.3.4(iv). Immediate from parts (i) and (ii) of Lem-
mas 5.3.3 and 5.3.4. [

Proof of Lemma 5.3.3(v) and Lemma 5.3.4(v). Suppose o € Gal(M;/F a;(u)) sat-
isfies 0|Fq g = Frob*. Then o takes Hz(j) to 9§j+k) and so takes every root of
hT) —u— OZ(j) to a root of h(T) — u — 0§j+k). It follows that the image of to is
contained within the set of elements obeying the compatibility condition specified in
Lemma 5.3.3(v). A straightforward counting argument shows that there are d;n!%
such elements of Gal(F 4, /Fg) x Sym(U?izlSi,j). On the other hand, we know that

M;/F4(u) is Galois of degree [M; : Fy(u)] = [M; : F a; (u)][F 4, (u) : Fg(u)] = d;in!%.
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Since to is injective, it follows that the image of ¢ must coincide with the set
specified in (v).

A similar argument establishes Lemma 5.3.4(v): in that case M is Galois over
F,(u) of degree Dn!?1*+dr and this degree coincides with the number of elements

obeying the compatibility condition of Lemma 5.3.4(v). O

5.5 Proof of Theorem 5.1.2

Throughout this section f1(T),..., f-(T) denote nonassociate irreducible polynomi-
als of respective degrees di,...,d, over Fy and h(T) =T" + ap 1T 14+ 4+ ayT
denotes a monic polynomial over Fy of degree n > 2 without constant term satisfy-

ing conditions (5.10) and (5.11).

Lemma 5.5.1. Let g(T) be a squarefree polynomial of degree n over F,a which
is coprime to all its conjugates over ¥ : i.e., ged(g(T),0(g(T))) = 1 for every

o € Gal(F,a/Fy). If X is the factorization type of g(T'), then dx X is the factorization

type of Nmg ,/p, (9(T)) = HUGGal(qu/Fq) o(9(T)).

Proof. Since g(T) is squarefree, so are all the polynomials o(g(T)), and as g(T') is
coprime to its conjugates, Nqu 2/F,(g(T)) is also squarefree.

Suppose that @ is a monic prime of F q[T] that divides g(7'), and let P be
the monic prime of Fy[T| that lies below Q. Let f(Q/P) be the inertial degree
of ) over P. Since Nqu 2 JF(Q) = Pf@Q/P) divides the squarefree polynomial
Nqud/Fq (9(T)), we must have f(Q/P) =1 and Nqud/Fq (Q) = P. In particular,
deg P = ddeg Q.

Thus, starting with a factorization of g(7") exhibiting cycle type A, takings norms

gives us a corresponding factorization of Nmg /g, (9(7T")) with cycle type d x A. [
q

135



The next result is analogous to Lemma 4.3.2. For a € Fy, we write P, for the

prime of Fy(u) corresponding to the (u — a)-adic valuation.

Lemma 5.5.2. Assume h(T') obeys the nondegeneracy conditions (5.10) and (5.11).
If A1, ..., A\ are arbitrary partitions of n, then the group Gal(M/Fq(u)) contains a

conjugacy class C, of size

T
it TT 70,
=1

with the following property: Suppose that a is an element of F, which is not a zero

of any of the polynomials
discr (h(T) — u — ng)) for 1<i<r 1<j<d,. (5.22)

Then f;(h(T) — a) has factorization type \; for every 1 < i < r exactly when C

coincides with the Frobenius conjugacy class (M/Fq(u), P,).
Proof. Since a is not a root of any of the polynomials (5.22), P, is unramified in M

and the polynomials h(T') —a — ng ) are squarefree for all 7 and j. Now fix 1 <14 <.

Applying Lemma 5.5.1 with g(T) = h(T) —a — 6?1(1), we see that
MT)—a— 91(1) has type A; over F 4, <= fi(h(T') — a) has type d x A; over Fy.
There is a unique prime ), of F (u) that lies over P,, and for this prime we have

f(Qa/Pa) =d;i and e(Qq/Fu) = 1. (5.23)

By Kummer’s theorem (p. 92), the factorization of h(T) — a — 91(1) mirrors the
factorization of @, in K;;i. So if \; = (t1,...,ts), then fi(h(T) — a) has type
d; x A; if and only if @), factors in K ; into primes of relative degrees t1,...,ts. By

(5.23), this in turn occurs exactly when P, factors in Kj; into primes of degrees
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dity, ..., dits.
This last possibility can be recast in terms of the action of Frobenius. Let o de-

note any element of the Frobenius conjugacy class (M;/Fq(u), P,); then necessarily
o restricts to the gth power map on F ;, (5.24)

so that the image of o under t2 has the form (Frob,¢’) for some permutation o’
of U?izlSi,j (obeying the compatibility condition (5.13) with & = ¢ and [ = 1).
Then P, factors as indicated above if only if o has cycles of lengths d;tq, ..., d;ts
when acting by right-multiplication on the right-cosets of H = Gal(M;/K; ) in the
group Gal(M;/F4(u)). (Cf. [72, Theorem 2.7].) We claim that this is equivalent
to o/, considered as a permutation of the nd;-element set u?;lsi,j, decomposing as
a product of s disjoint cycles of lengths d;t1,...,d;ts. To prove this, we exhibit a
bijective length-preserving correspondence between the cycles in the decomposition
of ¢’ and the cycles appearing when ¢ acts by right-multiplication on the right-cosets
of H.

We set this correspondence up as follows. Write K;1 = F g (u)(a), where
a € S;1. Let C' be a cycle appearing in the decomposition of ¢’, and let 5 be an
element appearing in C’. Choose an element 7 of of Gal(M;/F,(u)) with 7(5) = a.
(The existence of such an element follows from our description of the image of ¢o

above.) We define our bijection by sending
C' +— O, where C is that cycle of the right-action containing Hr. (5.25)

We must check that this does not depend on the particular choices of 7 and 5. To

this end, suppose that 71(5) = 72(8) = . Then 717'2_1 fixes both o and Fy(u), so
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must also fix the entire field
By (u) (@) = Fy(w)(h(a), 0) = Fy(u) (6)(a) = Fy, (u)(a) = Ki.

Thus 71751 € Gal(M/K; 1) = H, and so Hry = Hmy, proving that our map is
independent of the choice of 7. Now suppose 31 and (B both appear in the cycle
C'; then By = 07(3) for some j. If 7(31) = a, then (707)(B2) = a. Thus (5.25)
associates to C’ both the cycle containing H7 and the cycle containing H7o?. But
these coincide, since our action is right-multiplication by o.

Suppose now that two cycles C] and C are mapped to the same cycle C'. Choose
elements 51 and 2 which appear in the cycles C and C} respectively, and choose
71 and 1o from Gal(M;/Fg(u)) with 71 (61) = o and 72(F2) = a. It follows that Hr
and Hty appear in the same cycle of our right-action, so that Hr = Hmo? for
some j. Hence the left-cosets 7, 'H and 077 Ty 'H coincide. But elements of the
former coset send « to 31 and elements of the latter send o to o=7(32). It follows
that (1 and (32 belong to the same cycle of o; i.e., C{ = C). This proves injectivity.

Now we show that the association (5.25) takes cycles C’ to cycles C of the same
length. Using | - | for the length of a cycle in both cases, we observe that for an

arbitrary integer j,

|C| divides j <= Hro) = Hr <=1t 'H=0"9771H

— 77 a) =01 a) <= B = 077(B) « |C’| divides j.

This forces |C| = |C'|.
The surjectivity of our map now follows, as the lengths of the cycles of C and
the lengths of the cycles of C’ must both sum to n. This completes the proof that

(5.25) defines a bijective, length-preserving map.
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At this point we have reduced the problem to a consideration of those permuta-
tions o’ of U?izlSi,j which obey the compatibility condition (5.13) (with k£ =4 and
[ = 1) and which decompose into disjoint cycles of lengths d;t1, ..., d;ts. Such cycles
can be explicitly constructed as follows: Take any permutation of S; 1 of cycle type
Ai; there are T'(\;)n! of these. This permutation serves as a template for a permu-
tation o’ with the desired properties: use the given permutation to fill in every dth
element in the cycles of ¢/, and fill in the remaining spots arbitrarily, subject only
to the compatibility condition. The latter task can be done in n!%~! ways, and this
shows that the total number of such o’ is T'(\)n!%.

Let v € Gal(M/Fq(u)) be an element from the conjugacy class of (M/Fq(u)7 P,).
Then in order that f;(h(T) — a) have cycle type d; x A; for every i = 1,2,...,r,
it is necessary and sufficient that ~y|ps, obey the conditions imposed on ¢’ above
for every i. That is, it is necessary and sufficient that « (identified with its image
under ¢1) has the form (Frob,oy,...,0,), where each o; is one of the previously-
constructed n!%T()\;) permutations on U?;lSi’j. There are n!®+-+drTT7_ T(\;)
possible tuples (Frob,o1,...,0,), and because the o; obey the stated compatibility
conditions, these correspond to distinct, well-defined elements of Gal(M/ F,(u)).

Finally, Lemma 5.3.4(i), (ii) shows that

Gal(M /Fq(u)) D Gal(M/F o (u)) = ] Sym(Si,), (5.26)

1<i<r
1<j<d;

where each Sym(S; ;) is thought of as a subgroup of Sym(U 1<;<, S; ;). From (5.26)
1<j<d;
and our construction of the o;, it is easy to convince oneself that the set of elements

C (say) constructed above constitute a single conjugacy class of Gal(M JFq(u)). O

To apply the Chebotarev density theorem we require an estimate for the genus

of M /F,p. This is a consequence of the following genus estimate due to Cohen (see
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[32, Theorem 1.1]):

Lemma 5.5.3. Let f(T) be a nonconstant polynomial over F, which is not a poly-
nomial in TP, and let L be the splitting field of f(T') —u over Fy(u). Then the genus

of L is bounded above by
1
S (e f — 3L Fy(w)] + 1

Corollary 5.5.4. Let fi(T),..., f-(T) be nonassociate monic irreducible polynomi-
als of respective degrees di, . ..,d, over Fy and suppose that h(T') is a polynomial of
degree n > 2 without constant term satisfying conditions (5.10) and (5.11). Then
the genus of M/qu 1 bounded above by

(dy + -+ dp)n - pdrFFdr,

Proof. Write gy for the genus of a function field N with constant field F p. Since
Em- is the splitting field of A(T') — u — 01@ over F p (for1<i<randl<j<d),

Lemma 5.5.3 implies that

1
(n—3)n!—|—1§§n-n!.

N |

9. <

]

To continue we enumerate the E” as E<1>, . ,E(d1+“'+dr), so that M is the com-
positum of the LOfor1<i<dy+ -+ d,. By the Castelnuovo-Severi inequality,

we have for any k < dy + --- + d, that

9i .5 < [z(l) A E(k)]gi(k) + [Z(l) A GO € Z(’f*l)]gi(l).”i(k_l)_’_

([E(l) O f(k)] — 1)(@(1) LR ) ..Z(k’—l)] —1);
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thus

1
k— f—
95 F k) S ntkF=1. in -n!+ n!giu),.,z(k,l) + (n! L 1)(n! —1)

k k k
n-nl® +nlgra) ge-y T <nenl® +nlgra) 7eo)-
By induction we deduce that
k
gz(l)._.’i](m § kn . 7’L' .

Taking k = dy + do + - - - + d,- gives the result. O

We can now complete the proof of Theorem 5.1.2 appealing to the explicit form

of the Chebotarev density theorem that appeared in the last chapter (p. 95).

Proof of Theorem 5.1.2. As always we may assume n > 2, since Theorem 5.1.2 is
trivial otherwise. Let X be the number of polynomials h(T) = T" + a,—1T" ! +
-+ 4+ a1T € F4[T] satisfying both nondegeneracy conditions (5.10) and (5.11).

Suppose h(T) is one of the polynomials counted by X, and let Nj be the number
of a € F, with the property that fj(h(T) — a) has cycle type A; for all 1 < i <.
For all but at most (n — 1) B values of a, Lemma 5.5.2 asserts that this property is
equivalent to (M /F4(u), P,) coinciding with the conjugacy class C of that lemma.
Since

€] = nidt -+ TTT(A) and  [M : Fyp(u)] = pidit+dr
=1

the Chebotarev density theorem gives us that

‘Nh —q[[7(N)
=1

< (2 ﬁT(Az’)> (99" + g+ n"T ¥y 4 (n—1)B.  (5.27)
=1

Since g < Bnn!P (Lemma 5.5.4), the right-hand side here is O((Bn)n!Bq"1/?).
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Thus the total number of polynomials h(T) for which f;(h(T)) has cycle type A; for

all1 <i<ris
Xq[[TN) + O(X(Bn)ntPq?) + O((¢" " = X)q).
i=1
Making use of the bounds

B
qnfl _4n2qn72 <1 + <2)> <X< qn717

we find that this number is
¢"[[T) + 0((Bn)n!Pq™= 1) + O(n* B?¢™ ).
=1

The proof is completed by the (easy) verification that the first O-term is dominant

(using n > 2). O
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Chapter 6

Further applications

6.1 Introduction

In this chapter we give several applications of Theorem 5.1.2 to the multiplicative

properties of polynomial specializations.

6.1.1 Prime values of polynomials

The first two applications constitute further results towards a polynomial analogue
of Hypothesis H. In Chapter 3 we showed (Theorem 3.1.3) that if f1(7T), ..., f-(T) is
a finite collection of irreducible polynomials over F, and if ¢ is large compared to the
degree of the product f1(7T)--- f(T), then the conclusion of Hypothesis H holds for
the given collection. However, our proof produced only a sparse set of substitutions
T — ¢(T') leaving all the f; irreducible. A weak consequence of Conjecture 5.1.1 is
that there should be such g(7T') of every sufficiently large degree.

Our first application uses Corollary 5.1.3 to establish that the degrees of these
polynomials ¢g(T") are “dense” with respect to arithmetic progressions, in the fol-

lowing sense:
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Theorem 6.1.1. Let fi(T),..., fr(T) be nonassociate irreducibles over Fy with the
degree of f1--- f, bounded by B. Let a mod m be an arbitrary infinite arithmetic
progression of integers. If the finite field F, is sufficiently large, depending just
on m, r, and B, and if q is prime to 2gcd(a,m), then there are infinitely many

unwariate monic polynomials g over Fy with

degg=a (modm) and fi(g9(T)),...,fr(g(T)) all irreducible over Fy.

Theorem 6.1.1 is no doubt true without any restriction on the characteristic of
F,, but we have not been able to show this.

Tweaking the methods involved in the proof of Theorem 6.1.1 we can also prove
the following result, the first half of which settles a problem posed by Hall [58, p.
140]:

Theorem 6.1.2. Let Fy be any finite field with more than two elements. Then
there are infinitely many monic prime pairs f, f + 1 of odd degree over ¥,. The

same holds for the case of even degree.

Even for large ¢ this is not immediate from Theorem 6.1.1, since that theorem
says nothing about prime specializations over fields of characteristic 2.

Theorem 6.1.2 is the twin prime analogue of Kornblum’s result that every co-
prime residue class of polynomials over F, contains infinitely many monic irre-
ducibles of odd degree, as well as infinitely many of even degree. In a posthumously-
published version of Kornblum'’s paper [78], Landau presents a modification of Ko-
rnblum’s argument to the effect that the degrees can be taken from an arbitrary

arithmetic progression. Theorem 6.1.1 can be seen as an effort in the same direction.
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6.1.2 Twin primes and Brun’s constant

We begin by recalling Brun’s classical result [13] towards the twin prime problem:

Theorem A (Brun). The sum of the reciprocals of those primes which are members

of a twin prime pair converges (or is a finite sum); that is,

B = + = + = + ! + ! + ! +-0 <
= — —_ _ — e _ e Q.

3 5 5 7 11 13

While constants like m and e are known to billions of digits, our knowledge
of Brun’s constant B is surprisingly modest. The sharpest known unconditional

bounds are (roughly)
1.830 < B < 2.347.

(Thus we do not know B to even one decimal place!) The lower bound here is due
to Sebah [110], who computed all the twin prime pairs up to 10'® and summed their
reciprocals. The upper bound is due to Crandall and Pomerance ([36, pp. 16-17],
see also [73, Chapter 3]), who bound the sum of the twin prime pairs past 10'6 using
an explicit upper estimate of Riesel and Vaughan [102] for the number of twin prime
pairs. Much sharper estimates for Brun’s constant are available if one assumes a

suitable quantitative version of the twin prime conjecture; e.g., it is plausible that
B = 1.902160583121 + 4.08 x 1075.

This last estimate is taken from the recent thesis of Klyve [73], which the reader
should consult for references to earlier work.

If F, is a finite field containing the nonzero element «, we define the Brun
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constant associated to q and « by

1
By = Z m

P,P+a monic primes

The proof of Theorem A can be adapted to show that B, , is finite for every ¢ and
a (cf. [127, Corollary, p. 349] or [70, Theorem 5.5]). Actually we can be far more

precise about the values of B 4:

Theorem 6.1.3. If F, is a finite field with characteristic p > 2, then

2
s
Bya= 5+ O(1/p +loglog ¢/ log q), (6.1)

uniformly for o € F . Moreover, for every finite field Fy,

1 m -1/2
-1 Bga =5 +0(g"). (6.2)
a€Fy

Thus B, tends to 72/6 as the characteristic of F, tends to infinity, for exam-
ple if ¢ tends to infinity through prime values. Moreover, the error term in this
approximation is rather small on average over a once ¢ is large (regardless of the
characteristic). We suspect that By, tends to 72/6, uniformly in «, whenever ¢

tends to infinity, but we have not so far succeeded in showing this.

6.1.3 The distribution of prime gaps

The following conjecture is a well-known consequence of Cramér’s probabilistic

model (see, e.g., [55] for background):

Conjecture A. Fiz A > 0. Suppose h and N tend to infinity in such a way that
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h~ AlogN. Then

1 e
— < : — g = —_
A}lm N#{n <N:m(n+h)—7(n)=k}=e

for every fized integer k =0,1,2,....

Additional support for Conjecture A comes from the work of Gallagher [52], who
shows that it follows from a plausible uniform version of Hardy and Littlewood’s
prime k-tuples conjecture.

Granville (personal communication) has suggested the following polynomial ana-
logue of Conjecture A. For a prime p and an integer a, let @ denote the residue class

of a in Z/pZ = F,,. For each prime p and each integer h > 0, define

I(p;h) := {CTO-I—chTvL”'—FCTjTj eF,[T]:0<ap,...,a; <p with Zaipi < h}.

(6.3)
In the notation of Chapter 2 (p. 41), I(p;h) is the set of polynomials A over F,,
with ||A]| < h. Let Py(p; h,n) be the number of polynomials A(T") of degree n over

F, for which the translated “interval” A+ I(p;h) contains exactly k primes.

Conjecture 6.1.4. Fiz A > 0. Suppose h and n tend to infinity in such a way that
h ~ An. Then

k

1 A
— P(p; hyn) — e*Aﬁ (as n — 00) (6.4)
P !

for each fixed k =0,1,2,3,..., uniformly in the prime p.
In §6.5.1, we show that, in analogy with Gallagher’s result, this conjecture fol-
lows from a suitable uniform version of the prime k-tuples conjecture. Our main

result towards Conjecture 6.1.4 is the following, which shows that (6.4) holds when-

ever p tends to infinity faster than any power of n"", as long as k = o(y/n):
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Theorem 6.1.5. For each compact set I C (0,00), there is a constant C' with the

following property: For integers n, h and k with
n>2 h>1, 0<k<h, h/nel,

we have upon setting X := h/n,

k

1 ' A (k+ 1) —1/2 2
EPk(p, h,n)=e o <1 +Or <n +0 (p exp(Cn logn)) ,

where the second O-constant is absolute.

6.1.4 Smooth values of polynomials

To this point, all of our applications have been towards polynomial analogues of
problems in the distribution of primes. On the opposite end of the multiplicative
spectrum one has the smooth numbers, those composed only of small prime factors.
(More precisely, an integer n is called y-smooth if its largest prime factor P(n) is
< y.) Dickman has shown [39] that for fixed u, the number of n < z which are
z'/%-smooth is asymptotic to p(u)z, where p is the (unique) continuous solution of

the differential-delay equation
up'(u) = —p(u — 1) satisfying the initial condition p(u) =1 for 0 < u < 1.

One could ask, more generally, for an asymptotic formula for the number of z!/%-
smooth values assumed by a polynomial F'(T") on integers 1 < n < x. Denote this
number by W(F;z, z'/*). Then we have the following conjecture of Martin [85],

which we state in a slightly strengthened form:

Conjecture B (Martin). Let F' be an arbitrary but fixred nonzero integer-valued
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polynomial and let dy,...,dx be the degrees of the nonassociate irreducible factors

of F'. Then for each U > 0, the asymptotic formula
U(F;2,2"") ~ zp(diu) - - p(dcu)

holds as x — oo, uniformly for 0 <u < U.

This can be viewed as a smooth number analogue of Schinzel’s Hypothesis H.
Martin links the two conjectures by showing that a sufficiently uniform quantitative
version of Hypothesis H implies the truth of Conjecture B for every U < (d—1/K)~!,
where d is the maximal degree of an irreducible factor of F' and K is the number of
nonassociate irreducible factors of F' of degree d. (Note that Conjecture B is trivial
in the narrower range U < d~!.)

The distribution of smooth polynomials mimics the distribution of smooth in-
tegers: e.g., the number of monic polynomials of degree n over F, all of whose
prime factors have degree < n/u is asymptotically p(u)g"™ (in large ranges of u
and uniformly in ¢; see, e.g., [21], [91]). This motivates the following analogue of
Conjecture B. For a polynomial F/(T) over Fy, define W(F;n, m) as the number of
monic, degree n polynomials g(T") over F, for which every prime factor of F(g(T))

has degree bounded by m.

Conjecture 6.1.6. Fiz B,U > 1. Let F(T) be a nonconstant polynomial over F,
of degree at most B. Let K be the number of distinct monic irreducible factors of

F, and let dy,...,dg be the degrees of those factors. Then as n — oo,

U(Fsn,nju) ~ ¢ pldru) - - pldicu)

uniformly for 0 < u < U and uniformly for all q, F, and K.
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Theorem 5.1.2 allows us to confirm this conjecture when ¢ grows much faster

than n (say when ¢ grows faster than any power of n™) and satisfies ged(q,2n) = 1:

Theorem 6.1.7. Fiz B,U > 1. Let F(T') be a nonconstant polynomial over ¥, of
degree at most B. Let K be the number of distinct monic irreducible factors of I,

and let dy,...,dg be the degrees of these factors. If n > BU and (q,2n) = 1, then

U(F;n,nju) = ¢"pldiu) - - - p(diu) + Op(ug™/n) + Op(¢" 1/ *n!?B),

forO<u<U.

Without giving details, we remark that minor modifications of our arguments
give analogous results for the number of smooth values of F(g(T')) when ¢(7T) is

restricted to monic prime values (cf. Martin’s prediction [85, equation (1.8)]).

6.1.5 Smooth values of consecutive integers

The final conjecture we consider can be viewed as a smooth number analogue of the

prime k-tuples conjecture:

Conjecture C. Let 0 < a < 8 <1, and let A be the set of integers n > 2 whose
largest prime factor P(n) satisfies n® < P(n) < nP. Then for every k, one can find

k consecutive integers n+1,...,n+ k all of which belong to A.

The origin of this problem lies with Erdds (see, e.g., [45]), who asked for a proof
in the case when k = 2 and [a, ] = [1 — ¢,1]. The case k = 2 was settled in its
entirety by Hildebrand [66] (via the solution of a more general conjecture of Balog).
Moreover, when o = 0, Conjecture C follows (for any # > 0 and every k) from the
results of Balog and Wooley [4]. (All of these theorems in fact can be proved in
stronger, quantitative forms.) Nevertheless, Conjecture C remains open in general.

A partial result when k& > 2 is contained in [67]. See also the survey [68].
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A similar problem appears in the work of Erd6s and Pomerance [46]; they ask
whether the largest prime factors of n and n + 1 are independent events, in the
sense that the proportion of n < z with P(n) > z* and P(n + 1) > 22 tends
to a(aq)a(ag), where a(t) := 1 — p(1/t). This is still unsolved. Even the weaker
assertion that asymptotically half of all positive integers n have P(n) > P(n + 1)
remains open. This last problem goes all the way back to correspondence in the
1930s between Erdds and Turdn (see [115, pp. 100-101}).

The results of Balog and Wooley mentioned above have been translated into
the polynomial setting by Masuda and Panario [86]. However, it seems that there
are no results for polynomials in the direction of Conjecture C when o« > 0. Our
next theorem deals with this case, and at the same time proves an independence
statement for the largest prime factors of neighboring polynomials.

Write L(A) for the degree of the largest irreducible factor of a polynomial A.
Suppose that I = [«, (] is a compact subinterval of [0, 1]. (Here and in what follows,
intervals are always understood to be of nonzero length, so that a < 3.) If o # 0,

we define k(I) := 1/, otherwise we set (1) := 1/0.

Theorem 6.1.8. Let k be a positive integer, and let S be a k-element subset of F.
Suppose that for each s € S we are given a compact subinterval Is = [as, Bs] C [0, 1]

and let C' := maxgeg k(Is).
(i) The number of monic, degree n polynomials A(T) € Fq[T| with
asdeg A(T) < L(A(T) + s) < Bsdeg A(T)  for every s € S (6.5)
s given by
" IT (081 = plai ™)) + Onc(q" /n) + O(niPq"~1/2),

SES
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provided that ged(q,2n) = 1.

(ii) Suppose that the length of each interval I, is bounded below by € > 0. If q is
odd and sufficiently large (depending only on k and €), then there are infinitely
many monic polynomials A(T) € F4[T] for which (6.5) holds.

We emphasize that the estimate in (i) is only nontrivial when ¢ is large compared
to n, since otherwise our bound on the error term exceeds the total number of monic,
degree n polynomials.

To illustrate Theorem 6.1.8, fix a1, as > 0. Then applying Theorem 6.1.8 with
Iy = [a1,1], I = [ag, 1], and S = {0,1} C F,, we see that the proportion of degree

n polynomials A(T) over F, with
L(A(T)) > agn and L(A(T)+1) > asn

is asymptotic to a(ay)a(as), provided n and ¢ tend to infinity with ¢ > n*" (say)
and ged(g,2n) = 1. This confirms, in a certain range, the polynomial analogue of

the independence result conjectured by Erdés and Pomerance.

Notation

Throughout this chapter, we reserve the letter P for monic irreducibles.

6.2 Proof of Theorem 6.1.1

We begin with some comments on the relationship between Theorem 3.1.3 and
Theorem 6.1.1. For ¢ large in terms of  and B, Theorem 3.1.3 asserts the existence
of infinitely many irreducibility preserving substitutions T +— T — § for some

prime [ dividing ¢ — 1 and some 3 € F,;. So we obtain irreducibility-preserving
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substitutions whose degrees are exactly the powers of [. In the proof of Theorem
3.1.3, there is some flexibility in the choice of [, and this could be used to establish
Theorem 6.1.1 in a number of special cases.

In order to prove Theorem 6.1.1 in full, we require two additional ingredients:

(i) the existence of a preliminary irreducibility-preserving substitution 7" — h(T)

of degree d, for some d belonging to the progression a mod m,

(ii) the existence of some [ coprime to m and some (3 € F, for which all the sub-
stitutions T +— T'" — B preserve the irreducibility of the polynomials f;(h(T)),

where h(T') is as in (i).

If we can establish (i) and (ii), then Theorem 6.1.1 follows immediately, since k(T —
() has degree from the progression a mod m whenever k is divisible by ¢(m). The
most difficult part of the proof is obtaining (i), which requires Corollary 5.1.3. By
contrast, the techniques necessary for the proof of (ii) are present already in Chapter
3. However, the details here are slightly different; this is because in proving Theorem
6.1.1 we take [ as a divisor of ¢ — 1 (with d as in (i) above), while in the proof of
Theorem 3.1.3, [ is always chosen as a divisor of ¢ — 1.

Now for the details:

Corollary 6.2.1. Let m be a positive integer. Then every integer d > max{2, ¢(m)}
has the following property: if q is any odd integer > 3, then ¢* —1 has an odd prime

divisor not dividing m.

Proof. Suppose d > max{2,p(m)}. By Bang’s theorem (p. 76) there is a prime I
for which ¢ has order d in (Z/IZ)*. Since d > 1, we must have [ # 2. Moreover,
[ is necessarily prime to m: for if [ divides m, then the order of ¢ in (Z/IZ)* is
a divisor of ¢(1), hence also a divisor of ¢(m) and so less than d, a contradiction.

Hence [ is an odd prime divisor of ¢¢ — 1 which is prime to m. O
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We can now establish the following variant of Theorem 3.1.3:

Lemma 6.2.2. Let f1(T),..., fr(T) be nonassociate irreducible polynomials over
F, with each f; of degree d; > 1 and the degree of fi--- f, bounded by B. Suppose

that | is an odd prime dividing ¢* — 1 for each i =1,2,...,r. If
q> (2B 2" +1)%

then there is a 3 € or which all the polynomials fi —0B)y., fr — ) are
hen th 3 € F, for which all the pol Is f1(T" -3 £.(T" -8

wrreducible for each k =0,1,2,3,....

Proof. Fix roots ay,...,a, of fi(T),...,fr(T), respectively. By Lemma 3.2.1 it
suffices to produce an element 3 € F, with the property that o; + 3 is an [th power
nonresidue in Fy(a;) for every i =1,2,...,r. Since [ divides g% —1 for each i, there
are multiplicative characters y; of order [ on each of the fields Fy(c;). If for every
choice of 3, there is an ¢ € {1,2,...,r} for which a; + [ is an Ith power in Fy(«;),

then the sum

> (1= xa(on +8)1 = xalez +8)) - (1 = xr(er + 3))

BEF,

vanishes. (Note that it is impossible for any of the arguments «; + ( inside a
character to vanish, since each «; belongs to a nontrivial extension of F,.) But by

Lemma 3.4.2, the absolute value of this sum is bounded below by

- Y. (—1+Zdegfi(T)> Va =

Tc{1,2,..,r} i€l
T#0

g+ @ =Dyva-d_di| > 1|Vazg+(@ -1)yz-2""'Bya
i=1 Zc{1,2,..,r}
el
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which is positive for ¢ as in the hypothesis of the lemma. O

Proof of Theorem 6.1.1. Suppose that fi,..., f, are irreducible polynomials over
F,, where F, is a finite field with characteristic p coprime to 2gcd(a,m). Let d
be the smallest integer exceeding max{2, ¢(m)} relatively prime to p and satisfying
d = a (mod m). Since p is prime to ged(a, m), it follows that p divides at most one
of any two consecutive terms from the progression a mod m, so that d < 3m. In
particular d is bounded solely in terms of m. So by Corollary 5.1.3, as long as ¢ is
sufficiently large (depending just on B and m), there is a polynomial h of degree
d for which all of fi(h(T)),..., fr(h(T)) are irreducible over F,. Using Corollary
6.2.1, choose a prime [ dividing ¢¢ — 1 which is relatively prime to m. Then [ also
divides gdegfi((T)) _ 1 for each i = 1,2,...,r. According to Lemma 6.2.2 (applied

to the polynomials fi(h(T)), -, fr(h(T))), if
qg>(27%B - 2" 4 1)?,

then there is some 3 € F, with the property that the polynomials fi(h(le —0))

are all irreducible over F, for k = 0,1,2,3,.... Since
deg h(le —B)=dl*=al* =a (mod m)

whenever k is a multiple of ¢(m), the proof of Theorem 6.1.1 is complete. O

6.3 Application to a question of Hall

We prove Theorem 6.1.2 in two parts:
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q\ f\ q371‘ orderoff\orderoferl\ l

3| T3-T+2 2.13 13 26 | 13

9| T3—-T+2 23.7.13 13 26 | 13

5| T%+3T+2 22.31 22.31 22.31| 31

17| T34+T+8 24.307 22.307 22.307 | 307
257 | T3 +T+15 | 28-61-1087 | 2°-61-1087 22.61-1087 | 61
65537 | T3 +T+18 | 216.37.Py | 2'°.37.P, 215.37.Py | 37

Table 6.1: Monic twin prime pairs of odd degree over small finite fields Fy, where
q=1+2N. We write Py for the 9-digit prime 116085511.

6.3.1 Part I: Infinitely many twin prime pairs of odd degree

In the case when ¢ — 1 has an odd prime divisor, the monic twin prime pairs f, f+1
constructed in the proof of Theorem 3.1.2 already have odd degree, so we may
suppose that ¢ — 1 is a power of 2. As noted in Chapter 3, if ¢ is an odd prime
power for which ¢ — 1 is a power of 2, then either ¢ = 9 or ¢ is a Fermat prime.
Theorem 6.1.1 guarantees the existence of a monic twin prime pair f, f + 1 of
odd degree over all sufficiently large finite fields F, with ¢ odd. The next lemma is

an explicit version of a slightly weaker result:

Lemma 6.3.1. Suppose q¢ > 200000 is a prime power coprime to 6. Then there are
infinitely many monic twin prime pairs f, f+1 over Fy for which deg f = deg (f + 1)
1$ odd.

It is worth remarking that no Fermat primes > 200000 are known, and it is

plausible that none exist.

Proof. By Corollary 5.1.3, if ¢ is large enough and prime to 6, then we may choose
a monic prime pair f, f + 1 of degree 3 over F,. In fact, referring to the estimate

(5.27) (with B = 2 and n = 3), we see that such pairs exist as long as

(9¢"* +g+6%) —2-2>0,

Nl \V)

4
9
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where g is the genus of an appropriate function field. By Corollary 5.5.4, we have
g<2-3-3%=216;
and so (6.6) holds as soon as

1
g4~ 48va— 60> 0,

which is valid for ¢ > 187703, so certainly for ¢ > 200000. To complete the proof,
choose an odd prime divisor I of ¢> — 1 (e.g., any prime divisor of ¢> + ¢ + 1) and
apply Lemma 6.2.2 to the pair f, f + 1 (taking B = 6 and r = 2). We obtain that
for ¢ > 81, there is some 3 € F, for which both f(le — ) and f(le —f)+1 are
simultaneously irreducible for £ = 0,1,2,3,.... This is an infinite family of monic

twin prime pairs of odd degree. O

To finish off this half of Theorem 6.1.2, it remains to consider the cases when
g = 9 or when ¢ is a Fermat prime less than 200000. These small finite fields are
treated by hand. For each such ¢, Table 6.1 exhibits the first member f of a monic
twin prime pair f, f + 1 of odd degree together with all the information necessary
to verify that the Serret-Dickson Lemma (Lemma 3.2.1) can be applied to both f

and f 4 1 with the specified odd prime .

6.3.2 Part II: Infinitely many twin prime pairs of even degree

We first argue that for ¢ > 4, there is always a monic, quadratic twin prime pair
f, f+1over F,. In the proof of this result it is convenient to consider odd and even

q separately.

Lemma 6.3.2. Let F be a finite field of odd characteristic with ¢ > 5. Then there
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Table 6.2: Monic twin prime pairs of even degree over some small finite fields.

q | S| ¢*—1]orderof f | orderof f+1| |
3| TC+T5+2T3+27%+1 | 23.7-13 22.7.13 22.7.13 | 7
4 T’ +T+a 3-5 3-5 3-5| 3
5 T? +T+1 23.3 3 23.3] 3
7 T? +T+3 24.3 24.3 23.31] 3
8| T*+(B+1)T+p%+p 32.7 32.7 3.7 7
9 T?+(y+ DT +v+1 24.5 2%.5 2.5 | 5
11 T24+3| 23.3.5 22.5 22.5| 5
13 T?2+6 | 23.3.7 23.3 23.3] 3
16 T? + (02 +8)T+6| 3-5-17 3.5-17 3-5-17 | 3
17 T? +T 42 25 .32 24.32 25.32 | 3
19 T2 44| 2%.32.5 22.32 22.32| 3
23 T2 +2 ] 2%.3.11 22.11 22.11 | 11
25 T? +4eT +4e+2 | 2*-3-13 3.13 22.3.13 | 3

Here a2 +a+1=0,824+8+1=0,72+1=0,6*+64+1=0,and 2 +2=0.
is a pair f, f +1 of monic irreducible quadratic polynomials over F.

Lemma 6.3.2 could be established using Corollary 5.1.3, in analogy with the
proof of Lemma 6.3.1 in Part I. However, the direct approach below leads to better

bounds.

Proof. Tt suffices to show that there is some pair of consecutive quadratic non-
residues in F,. Letting x denote the quadratic character on F,, the number
of such pairs is  of the sum > (1 — x(@))(1 — x(a + 1)), the sum being taken
over a # 0,—1 from F,. Now a straightforward calculation using the evaluation
> acr, X(@)x(a+1) = =1 (cf. [10, Theorem 2.1.2]) results in a count of

i (¢—3+x(1)+x(-1)) = i (¢ =2+ x(=1))

such pairs, which is positive for g > 3. O

Lemma 6.3.3. Let Fy be a finite field of characteristic 2 with ¢ > 4. Then there

is a pair f, f +1 of monic quadratic polynomials both of which are irreducible over
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F,.

Proof. For any fixed v € Fy, the map ¢: F, — F, defined by 1(3) := 8%+~ is an
endomorphism of the underlying additive group of F,. We choose v so that v # 0
and the image of 1) contains 1 (and so contains all of Fy). This is possible as soon
as F, is a nontrivial extension of Fy; merely choose any 3 € F; \ Fy and define v
so that 3% + 3 = 1.

We claim that with this choice of v, there is a pair f, f + 1 of irreducibles where
f has the form T2 +~T + 6. A polynomial of this form is irreducible if and only if &
is not in the image of v). But by our choice of v, the element § is missing from the
image of ¢ if and only if the same is true for § + 1. So the lemma follows provided
that v is not onto. Since 1 is a map from F to itself, if {» were onto it would also

be injective. But ¢(y) = ¢ (0) = 0. O

Lemma 6.3.4. Let F be a finite field with ¢ > 25. Then there are infinitely many

monic twin prime pairs f, f +1 of even degree over F.

Proof. Lemmas 6.3.2 and 6.3.3 show that for ¢ > 4 there is a monic twin prime pair
f, f+1 of degree 2 over F. Since ¢ > 3, it is impossible for both ¢ —1 and ¢+ 1 to
be powers of 2, and so there must be an odd prime divisor [ of ¢*> — 1. Lemma 6.2.2
(with r = 2 and B = 4) implies that for ¢ > 25, there is some 3 € F, for which both
f(le — () and f(le — ) + 1 are simultaneously irreducible for £ = 0,1,2,3,....

Since these twin prime pairs have even degree, the lemma follows. ]

To complete the proof of Theorem 6.1.2 it suffices to consider those finite fields

with at most 25 elements, and these are treated in Table 6.2.
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6.4 Brun’s constant: Proof of Theorem 6.1.3

For o € F/, let m2(g;n, ) denote the number of monic primes P of degree n over

F, for which P + « is also prime.

Lemma 6.4.1. Let n be a positive integer. If « € Fy and (q,2n) =1, then

n

mo(q;m, ) = % + O(¢" " ?nn!?). (6.7)

Moreover,
n+1

> malgin,a) =

a€Fy

(14+0(n*/q)). (6.8)

Proof. Estimate (6.7) follows immediately from Corollary 5.1.3 if we take fi(T) =T
and fo(T) = T + «. To prove (6.8), note that the left hand side of (6.8) can be
viewed as counting the number of not necessarily monic prime pairs f, f + 1 of
degree n over Fy. (In fact, the term corresponding to a here counts the number of
such pairs with leading coefficient a~!.) In this guise the estimate (6.8) is contained

in Theorem 2.4.2. O

Proof of Theorem 6.1.3. We have

— 1
Zq—n 2(g;m, ). (6.9)

n=1

We split the sum (6.9) at a number A with 0 < A < p/2. Then (¢, 2n) = 1 for every
n < A, so that (6.7) yields

Bpa=), % +O (¢ *Y | +0 <Z ¢ "m2(g; nﬂ)) :

n<A n<A n>A

The first O-term is < ¢~ /2424, To estimate the latter O-term, we use the bound
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(valid uniformly over all ¢, n, and «)

n

q
‘n, 4 6.10
W?(qan O[) < 7’L2 ( )

which is a special case of the estimate (2.8) from Chapter 2. This shows that the

second O-term is < >, . ,n~? < 1/A. Hence

2
By == +O0(L/A+q P4,

)

say. Now take A = min{%p, % log q/loglog q} to obtain (6.1).

Turning to (6.2), we observe that for any A > 0,

1 1 1 1 1
q—1 Bq:a:q_lzq?z: m2(g;n, @) + O q_lzZﬁ
a€F n<A a€Fy n>A a€Fy
(Note that we have once again applied (6.10).) The error term here is O(1/A).
Using (6.8) to estimate the inner sum, we obtain a main term of
q 1 n? q 1 A
—— Y S (1+40(—))=—"=) —+0(=
s (e(i)) =t e el

2

— % +O(1/A + Afq).

Taking A = ¢'/? yields (6.2). O
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6.5 The distribution of prime gaps

6.5.1 Gallagher’s theorem for polynomials over finite prime fields

For D = (Dy,...,D,) an r-tuple of distinct polynomials over F, define

H [P (1P| - pp(P))

(Pl - 1) ’
where pp(P) is the number of residue classes modulo P occupied by Dy, ..., D,.
Let mp(n;q) be the number of monic polynomials A of degree n for which all of
A+ D,...,A+ D, are irreducible. Then the usual heuristics offered in favor of the

Hardy-Littlewood conjectures suggest that

n

mp(n;q) = (6D+o(1))% (n — o0). (6.11)

In fact these heuristics suggest that this relation should hold not merely when D is
fixed and n — oo, but also whenever ¢"" — oo, uniformly in D, provided only that
every D; has degree less than n. This suggests the plausibility of the hypothesis in

the following theorem, which is an analogue of Gallagher’s principal result in [52]:

Theorem 6.5.1. Fixz A > 0, and suppose that h and n tend to infinity with h ~ An.

Then (6.4) holds uniformly in p, under the following hypothesis:

(A) For each fized r, (6.11) holds as n tends to infinity, uniformly in p, and

uniformly for Dy, ..., D, € I(p; h) with the D; distinct and &p, . p,) # 0.

As in Gallagher’s paper, the theorem follows from a suitable estimate for the

average value of &p.
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Lemma 6.5.2. Fiz r > 1. Under hypothesis (A) of Theorem 6.5.1, we have

> Sp~h" (h— o),

Da,...,Dr€I(p;h)
distinct

uniformly in p.

Suppose now that this lemma is proved. Fix k > 0, and let My(\) be the
kth moment of the Poisson distribution with parameter A. Then as n — oo, the

argument of [52, pp. 5-6] shows that

1
— > {P € A+1I(p;h): P prime}|* — My()),

A(T)€eF,[T]
A(T) monic, degree n

3
S

where the convergence is uniform in p. Theorem 6.5.1 then follows by an application
of the method of moments.

Thus to prove Theorem 6.5.1 it remains only to prove Lemma 6.5.2.

Lemma 6.5.3. Let M be a nonzero polynomial over ¥,. If |[M| < h, then the
number of elements of I(p; h) which lie in a given residue class modulo M is h/|M |+

O(1), where the implied constant here is absolute.

Proof. Write h in base p, so that h = hg + hip + --- + hyp® with each 0 < h; < p
and hg > 1. Represent the given residue class as A mod M, where deg A < deg M.
Then |M| < h implies that j := deg M < k. Assume (with no loss in generality)

that M is monic, and write

M:Tj+mj_1Tj_1+"'+m1T+m0-

We wish to count the number of B € F, [T for which A + M B belongs to I(p;h).
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Any such B can be written in the form
B =b_T"7 by j TFI7 oo by,
and then (writing A = 3" a;T%),
A+ MB = b ;T + (bp—_jmj_1 +bg—j_1 + ap—1)T" 7 + - + ag + bomo.

Looking at the leading coefficient of A+ M B, we see that A+ M B belongs to I(p; h)
whenever by_; is any of 0,1,...,h; — 1 (regardless of the values of the other b;).
There are hyp®~7 such choices of B. All other choices of B with A+ M B € I(p;h)
have by_; = hy. For these B, the condition A+ M B € I(p;h) restricts the next-to-

leading coefficient of B: if
b—jmj_1 +bg_j_1+ar_1 = 0,1,2,..., or hyp_1 — 1, (6.12)

then automatically A + M B belongs to I(p;h). This gives rise to an additional
hi—1p" 7! permissible values of B. Any B not counted so far for which A + M B
belongs to I(p; h) has both b_; = hy, and the left hand side of (6.12) equal to hy_1.

Continuing this process, we find
N = hpp* ™ £ by p* I by = (B |M]

values of B which guarantee that A+ M B belongs to I(p; h). Moreover, there is at
most one other value of B for which A4+ M B belongs to I(p; h), namely that B for
which

A+ MB — (hT* + hyg 1 TF ! o+ BT < p
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If A+ MB lies outside I(p;h) for this final value of B, then the quantity to be

enumerated is NV, otherwise it is N+ 1. In either case the stated estimate holds. [J

Proof of Lemma 6.5.2 (sketch). Define A := [, ;<,(D; — D;). Write the P-th
factor of Sp in the form

|[P|" = pp(P)|PI"! — (|P| = 1)

b ZEDE

=1+ a(P, pp(P)).

For monic, squarefree Q define ap(Q) := [[p|g a(P, pp(P)). Then (in analogy with
[52, eq. (7)]) we find that

(IP|=1) when pp(P) =,
ap(P) <«

(IPl=1)"1 when pp(P) <,

these two cases occurring respectively when P does not or does divide A. Here the
implied constant, say C, depends only on 7. It follows from these estimates that we

have an absolutely convergent series expansion

Sp =) ap(Q)
Q

For the tail of this expansion, we have

2 Q)
N CED (f)Q) 2(Q.A)

|QI>z Q>
2( Ccw(B)
Z“() Z“() , (6.13)
AlA |B|>x/| Al
A monic (B,A)=1
B monic

where in the last line we have written () = AB for monic polynomials A and B
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satisfying A | A and (B, A) = 1. In [52], the analogous double sum is
e v (2h)S (6.14)

we proceed to establish that this estimate is also valid for (6.13). Observe that

J2(B)C(B) olp)
> e 'B‘<H< rP|—1>2>

|B|<z |P|<z
B monic
<11 ( P) <ep 40 Y
|P|<z | | |P\<m‘ ’

The number of prime polynomials P of degree n over F,, is bounded above by p"/n,

and this implies that

1
exp 4CZ \P\ <exp | 4C Z - < (log z)*“

|P|<z 1<n< logz
log p

Partial summation now shows that the inner sum in (6.13) is < |A|z~!log?® z, so

that (6.13) is

< (27 log Z,u 7‘ < (z7'log )H(1+2C)

AlA (4 = P|A
<@ g o)Al T (1+20)P ¢ < (a7 1og'C 2)n), (6.15)

PeF,[T]
|P|<(142C)1/¢

for any € > 0. (Note that the last product over P is finite for each fixed p and
empty for p > (14 2C)"¢, and so is <. 1.) To obtain (6.14), we replace € in (6.15)
with er~2 (say). From this point the proof proceeds exactly as in [52], save that the

“lattice point argument” of [52, p. 7] now requires an appeal to Lemma 6.5.3. ]
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Remark. The restriction to prime fields F), was introduced to ensure a canonical
embedding from [0, p — 1] into F,,. This restriction is in some sense merely cosmetic.
More precisely, suppose that for each ¢ we have fixed a bijection a — @ between
{0,1,...,9 — 1} and Fy. Define I(g;h) as in (6.3) with p replaced by ¢. Then the
proofs of this section show that Theorem 6.5.1 remains valid with p replaced by ¢

throughout.

6.5.2 Proof of Theorem 6.1.5

Proof. We may assume that p > max{h,n}, for otherwise the theorem is trivial.
Thus I(p; h) is a subset of the constant polynomials over F,, and Corollary 5.1.3
can be employed to count the occurrence of prime r-tuples A+ D1, ..., A+ D, with
D; € I(p; h).

Fix one of the (Z) subsets S C I(p;h) with k elements. We first count the
number of monic, degree-n polynomials A for which A + s is prime for all s € S
and reducible for all s € I(p;h) \ S. By the principle of inclusion-exclusion, this is

given by

Z (—=1)T1=18144{ A : every element of A+ T is irreducible}.

DS
TCI(p;h)

According to Corollary 5.1.3,

#{A : every element of A+ T is irreducible} = % + O((hn)nthpr=1/2),
n

We insert this estimate above, and sum over the (Z) k-element subsets S of
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I(p; h) to find that

h p" h—k\ p" herD"

+0 <<Z> 2h_k(hn)n!hp”_1/2) :

The error term here is
< 222 (nh)n"hpn =12 < exp(Cn®logn)p™~Y/2.
for a constant C depending on I, and the main term is

563"

The theorem follows upon inserting into this expression for the main term the

estimates
() =5 (-2) (-3) - (-*%)
L o) -t (10 (D)
and
(1-3) = (o) (-2)
— exp(—h/n) < +oI< ))( +oI( ))
— exp(—h/n) <1+o, ket >>
once we recall that we are writing A for A/n. 0
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6.6 Smooth values of polynomials: Proof of Theorem

6.1.7

For a permutation o on a finite set, let L(o) denote the length of the longest cycle
in the decomposition of ¢ into disjoint cycles. The following result is extracted from

the thesis of X. Gourdon (cf. [54, Chapitre VII, Théoreme 1]).

Lemma 6.6.1 (Gourdon). Let n be a positive integer and suppose m > 0. Then

the proportion of permutations o on n letters with L(o) < m is p(n/m) + O(1/m).

Thus, by the results mentioned in the introduction just before Conjecture 6.1.6,
the proportion of permutations on n letters with largest cycle length < n/u is close
to the proportion of degree n polynomials over a finite field with largest prime factor
of degree < n/u. (The idea that the decomposition of random permutations should
mimic the decomposition of random arithmetic structures seems to appear first in
Knuth and Trabb Pardo’s study [76] of the rth largest prime factor of a random

integer.)

Remarks.

(i) In the original theorem of Gourdon, m is restricted to integral values in the
interval [2,n]. However, the restriction to integral values is inessential; for any

real m with 2 < m < n,

LI .
p(n/m)—p(n/LmJ):// ”(ul)du<<1ogm<<;.

Moreover, for m < 2 or m > n, Lemma 6.6.1 is trivial.

(ii) By a simple inductive argument, Omar et al. obtain Lemma 6.6.1 under

the additional hypothesis that m > en for an arbitrary fixed ¢ > 0 (see [90,
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Theorem 1]). This result gives Theorem 6.1.7 with its first error term term
replaced with the less uniform bound Op y(ug™/n). However, it suffices to

establish Theorem 6.1.8(i) as stated.

Proof of Theorem 6.1.7. Let Py,..., Pk be the distinct monic irreducible factors of
F, numbered so that deg P; = d;. Then F(h(T)) has all its prime factors of degree
< n/u precisely when the same is true for each of the polynomials P;(h(T")). For

1 <i < K, let \; run over the cycle types of permutations on n letters corresponding

to permutations o with L(c) < 7. By Theorem 5.1.2, we have

U(F;n,n/u) = Z HT )+ Og Z nnBgn=1/2

Ay A 1=l ALy AK

Since the number of possibilities for each \; is (crudely) bounded above by 2", the

error here is

<p QnKnn!Bqnfl/Q < 22an!Bqn71/2 <p n!QBqnfl/Q‘

Using Lemma 6.6.1, we see that the main term here is

K K
T D TN | =[] (p(diw) + O(diu/n))
Ai i=1

i=1

= q"p(diu) - -- p(dgu) + Op(ug”/n).

Combining these two estimates completes the proof of Theorem 6.1.7. O
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6.7 Smoothness of neighboring polynomials: Proof of

Theorem 6.1.8

Proof of Theorem 6.1.8(i). We may assume n > 2, since the estimate is trivial for
n = 1 (or for any absolutely bounded n). By Lemma 6.6.1, the proportion of

permutations ¢ on n letters for which

an < L(o) < fn (6.16)

is given by

p(B71) = pla™) + O(k/n),

where £ = ([, 3]), provided we adopt the convention that p(0~!) = 0. (Recall
that if I = [a, ], then k(I) = 1/a if & # 0 and k(I) = 1/8 otherwise.) For
each s € S, let Ay run over the cycle types of permutations satisfying (6.16) with
[a, B] = [aws, Bs]. Proceeding as in the proof of Theorem 6.1.7, we find that the

number of polynomials A(T') satisfying the conclusion of part (i) is

q"H ZT()\S) + O Z (nk)n!Fqn=1/2

s€S \ As PYY

The error term here is
< an(nk)n!kqnfl/2 < n!qun71/2.
Moreover, since k([as, 3s]) < C for each s, the main term here is

¢" TT (p(8:1) = plagh) + O(C/n)) = ¢ [ [ (0(51) = plaih)) + Ok.c (g™ /m).

ses seS
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Combining these estimates finishes the proof. O

Proof of Theorem 6.1.8(ii). Let n be the least positive integer which is prime to ¢
and exceeds 2¢71; then n = Oc(1). For each s € S, choose a |1 (a; + 3)n]-cycle o,

from the permutations on {1,2,...,n}. Since n > 2¢~! > 2(8, — as) ™!, we have
asn < L(os) < Bsn

for each s € S. Let Ag be the cycle type of os. By Theorem 5.1.2 (applied to the
k linear polynomials fs(T) = T + s), if ¢ is chosen large enough (depending on k
and €), then we can find a monic, degree n polynomial A(T') for which A(T) + s has

cycle type A for all s € S. For this choice of A(T'), we have
asn < L(A(T) 4+ s) < Bsn

for all s € S. We have thus constructed a polynomial satisfying (6.5).

If ¢ is large, we can use this polynomial A(T") to construct an infinite sequence
of solutions to (6.5): For each s € S, let Ps(T") be a monic prime of maximal
degree dividing A(T) + s. Then the degree of [ g Ps(T) is Og.(1), and so by
Theorem 3.1.3, if ¢ is large enough (again depending only on k and €) one can find
a prime [ and a 3 € F, for which all the polynomials PS(le — () are irreducible
for every k > 0. It is now easy to check that all the polynomials A(T " 3), with

k=0,1,2,3,..., have the desired property. ]
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Chapter 7

Remarks on the polynomial

Goldbach problem

7.1 Introduction

Up to this point we have focused on problems of Hypothesis H type, the quintessen-
tial example being the twin prime conjecture. There is another class of problems
which Hardy and Littlewood [59, p. 34] call ‘conjugate’ to these, the most famous
of which is Goldbach’s conjecture that every even n > 2 can be expressed as a sum
of two primes. This conjecture remains open, but there has been a great deal of ex-
citing progress, much of which finds its genesis in the already-cited paper of Hardy
and Littlewood. There the circle method is used to derive, under the Riemann
Hypothesis for Dirichlet L-functions, an asymptotic formula for the number of rep-
resentations of an odd integer as a sum of three primes. (This formula was later
proved unconditionally by Vinogradov [124].) The circle method does not appear to
resolve the usual binary Goldbach problem (even assuming Riemann hypotheses),

but it does provide a heuristic derivation of a plausible asymptotic formula for the
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number of representations of an even integer as a sum of two primes.

In this chapter we focus our energies on a polynomial analogue of this latter
formula. Specifically, we examine the following conjecture: Let «, be nonzero
elements of Fy, and let v := o + 3. Let n be a positive integer. If v # 0, we
suppose that A is a polynomial of degree n over F, with leading coefficient ~;
otherwise we suppose A is a nonzero polynomial of degree < n over F,. We let
R(A) = Ry gnF,(A) denote the number of pairs of degree-n monic primes Pi, P»
over F, for which aP; + 8P, =

Conjecture 7.1.1. Let A be a polynomial of degree n over ¥, assumed divisible

by T(T + 1) in the case when q = 2. Then (with notation as above)

n

R(A) = (1+0(1))&(A)5  as " — o,

where

o =T (1 o) T~ gorae)

P|A
Remarks. (1) It will be useful to observe that for A as above, &(A) is bounded
below by an absolute positive constant. To see this, notice that for every field

F, and every A as above, we have

s T (1= o)

|P|>2

We show that the product here is bounded below by a positive constant,
independent of ¢. Let us first check that the product is positive. For this it is

enough to show that Y ,(|P| — 1)~2 is convergent. In fact,



This estimate shows moreover that for ¢ > 9,

(7.2)

N |

1 1 4
11 <1<|P—1>2)21;<|P|—1>221q—1Z

|P|>2
The claim follows.

(ii) When 7 = 0, the quantity R(A) counts the number of twin prime pairs
{P,P + A} where P has degree n and leading coefficient . In Chapter 2,
we considered a polynomial analogue of the twin prime conjecture; our pre-

diction (2.6) there follows from Conjecture 7.1.1 upon summing over o.

Conjecture 7.1.1 appears difficult, but Hayes has successfully attacked the cor-

responding ternary problem [64]:

Polynomial three primes theorem. Let A be a polynomial of degree n over F.
Suppose o, 3,7 are nonzero elements of Fy for which a+ B+~ agrees with the leading
coefficient of A. If ¢ = 2, suppose also that gcd(A, T(T + 1)) = 1. The number of

ordered triples of monic irreducible polynomials Py, P, P3 over F, of degree n with
aPi + 8P +vP3 = A

18
2n

)L

~+0 <q(7n+1)/4) ‘
n

Here

) =T (1 o) T (1 o)

P|A P{A
and the implied constant is absolute. Moreover, for A as above, &) (A) is bounded

below by an absolute positive constant.
This paper of Hayes is of additional interest in that it marks the first time the
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circle method was developed and applied in the polynomial setting.

Our first result in this chapter is an estimate for the ‘exceptional set’ in Con-
jecture 7.1.1, i.e., for the number of A which do not admit a representation in the
desired form. In the rational setting, such a result goes back again to Hardy and
Littlewood. In [60], they show (again assuming the Riemann Hypothesis for Dirich-
let L-functions) that the number of even n < x not representable as a sum of two
primes is is O(x'/2+€) for each € > 0. We prove an unconditional polynomial ana-
logue of this result by using Hayes’s version of the circle method; the details are
based on the paper of Hardy and Littlewood but with some nods to the monograph
of Vaughan [122, Chapter 3]. (In the rational setting, the best unconditional result
is due to Pintz, who shows the Hardy-Littlewood result holds with € = 1/6; see the
announcement and discussion in [93].)

To simplify the statement of our result, we introduce some psychologically useful
terminology. Call a polynomial A € F,[T] even if A is divisible by every prime
of absolute value 2 over F, and odd if A is divisible by none of the primes of
absolute value 2. Then Hayes’s three primes theorem is about ‘odd’ polynomials
and our Goldbach analogue (Conjecture 7.1.1) is about even polynomials. However,
it is important to keep in mind that not everything is completely analogous to the

rational case; e.g., if ¢ # 2, all polynomials A over F, are both even and odd.

Theorem 7.1.2. Let o, 3 be nonzero elements of Fy, and let v := o + 3. Suppose
first that v # 0. Then the number of even polynomials of degree n and leading
coefficient v that cannot be written in the form aPy + BP> for prime polynomials
P, P is

< g tD/23,

If v = 0, then the same bound holds for the number of even polynomials of degree

< n that cannot be represented in this form. Here the implied constant is absolute.
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Actually we prove a stronger result, which shows that most polynomials have

approximately the correct number of representations:

Theorem 7.1.3. Let o, 3 be nonzero elements of Fy, and let R(A) be defined as

above. Then
2

n
R(A) — 6(A)% < ¢BrtD/2p -1 (7.3)

’

>

A

Here the ' indicates that the sum is taken over degree n polynomials with leading
coefficient v in the case v # 0, but over all nonzero polynomials of degree < n when

v =0.

Remark. Let us check that Theorem 7.1.3 implies Theorem 7.1.2. Suppose A is an
even polynomial of degree n and leading coefficient v for which R(A) = 0; then A
contributes &(A)%2¢?" /n* > ¢*"/n* to the sum (7.3), using that G(A) > 1. So the
number of such A must be

gD/ 2p, -1

_ (n+1)/2
5.1  — 4
q2n/n4

< n?,

which is the assertion of Theorem 7.1.2.

Our second result shows that Conjecture 7.1.1 holds in a certain range of ¢ and

n, and should be viewed as analogous to Corollary 5.1.3.

Theorem 7.1.4. Let o, 3 be nonzero elements of Fy. If a + 3 # 0, let A be a
polynomial of degree n over F, with leading coefficient o + 3, otherwise let A be a

nonzero polynomial of degree < n. Then
R(4) = L 4 O((n— Dinlg" 7).

where the implied constant is absolute.
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Remark. Thus for pairs ¢,n with ged(q,2n) = 1 and ¢/(n!*n?) tending to infinity,
we have R(A) ~ ¢"/n?. It is easy to see that in this range of ¢ and n, one has
S(A) ~ 1, so that Theorem 7.1.4 agrees with Conjecture 7.1.1. Indeed, whenever

q > 2, we have (cf. (7.2))

4 1 1 2n
1-—<6(4) < <1+ >§exp Sexp(),
qg—1 () H ’P|—1 Z’P|—1 q

P|A P|A

and both sides of this inequality tend to 1 once ¢/n tends to infinity.

Note that Theorem 7.1.4 implies that the exceptional set considered in Theorem

7.1.2 is empty when ¢ > Cn!*n?2, for an appropriate choice of constant C.

7.2 The exceptional set in the polynomial Goldbach

problem

Notation and Conventions

The proof of Theorems 7.1.2 and 7.1.3 go through the circle method as developed
by Hayes [64]. We remind the reader of the basic setup.

We write Fy(T")s for the completion of Fy(7') at the prime associated to the
(1/T)-adic valuation. It is usual to identify this with the field of finite-tailed Laurent

series in 1/T"

F,(T)e = F,((1/T)) = { zn: a;T":a; € Fyyn € z} .

i=—00

We let | - | denote the induced absolute value on F4(T")«, so that (with the above

identification)

n
Z aZ'Ti

1=—00

=q" ifa, #0.
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The wunit interval U is defined as
U:= {ZaiTi ta; € Fq} .
i<0
Then U is a compact abelian group; we use v to denote the Haar measure on

U, normalized so that v(U) = 1. For notational simplicity, we always abbreviate

[ £(6)dv(0) to [ £(6)d6.

For 8 € U and integers r > 1, we define
B,r)={nel:In-0]<q"}.

Then the v-measure of B(6,7) is ¢~" (see [64, Corollary 3.2]).

We write e: Fy(T)s — S! for the map defined by
e i a;T" exp (2mTr(a ))
% = - —1 )
1=—00 p
where the trace is from Fy to its prime field F,.
Throughout we reserve the letter P for monic irreducible elements of F,[T7].
7.2.1 The fundamental approximation

Let n be a positive integer. To study additive problems concerning degree-n primes,

one is led to investigate the behavior of the function f: & — C defined by

[6)= 3 e(Po),

deg P=n
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where the sum is over monic irreducibles of degree n. We introduce the decompo-

sition

u= J U Zem,

deg H<n/2 deg G<deg H
H monic gecd(G,H)=1

1
where Ig/HZ{UEU- In—G/H| <qde%Han/2J}'

(Thus Zg g = B(G/H, |n/2] + deg H).) The sets Zg/p, with G and H as above,
form a disjoint open cover of U ([64, Theorem 4.3]). We define U, (the ‘major arcs’)
as the union of those intervals Zg/y with deg H < n/4, and we take Us := U \ U
(the ‘minor arcs’).

The function f can be well-approximated on each I,y by a simpler function g.
For 0 € Zg g, set

MR L (T™(0 — G/H)) if |0 - G/H| < 1/q",

g(0) :==

otherwise.

o

The following fundamental estimate is proved by Hayes as a consequence of Weil’s

Riemann Hypothesis (see [64, Theorem 5.3, Lemma 7.1]):

Lemma 7.2.1. For all € U, we have |f(0) — g(8)] < 2¢B"+D/4,

7.2.2 Two lemmas on arithmetic functions

A complex-valued function f, defined on the semigroup M of monic polynomials
over F, is said to be multiplicative if f(AB) = f(A)f(B) whenever A and B are
relatively prime.

We require basic estimates for certain sums of multiplicative functions. For our

purposes the following crude lemma suffices:
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Lemma 7.2.2. If G is a nonnegative multiplicative function, then

Y ca) <t ] (1+ G(P) — 1] + G(P*) — G(P)| +> ,

deg A<d deg P<d |P| |P|2
A monic -

where the implied constant is absolute.

Proof. Define a new function g: M — C so that G(A) = > pja g(D). Then g
D monic
is multiplicative; in fact, g(A) = Y. pja w(D)G(A/D). In particular, g(P*) =
D monic

G(PF) — G(P*1). Hence

S G = Y D)< (gt gty S 9LD)

deg A<d deg A<d D|A deg D<d |D|
A monic A monic D monic D monic
G(P)—-1] |G(P?) -G(P
<ot 1 <1+|<> |, G >2<>|+_”>,
deg P<d 1P| |P|
which gives the result. O

Lemma 7.2.3. For every real i > 1, we have

A
deg A=d ¥ )

A monic

where the implied constant depends only on i.

Proof. Define a multiplicative function G on M by setting

o= () I )

P|A
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Since |A| = ¢ when deg A = d, to prove the lemma it is enough to show that

> G(A) =0("). (74)
o omic

For each monic prime P we have |G(P) — 1| <; 1/|P|. Moreover, since G(A)
depends only on the primes dividing A, every difference G(P*) — G(P*~1) with

k > 1 vanishes. So 7.2.2 shows that
Z G(A) < ¢° H 1+0 1 =q%exp | O ZL .
PP PP

deg A=d deg P<d
A monic

Now (7.4) follows since >~ |P|~2 is absolutely bounded (cf. (7.1)). O

7.2.3 Proof of Theorem 7.1.3

For distinct polynomials A, the functions e(Af) define orthonormal elements of

L3(U) (see [64, Theorem 3.5]). Thus

/u F(a0) F(B0)e(—A0) do = 3 /M e((aPy + BPy)0)e(—AB) d = R(A).

Py, Py

We decompose R(A) = Ri(A) + Ra2(A), where in R; the integration is taken over

U; and in Ry the integration is taken over Us. Then

n |2
RI(A)—G(A)% . (7.5)

> |ren - s
A

2 , ’
<« S IR)P+ Y
A A

Lemma 7.2.4. We have

/ FOR < q"/n and / 19(60)[2 d8 < ¢" /.
u u
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Proof. The first estimate is almost immediate: We have

2 _
/u|f<e>| =3

Py, Py

| o~ Py do = Y1 =nlgim) < L
u Pr n

For the second, we observe that

/Mg(e)|2d9= > > /B(G/H,n) <(l;Eg;>2(i;Ld9

deg H<n/2 deg G<deg H
H monic  (G,H)=1
n

q p(H)\? _q" 1
=P (w(H)> 2 =0 2 o(H)’

deg H<n/2 deg G<deg H deg H<n/2
H monic (G,H)=1 H monic, squarefree
and that the final sum here is < n by Lemma 7.2.3. O

Now recall the following elementary result from linear algebra:

Lemma 7.2.5 (Bessel’s inequality, finite version). Let e1,...,e, be a finite col-
lection of orthonormal vectors in a complex inner product space V. Then for any

reV,
DNy < lz
k=1
Lemma 7.2.6. We have Z N |Ro(A)? < qOn+D)/2p~1,

Proof. We view Ry(A) as the A-th Fourier coefficient of the function f(af) f(56)1y,,
where 14, is the indicator function of the set Us. So by Bessel’s inequality, with the

functions e(Af) playing the role of the e;, we see that

' 2 2
S |Ra(A)2 < /M 15(00) 5 30) .

A
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which, in turn, is bounded by

( | flat)/*d9) 1/2 ( | (o0 a9 1/2

by an application of Cauchy-Schwarz. Since multiplication by an element of F
preserves the v-measure of Borel subsets of U, a change of variables reveals that

both the integrals appearing above coincide with fu2 |f(0)*df. Now

4 4 _ 4
/M 1O < /u lo(@)1* a8 + /u 156 - g(0)]" o

By Lemmas 7.2.1 and 7.2.4, the second integral is

<smﬂﬂ@—g@NaA(V@W+4M®Fﬂw

< q(3n+1)/2 (qn/n+ qn/n> < q(5n+1)/2n—1.

For the first integral we have (applying Corollary 7.2.3)

4n H 4
[wera=te ¥ (40 [
Us " n/4<deg H<n/2 90( ) deg G<deg H B(G/H,n)
H monic (G,H)=1

3n 3n 5n/2

_4 1 q 1 q

Y ) S(H)P St ) 2 S T

n/4<deg H<n/2 n/4<r<n/2
H monic, squarefree
The result follows. O

For H a monic polynomial over F, and A any element of F,[T], define cy(A)
by
cu(A) = ) e(AG/H).

G mod H
(G,H)=1

184



(Here G runs over a reduced residue system modulo H, which will usually be chosen
as the set of polynomials of degree < deg H and coprime to H.) Then cy(A) is
a polynomial analogue of the usual Ramanujan sum. It is multiplicative in H (for
fixed A) and satisfies

c(A) = . (7.6)

(Compare [64, Theorem 6.1].)

Lemma 7.2.7. We have

where
HY)\ 2
sw= ¥ (L) w
T2 p(H)
eg H<n/4
H monic
and

B(A) = [ (7(00)1(59) = a(a0)a(30))e(~A0) d.

Proof. We have

Ri(4) = /u 9(00)g(F0)e(—A8) b + / (f(a8) £(50) — g(ab)g(56))e(~A0) df

U

- /M 9(a0)g(B0)e(—A9) b + E(A),

and we need to show that the remaining integral is &'(A)q"/n?. Inserting the

definition of g, we can rewrite this integral as

S (’“‘ (H)>2 3 / +B)T™(0 — G/H))e(—AB) df
5 TN Oé
2
" deg H<n/4 SO(H deg G<degH B(G/H,n)
H monic (G,H)=
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Write e(—Af) = e(—AG/H)e(—A(0 — G/H)) and make the change of variables
0 — 0+ G/H, so that the integration takes place over B(0,n). This transforms the

expression into

2n 2
%2 ) (MZ;) > e(—AG/H)/ e(((a+ B)T™ — A)B) do.

deg H<n/4 deg G<deg H B(O,n)
H monic (G,H)=1

By the choice of A, the polynomial (o + 3)T™ — A has degree < n; it follows that
|((a+B)T™ — A)| < ¢ for each § € B(0,n).

Recalling the definition of e(-), we see that the integrand here is identically 1. Since

the measure of B(0,n) is ¢~", the above simplifies to

f; 3 <“(H;>2 Y e(-AG/H).

4 p(H
eg H<n/4 deg G<deg H
H monic (G,H)=1
But the last sum here is exactly cg(—A) = cg(A). O

Lemma 7.2.8. We have Z M I6(A) — &'(A)]? < ¢"/*n?.

Proof. Since cy(A) is multiplicative in H, we have

() it o) -

H monic P

(The factorization here is justified by the absolute convergence of the left-hand sum,
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which follows from (7.6).) Hence

2
o -sl = ¥ (M) A

aeg onya V) o(H/(H, A))

H monic
= u(H)? u(H/D)
) ;4 deg%nﬂl SO(H) (P(H/D)

D squarefree, monic H monic
D|H, (H/D,A)=1
- Y 5 Y i
D E)?
D|A SO( ) deg E>n/4—deg D SD( )
D monic, squarefree E monic, (E,A)=1

Appealing to Lemma 7.2.3, this last double sum is

< q_"/4 Z ﬂ

D|A
D monic, squarefree

Thus
2
/ 2 —n/2 L |D|
|6(A) - &'(A)|” < ¢ ?K(A), where K(A):= Z —
o p(D)
D monic, squarefree
Applying Lemma 7.2.2,
! K(P)-1
S KA <qt ] 1+M : (7.7)
1P|
A deg P<n
Now
K(P)-1 2 P 3 1
(P) -1 _ L] O<)
|P| Pl=1 " (P|-1)* [P |P|
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and so the product on the right-hand side of (7.7) is

exp ( Z ‘]33’ + O(l)) < exp (Z qiiq;) = exp(3logn + O(1)) < n.

deg P<n r<n

/

Piecing it all together, Z N 1G(A)—6&'(A)]? < ¢ 2q"n® = ¢"/?n?, as desired. [
Lemma 7.2.9. We have Z N |E(A)|? < ¢®n+)/2p~1,

Proof. By another application of Bessel’s inequality,
ST BAP < [ 17(00)(36) - s(a0)g(50) db.
A U
Since
| (a0) £(80) — g(ad)g(80)]> < |f(ab) — g(ad)*|£(BO)* + |£(80) — g(530)|g(ab)?,

we have by Lemmas 7.2.1 and 7.2.4,

(a8)£(36) — g(aB)g(BO) < sup|f — g ( [ 1o+ [ rg<a9>|2)

< q(3n+1)/2 </u ‘f(0)|2 +/L{|g(9)|2> < q(3n+1)/2qnn—1 _ q(5n+1)/2n—1’

U

as desired. n

Lemma 7.2.10. We have Z M |R1(A) — &(A)g"/n?? < ¢Or+D/2p1,
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Proof. Observe that

’ n |2
> [Ri(4) - s
A
/ n 2 ! n n 2
<Y R -SWE ] + Y E) -s(4);
A A
2n ’
=S EWP+ LY 8(4) - &'(4)P
A A

By Lemmas 7.2.8 and 7.2.9, this is
2n
< q(5n+1)/2n71 + zfl qn/2n3 < q(5n+1)/2n717

as desired. O

Theorem 7.1.3 follows immediately upon combining (7.5) with the results of

Lemmas 7.2.6 and 7.2.10.

7.3 Proof of Theorem 7.1.4

We apply the explicit form of the Chebotarev density theorem as explained in detail
in Chapter 4. We assume throughout that n > 2, since Theorem 7.1.4 is trivial
otherwise.

Recall that ged(gq,2n) =1 and that
AT) =AT" + a1 T+ 4+ a1 T + ag

with a; € F,. Here v = a + 3, and we might have v = 0.

Lemma 7.3.1. For all but O(n?q"2) choices of (h1,...,hn_1) € Fg_l, all of the
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following hold with

H(T) :=aT" 4 hy 1T -+ W T. (7.8)

(i) If K, is the splitting field of H(T') —u over Fy(u) and Ky the splitting field of
H(T)— A(T) — u over Fy(u), then K1/Fy(u) and K2/F4(u) are Galois with

Galois groups the full symmetric group on n letters.
(ii) Let L be the compositum of K1 and Ky. Then L/F4(u) is a geometric Galois

extension. Moreover, the map

Gal(L/F4(u)) — Gal(K;/F4(u)) x Gal(K2/F4(u))
g (U|K17O-‘K2)
is an isomorphism.
(iii) The genus of L is O(nn!?).
Here all implied constants are absolute.

Proof. We claim that (i)-(iii) all hold if we assume that

disc” ! disch (H(T) — u) # 0, (7.9)
disc? ™ disc(H(T) — A(T) — u) # 0, (7.10)
res” VY (disch(H (T) — ), disch(H(T) — A(T) — u)) # 0. (7.11)

Let us first show that (7.9)-(7.11) exclude O(n%¢"~2) choices of (hy,...,hy_1) €
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F:}_l. Define polynomials Y (uq,...,up—1,u) and Z(uy,...,u,—1) by setting

Y(uy,...,up—1,u) := discpH(T" + Up T P g T — u),

Z(u1,. .. up_1) := disc? L dise(T" 4+ up T+ - 4+ T — ).

Lemma 5.4.3 asserts that Z is a nonzero polynomial of degree at most (2n—1)(2n —
3); hence Z(hq, ..., hy,—1) = 0 for at most 4n2q"~2 choices of (h1,...,h,_1) € Fgfl.

Now observe that

disc™ tdisc (H(T) — u) = disc? L dise(aT™ + hp 1 TV 4o+ T — )

=disc" 1?2V (hia™t, . hpo1a7 L uah)
= o201 Qisc™ VY (hia™ L, L B ua Y.
But
discm 1Y (hia ™, . hpo1auah)
= q (P~ (=2 discm 'Y (hia ™, b1 )

=a DD 7(ha7t L hpah).

It follows that (7.9) holds for all but O(n?¢™2) choices of hi,...,h,_1. A similar

computation shows that

disc? 1 disch (H(T) — A(T) — u)
= disc" ! disc (=BT + (hy—1 — @p_1)T™" + -+ 4 (h1 — a1)T — ag — u)

= 33002 7((ay — k)BT, (a1 — ha1)B7Y),

which implies that (7.10) also holds for all but O(n?¢"~2) choices of hy,..., hy_1.
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Condition (7.11) requires more care. The left hand side of (7.11) defines a
polynomial in Ay, ..., h,—1 of total degree at most 4n? over F. Indeed, viewing the
inner T-discriminants as determinants of (2n—1) x (2n—1) Sylvester matrices, we see
each argument of the u-resultant has total degree at most (2n — 1) in 77,...,T5—1.
Now view the resultant as the determinant of a (2n —2) x (2n — 2) Sylvester matrix
to bound the degree by (2n — 1)(2n — 2) < 4n?. So the desired bound on the
number of exceptions to (7.11) will follow from Lemma 5.4.1 once we check that
this polynomial is not identically zero.

Suppose for the sake of contradiction that it is identically zero; then for every

field F' containing F; and every choice of hy,...,h,—1 € F', the polynomials
disch(aT™ 4 hp 1T -+ T — u) (7.12)
and
discp (=BT"™ + (hp—1 — ap—1)T" + -+ (h1 — a1)T — ap — u) (7.13)

share a root from the algebraic closure of F'. With v € F to be chosen, define

hi = a(7)v" (for 1 <4 < n). With this choice of the h;,

AT 4 hy AT b T —u= (T 4 0)" — (u+ ™),

which forces the discriminant (7.12) to vanish only at u = —aw™. Thus (7.13) must

n

also vanish at © = —av"™; in other words, we must have

discp(a(T +v)" — A(T)) = 0. (7.14)

We show that this fails if we choose F' = Fy(v), where v is transcendental over
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F,. Let m be the largest divisor of n with the property that A(7T) is an mth power
in F,[T); say A(T) = A(T)™. Let a'/™ denote a fixed mth root of a from F,. Then

we can write
AT) —o(T +o)" = ] (A(T) — Ca/™(T + v)”/m) . (7.15)

The m factors in the right-hand product are all coprime: By considering the differ-
ence of any two, we see that —v is the only possible common root over the algebraic
closure of I'; but none of these factors can vanish at —v since v is transcendental
over F.

Moreover, each of these factors is irreducible in F[T] = F,(v)[T]. To see this,
note that by Gauss’s lemma, it is enough to verify irreducibility in F,[v][T] =
F,[T][v]. Now there is an automorphism of F,[T][v] fixing F,[T] and sending v —
v—T; this implies that A(T") —a/™ (T +v)™™ is irreducible in F,[T][v] if and only
if the same is true for fl(T) — Cal/myn/m  We finally appeal to Capelli’s theorem
(Theorem 1.3.11): the choice of m guarantees that this polynomial is irreducible
over Fy(T) and, being primitive in T', also over Fy[T].

Since each of these m irreducibles has degree prime to ¢, they are all separable
over F'. Moreover, since the m factors are relatively prime, it follows that their
product A(T') —a(T + v)™ also has distinct roots in the algebraic closure of F. This
contradicts (7.14).

It remains to prove that conditions (7.9)-(7.11) imply (i)-(iii). Let K; = F,K;
be the splitting field of H(T) — u over F,(u) and Ky = F; K> be the splitting field
of H(T) — A(T) — u over Fy(u). From (7.9) and (7.10), we deduce by means of
the Birch and Swinnerton-Dyer criterion (p. 130) that Ki/F,(u) and Ko/F,(u)

are Galois with the full symmetric group on n letters as their Galois group, and
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similarly for Ky /F,(u) and K5/F,(u). In particular, we have (i).

To obtain (ii), we first show that K; and Ky are linearly disjoint over F,(u).
Notice that (7.11) together with Kummer’s theorem (p. 92) implies that the only
prime of Fy(u) that can possibly ramify in K3 N K3 is Ps. Moreover, from Lemma
5.4.4 and our assumption that ged(q,2n) = 1, we see that P, is tamely ramified in
both K; and K5, and so certainly in their intersection. Lemma 4.2.1 now implies
that K and K> intersect precisely in F,(u), giving the stated linear disjointness.
The proof of part (ii) now follows the proof of Lemma 4.4.4: we have a commutative

square

o—(olg, .01 %,)

Gal(L/F,(u)) Gal(K1 /Fy(u)) x Gal(Ka/Fy(u))
aHo\Ll (r1,72) (1 ¢, m%)l : (7.16)

UH(U‘K1 7J|K2)
—_—

Gal(L/F,(u)) Gal(K1/Fy(u)) x Gal(Ks/F,(u))

where each map except the one we are interested in is known to be an isomorphism.
So that map must be an isomorphism as well. Moreover, if o € L is algebraic
over Fy, then the left vertical isomorphism forces a to be fixed by every element of
Gal(L/F,(u)). So o € FyNFy(u) = F,. Thus L/F,(u) is geometric.

Lemma 5.5.3 gives a bound of O(nn!) for the genus of both K7 and Ks; feeding
these bounds into the Castelnuovo-Severi inequality (p. 101) shows that the genus of
K1K> = L is O(nn!?). Since L and L = F,L have the same genus, (iii) follows. [J

Proof of Theorem 7.1.4. For each polynomial H(T) of the form (7.8), we count the
number of a € F, for which both H(T) — a and H(T') — A(T) — a are irreducible.

Each such a gives rise to a decomposition
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of A(T') as a sum of degree-n irreducibles with respective leading coefficients o and
(. Conversely, each such decomposition comes from a unique H(T') and a.
Suppose H(T) has the shape (7.8) and is such that (i)-(iii) of Lemma 7.3.1 hold.

Suppose moreover that
discy (H(T) —a) #0 and discy (H(T) — A(T) —a) # 0;

each of these conditions specifies that a lie outside the zero-set of a degree (n — 1)-
polynomial, and so together they exclude at most 2n — 2 values of a € F;. Lemma
4.3.2 shows that for these a, the polynomials H(T) —a and H(T) — A(T) — a
are simultaneously irreducible if and only if (K;/F,(u), P,) and (K3/F4(u), Py)
both correspond to the conjugacy class of n-cycles in the symmetric group on n
letters. From part (ii) of Lemma 7.3.1, we see this is equivalent to requiring that
the Frobenius (L/F4(u), P,) coincide with a conjugacy class of size (n — 1)!2 in
Gal(L/F4(u)). So by the explicit form of the Chebotarev density theorem given in
Chapter 4 (p. 95), the number of a for which H(T') —a and H(T) — A(T) — a are
simultaneously irreducible is

(n — 1)1

e

1 2.1/2 q 1/2
—i—O(nan! q' ) —i—O(n):ﬁ—FO(n!(n—l)!q 2.

Let X be the number of polynomials H(7T) of the form (7.8) for which the

conclusions (i)-(iii) of Lemma 7.3.1 hold, so that
qn—l o Cn2qn—2 <X< qn—l

for some absolute constant C'. Taking into account all possible values of H, we find
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that

R(A) = X% + O(Xnl(n — 1)!(]1/2) L O — X))
q" e . -
= 3+ 0" )+ Onl(n — 1)lg" /%) + O(n*q")

q .
=3 +O0(n!(n—1)lg""1/?),

as was to be proved.
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